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Abstract. Based on experimental results, mathematical models were elaborated to predict the development of 
compressive strength of concrete with fly ash replacement percentages up to 30  %. Strength of concrete with dif-
ferent types of cement (CEM I 42.5, CEM I 32.5, CEM III 32.5), after 2, 28, 90, 180 days of curing, have been 
analysed to evaluate the effect of addition content, the time of curing and the type of cement on the compressive 
strength changes. The adequacy of equations obtained was verified using statistical methods. The test results of se-
lected properties of binders and hardened concrete with fly ash are also included. The analysis showed that con-
crete with fly ash is characterised by advantageous applicable qualities. 

Keywords:  concrete, fly ash, compressive strength development, pozzolanic reaction, statistical methods, mathe-
matical model. 

 
1. Introduction 

The incorporation of industrial by-products such as 
fly ash, slag, silica fume in concrete can significantly 
enhance its basic properties in both the fresh and hard-
ened states [1, 2]. These materials greatly improve the 
durability of concrete through control of high thermal 
gradients, pore refinement, depletion of cement alkalis, 
resistance to chloride and sulphate penetration, and con-
tinued microstructural development through a long-term 
hydration and pozzolanic reaction [3, 4]. The utilisation 
of by-products as the partial replacement of cement has 
important economical, environmental and technical bene-
fits such as the reduced amount of waste materials, 
cleaner environment, reduced energy requirement, dura-
ble service performance during service life and cost-
effective structures. 

It is well known that blending cement with fly ash or 
other supplementary cementing materials improves the 
reological properties of the fresh concrete and the engi-
neering properties of hardened concrete [5–8]. These 
improvements are generally attributed to both the physi-
cal and chemical effects. The physical process is due to 
the particles fineness of the supplementary cementing 
materials that are much smaller than that of the cement, 
thereby providing densely packed particles between fine 
aggregates and cement grains, and, hence, the reduction 
in porosity. The chemical process is due to the activation 
of the non-crystalline silica, the major constituent of fly 
ash, by the calcium hydroxide produced from the hydrat-
ing cement to form secondary calcium silicate hydrate 
that also fills the pore spaces and further reduces the po-
rosity. Factors such as the origin of the coal and burning 
conditions, strongly affect fly ashes chemical and minera-
logical compositions. 

The present paper deals with the concrete containing 
supplementary cementing material: fly ash. Because of 
the wide availability and low cost, coal fly ashes are the 
most commonly used in the manufacture of cement-based 
materials to improve their microstructure [9, 10]. The 
compressive strength-developing behaviour of concrete 
containing fly ash widely differs from that of concrete 
without fly ash depending on the method and amount of 
fly ash addition [11–13]. The rate of strength increase of 
fly ash concrete is slower but it is sustained for longer 
periods than the rate of the strength increase of portland 
cement concrete [14, 15]. Due to this fact the research 
programme concerning relationships between composi-
tion of concrete and its compressive strength develop-
ment has been realised. 

It is considered highly useful to establish the propor-
tioning technique for concrete containing fly ash to derive 
an equation to quantitatively estimate the compressive 
strength development of such concrete. Some studies on 
determining the optimal content of fly ash, for obtaining 
concrete with a required mechanical strength, have been 
presented in the paper. The quality of model, defined as 
the relationship between properties and addition content 
and time of curing, was evaluated.  

 
2. Experimental investigation  

2.1. Materials  

Tests were carried out for concretes contained three 
types of commercial cement: two sorts of Portland ce-
ment CEM I 42.5 R (C1), CEM I 32.5 R (C2) with differ-
ent mineral composition and blast-furnace cement CEM 
III/A 32.5 NA (C3). The mineralogical composition of 
clinkers in cements used is presented in Table 1. The blast 
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furnace slag used in cement C3 contained 44,8 % CaO; 
39,1 % SiO2; 7,1 % Al2O3; 1,7 % Fe2O3; 0,23 % SO3; 
6,2 % MgO. The content of slag in cement C3 was 62 %.  

 
Table 1. Mineralogical composition of clinkers in cements used 

Content in mass, % 
Clinker 

C3S  C2S  C3A  C4AF  
C1 and C3 cement 62,1 14,5 8,6 9,3 
C2 cement 60,4 15,5 9,1 8,8 

 
The fine aggregate used was river sand with a 

maximum diameter of 2 mm, the coarse aggregate – ba-
salt grit with a maximum diameter of 8 mm. 

Fly ash from local power plant was used. It was ob-
tained in high temperature process. The phase composi-
tion of it was determined by diffractional X-ray analysis 
(Fig 1). Two main crystalline phases: β-quartz and mul-
lite were determined. The fly ash also contained anhy-
drite, calcium oxide, and a very little amount of calcite 
and gypsum. The content of CaO (free), obtained from 
analytical test, was 0,25 %. 

The loss of ignition, monitored every 8 h during 25 
days, did not exceed 4,8 %. The specific gravity of mine-
ral addition was 2,23 kg/dm3. 

 
2.2. Properties of binders 

Pozzolanic activity of fly ash [16] was evaluated ac-
cording to standard PN-EN 450:1998 [17]. Its index was 
determined on the basis of the comparison of compres-
sive (fcm) as well as flexural strength (ftm) of mortars con-
taining 75 % of cement and 25 % of fly ash, and mortar 
without addition. The results of pozzolanic activity are 
presented in Tables 2, 3. 

 
Table 2. The results of pozzolanic activity of fly ash, deter-

mined on the basis of mortar compressive strength fcm 

Cement sort, % Pozzolanic activity 
index based on fcm 

Require-
ments, %  

C1 C2 C3 

after 28 days  >75 95 81 85 
after 90 days  >85 106 106 90 

The required values of the pozzolanic activity index, 
according to [17], were gained in the case of portland 
cements (C1 and C2) as well as blastfurnace cement (C3). 
 

Table 3. The results of pozzolanic activity of fly ash, deter-
mined on the basis of mortar flexural strength ftm 

Cement sort, % Pozzolanic activity 
index based on ftm 

Require-
ments, %  C1 C2 C3 

after 28 days  >75 93 87 90 
after 90 days  >85 94 93 103 
 
The test results of water requirement in order to get 

normal consistency of cement paste are presented in 
Fig 2. It was established that the increase in fly ash con-
tent, related to cement mass, causes the increase in water 
requirement, due to a large specific surface of fly ash. 

The setting times of cement paste with fly ash were 
determined using Vicat needle, according to PN-EN  
196-3: 1996 [18]. As it is shown in Figs 3, 4, 5, the set-
ting times are prolonged, a little in the case of C1 and C2 
cement and significantly in case of C3 cement, with in-
creasing fly ash content in the paste. However, the effect 
of fly ash on setting time should be analysed considering 
the amount of water required to get a normal consistency. 
The greater water content, the longer setting time. 

 
 

 
 

Fig 2. Relationships between water required for getting 
normal consistency and fly ash amount replacing cement 

 

 
 

Fig 1. X-ray pattern of fly ash used (M – mullite, Q – β-quartz) 
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Fig 3. Setting times vs fly ash content in the paste with C1 
cement 

 

 
 
Fig 4. Setting times vs fly ash content in the paste with C2 
cement 
 

 
 
Fig 5. Setting times vs fly ash content in the paste with C3 
cement 
 
The setting times of cement paste with fly ash were 

determined using Vicat needle, according to PN-EN  
196-3: 1996 [18]. As it is shown in Figs 3, 4, 5, the set-
ting times are prolonged, a little in the case of C1 and C2 
cement and significantly in case of C3 cement, with in-

creasing fly ash content in the paste. However, the effect 
of fly ash on setting time should be analysed considering 
the amount of water required to get a normal consistence. 
The greater water content, the longer setting time. 

 
2.3. Mix proportions 

Tests were carried out on concrete specimens pre-
pared of mixtures with three different values of fly ash 
content: 10, 20 and 30 % related to cement mass (FA/C), 
as well as on unmodified control specimens. The part of 
fly ash in mixture (40 % for CEM I 42,5 and 20 % for 
CEM I 32,5 and CEM III/A 32,5) was taken into account 
as a binder and the remaining part – as filler, according to 
the standard EN 206-1:2003 [19]. The cement content in 
control concrete was 350 kg/m3. A water to binder ratio 
in the tested concretes was constant (w/b = 0,50). 

Concrete was cast in prism-shaped moulds 
(40×40×160 mm) and compacted by vibration. After 24 
hours, the specimens were removed from the moulds and 
stored in water at of 18 ±2 °C. The specimens were tested 
for compressive strength after 2, 28, 90 and 180 days of 
curing by the standard PN-EN 12390-3: 2002 [20]. Every 
series consisted of 6 replicates. The aim to apply the 
prism shaped specimens was to evaluate the compressive 
as well as the flexural strength. The latter strength was 
determined in a bending test and every series consisted of 
3 replicates. 

 
3. Results and discussion 

3.1. Selected properties of hardened concrete with fly 
ash  

The test results of the selected properties of con-
cretes are summarised in Table 4.  

 
Table 4. Selected properties of concretes with fly ash addition 

after 28 days of curing 

Cement 
sort 

FA/C 
Specific 
gravity, 
kg/dm3 

Water 
absorption, 

 % 

Capillary 
suction, 

 % 
0,0 2,74 4,70 1,44 
0,1 2,79 4,80 1,30 
0,2 2,72 4,90 1,22 

C1 

0,3 2,68 5,20 1,25 
0,0 2,76 5,57 1,25 
0,1 2,70 5,01 1,33 
0,2 2,67 5,11 1,34 

C2 

0,3 2,74 5,41 1,29 
0,0 2,73 5,52 1,59 
0,1 2,71 5,34 1,42 
0,2 2,68 5,57 1,36 

C3 

0,3 2,76 5,58 1,25 
 
The fly ash addition, in considered range of FA/C 

values, has no significant effect on specific gravity and 
water absorption. The addition reduces the capillary suc-
tion of water, determined after 24 h test. 

The variation of flexural strength with curing time of 
concretes is presented in Figs 6–8. The results of flexural 
strength make it possible to evaluate the rate of strength 
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increase. The graphs show that the rate of strength devel-
opment of the concrete with fly ash is slower in compari-
son to that of the control specimens. The concretes 
containing additives reached greater values of flexural 
strength than control concretes. The changes in strength 
with age can be analysed in detail on the basis of percent-
age relative strength to 28 days strength, in Tables 5–7. 

 

 
Fig 6. Flexural strength development of cement C1 con-
crete (vertical bars represent the range of accuracy) 

 

 
Fig 7. Flexural strength development of cement C2 con-
crete 

 

 
Fig 8. Flexural strength development of cement C3 con-
crete 

 
Table 5. Flexural strength development of C1 cement concretes 

in relation to 28-days strength 

Percentage relative strength 
to 28-days strength,  % FA/C 

2 d 28 d 90 d 180 d 
0,0 84 100 113 118 
0,1 77 100 113 121 
0,2 78 100 127 136 
0,3 70 100 122 140 

Table 6. Flexural strength development of C2 cement concretes 
in relation to 28-days strength 

Percentage relative strength 
to 28-days strength,  % FA/C 

2 d 28 d 90 d 180 d 
0,0 57 100 104 109 
0,1 57 100 113 123 
0,2 40 100 119 139 
0,3 37 100 128 149 

 
Table 7. Flexural strength development of C3 cement concretes 

in relation to 28-days strength 

Percentage relative strength  
to 28-days strength, % FA/C 

2 d 28 d 90 d 180 d 
0,0 43 100 100 102 
0,1 39 100 106 120 
0,2 40 100 108 132 
0,3 42 100 100 123 

 
The observed results of concrete strength test prove 

fly ash influence on the strength development at all ages. 
It is found, in general, that the rate of strength develop-
ment is lower for mixtures containing fly ash, at early 
ages. The rate of strength gain in concretes with fly ash is 
significant between 28 and 180 days. The mixtures with 
C1 cement achieve the highest one and the mixtures with 
C3 cement achieve the lowest 2-days flexural strength in 
comparison with 28-days strength because of cements 
used for composition. The increase in strength between 
28 and 90 days of curing is the slowest for C3 cement 
(blastfurnace cement) concretes, but after 180 days of 
storage the flexural strength of C3 cement concretes with 
fly ash is comparable with C2 cement concretes.  

 
3.2. Analysis of compressive strength test results 

The test results of compressive strength of concrete 
containing fly ash are in Figs 9–11.  

After 2 and 28 days of curing, the control concretes 
(FA/C = 0,0) attained higher strength values than the 
modified ones. The test results after 90 and 180 days of 
storage show that all mixes containing fly ash were able 
to develop a higher strength than the control mixes. The 
compressive strength of C3 cement concretes increased 
more slowly, but after 180 days attained the strength 
comparable with the strength of C2 cement concretes. 

 

 
Fig 9. Compressive strength development of cement C1 
concrete (vertical bars represent the range of accuracy) 
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Fig 10. Compressive strength development of cement C2 
concrete 

 

 
Fig 11. Compressive strength development of cement C3 
concrete  
 
The compressive strength test results were analysed 

using statistical methods. 
The effects of FA/C value (factor X1), time of curing 

t (factor X2) and type of cement (factor X3 – qualitative) 
on the compressive strength of concrete fc (variable Y) 
have been studied using the method of analysis of vari-
ance. In this analysis, both the basic effects and the 
higher order interactions were analysed. For statistical 
interpretation of regression and analysis of variance it 
was assumed that the data was normally distributed. 

Before the proper analysis, the Cochran’s G test was 
used as a homogeneity test. The results of compressive 
strength test after 2, 28, 90 and 180 days of curing for 3  
types of cement used were taken into account. The test 
showed that for 48 means and the degrees of freedom 
df = 5, the calculated value equals 
 0710,0/ 22

maxmax =Σ= ijkijkijk SSG , (1) 

for level of significance α = 0,05 is less than admissible 
value G0,05,5,48 = 0,0853 [21], thus the compared variances 
are homogeneous and the test results are reproducible. 

The analysis of variance was carried out in compli-
ance with the procedure given in [21]. The analysis re-
sults are in Table 8.  

The F-Fisher test [21] was used to verify the hy-
pothesis that X1, X2 and X3 factors had the significant 
effect on compressive strength development. The influ-
ence of the individual factor or the interaction of factors 
is recognised as significant, if  
 ,

21,,exp fftab FFF
α

=>   (2) 

where: α = 0,05 – level of significance, f1, and f2 – de-
grees of freedom. 

As a result of the analysis of variance, presented in 
Table 8, it has been found that individual factors and the 
first-order interactions as well as the second-order inter-
action have significant effect on the compressive strength 
development. Only the interaction of X1 and X3 factors 
has statistically insignificant effect. 

For predicting compressive strength of concrete with 
fly ash, mathematical model describing the changes in 
strength fc (function Ŷ ) in dependence on selected factors 
was developed.  

Only the effect of the quantitative factors was taken 
into account: FA/C ratio (factor X1) and the time of cur-
ing t (factor X2), separately for each type of cement. 

For mathematical model elaboration of the following 
factors’ levels, significant for practice, were selected: 

– factor X1: 0,1; 0,2; 0,3; 
– factor X2: 2, 28, 90, 180 days. 

As the function describing the compressive strength 
development, an orthogonal polynomial was assumed. 
The values of regression equation’s coefficients were 
determined using the least-squares method. The calcula-
tions were conducted using the Data Analysis Programs 
⏐STAT [22].  

The relationship for the cement C1 concrete has 
been obtained as: 

2
2

1
2
221 87,10001324,0725,4986,36ˆ XXXXXY −−+= , (3) 

for the cement C2 concrete: 

2
2

1
2
221 92,10001099,0519,4871,29ˆ XXXXXY −−+=  (4) 

and for the cement C3 concrete: 

2
2

1
2
221 47,11001411,0989,4639,24ˆ XXXXXY −−+= . (5) 

The significance of equation variables (according to 
t-Student criteria: if the calculated value tcal is bigger than 
the critical value t

α=0,05, the regression coefficient is sig-
nificant), the multiple correlation coefficients and the 
determination coefficients are presented in Table 9. 

 

Table 8. Analysis of variance results of X1, X2, X3 factors influence on compressive strength of concrete 

Source of variation Sums of squares Degrees of freedom Mean squares Fexp Ftab 

Factor X1  1 184,78 3 394,92 21,43 2,60 
Factor X 2 59 599,14 3 19 866,38 1 077,93 2,60 
X 1 and X 2 4 224,15 9 469,35 25,47 1,90 
Factor X 3 6 449,19 2 3 224,60 174,96 2,99 
X 1 and X 3 169,05 6 28,18 1,53 2,09 
X 2 and X 3 795,59 6 132,60 7,20 2,09 

X 1 and X 2 and X 3 560,33 18 31,13 1,69 1,64 
Error 4 423,21 240 18,43 – – 
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Table 9. Statistical parameters of regression equations 

Calculated values of  
t-Student criteria Cement 

sort 
R R2 

21 XX  2
2X  2

2
1 XX  

C1 0,926 0,858 11,85 7,33 10,55 

C2 0,867 0,752 8,26 4,44 7,67 

C3 0,908 0,824 10,40 6,52 6,52 

 
Considering the values of multiple correlation coef-

ficient R and determination coefficient R2 (Table 9), it 
can be concluded that the model chosen is correct. The 
calculated values of t-Student criteria tcal are bigger than 
the critical value t0,05 = 2,00 [21], thus all interactions of 
factors have significant effect on output parameter. 

 
4. Interpretation 

In order to make the test results interpretation easier, 
the relationships obtained can be presented graphically in 
the form of isolines. The isolines of compressive strength 
for cement C2 concrete are shown in Fig 12. 

 

 

Fig 12. Graphical presentation of the response surface (a) 
and isolines (b) for compressive strength of C2 cement 
concrete 

 

The analysis of relation fc = f(FA/C, t) for concretes 
made with 3 cements used showed that only time influ-
ences compressive strength development at early ages. 
The fly ash has a distinct effect on the increase in strength 
only about 60 days of storage. The highest value of com-
pressive strength can be expected for FA/C value in the 
range of 0,18–0,24, which can be observed after 90 days 
of curing. 

The regression equations make the estimation of 
concrete strength development possible and in this way 
allow choosing the optimal composition of concrete for 
specific applications. 

The practical method of evaluation of the quality of 
the model is comparing the values of a particular property 
calculated from the model to those determined by the 
experiment [23]. The comparison of the experimental 
values of compressive strength and the corresponding 
values predicted by models is presented in Fig 13.   

It could be seen that there exists a relatively strong 
correlation between the experimental and the theoretical 
values of compressive strength even though the concretes 
were examined at different ages. The strength of correla-
tion increases with age, reflecting the delayed contribu-
tion of fly ash to compressive strength development. The 
linear relationships have been found (Fig 13) with the 
regression coefficients of 0,970 for cement C1 concretes, 
0,911 for cement C2 concretes and 0,932 for cement C3 
concretes. 

 
5. Conclusions 

The aim of this study was to assess the fly ash con-
crete strength development. The pozzolana and hydraulic 
activity of fly ash have mainly been pointed out as well as 
the possibility to use this addition as a concrete compo-
nent. The fly ash addition, in considered range of FA/C 
values, has no significant effect on specific gravity and 
water absorbability of concrete but the addition reduces 
the capillary suction of water. The test results show that 
finally all mixes, containing fly ash, were able to develop 
a higher flexural strength than the control mixes 
(FA/C = 0).  

 

 
 
Fig 13. Comparison between experimental and predicted values of compressive strength:  
a) cement C1 concretes, b) cement C2 concretes, c) cement C3 concretes 
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The results obtained show that the fly ash has a 
beneficial effect on compressive strength of all cements 
tested. Although the rate of strength increase of fly ash 
concrete is slower and sustains for longer periods, the 
concretes containing fly ash are capable of developing a 
higher strength than portland cement concrete as well as 
the blastfurnace cement concrete. After 180 days of stor-
age the concretes containing 20 % of fly ash, related to 
cement mass, gained a compressive strength about 25 % 
higher than the concrete without addition, for all types of 
cement. 

Statistical methods can be used to investigate the se-
lected range of binders combinations (cement and fly ash) 
influence on chosen performance characteristics of con-
crete. Elaborated and verified statistical models can serve 
as a tool for estimating the compressive strength devel-
opment of concrete according to fly ash content (in the 
range tested) and time of curing as well to identify the 
optimum binder content. The knowledge of basic proper-
ties of fly ash is fundamental to their effective usage in 
building industry. 
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BETONO SU LAKIAISIAIS PELENAIS STIPRIO AUGIMAS 

M. Kosior-Kazberuk, M. Lelusz 

S a n t r a u k a  

Remiantis eksperimentinių tyrimų rezultatais, tobulinami betono mišinių su lakiaisiais pelenais stiprio augimo 
nustatymo matematiniai modeliai. Lakiųjų pelenų kiekis mišinyje siekė iki 30 %. Pateikiami betono stiprio tyrimų rezul-
tatai, esant skirtingiems cemento tipams (CEM I 42.5, CEM I 32.5, CEM III 32.5) bei mišinio kietėjimo laikui (2, 28, 
90, 180 paros). Atlikta lakiųjų pelenų kiekio, kietėjimo laiko ir cemento tipo įtakos betono mišinio stipriui analizė. 
Gautų priklausomybių adekvatumo įvertinimas atliktas statistiniais metodais. Pateikti rišamųjų medžiagų bei betono su 
lakiaisiais pelenais pagrindinių savybių eksperimentinių tyrimų rezultatai. Atlikta analizė parodė lakiųjų pelenų taikymo 
betone privalumus. 

Reikšminiai žodžiai: betonas, lakieji pelenai, gniuždomojo stiprio augimas, pucolaninė reakcija, statistiniai metodai, 
matematinis modelis. 
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