JOURNAL OF CIVIL ENGINEERING AND MANAGEMENT
2008
14(2): 131–137

TENSION STIFFENING BOND MODELLING OF CRACKED
FLEXURAL REINFORCED CONCRETE BEAMS
Salah Khalfallah
Dept of Civil Engineering, University of Jijel, Jijel, Algeria
E-mail: Khalfallah_s@yahoo.com
Received 13 Nov 2007, accepted 30 Apr 2008
Abstract. This paper deals with the analysis of cracked flexural reinforced concrete structures with special highlighting of
modelling the interaction between concrete and reinforcement. A new approach based on the bond stress distribution
through the transfer length between the zero-slip and the cracked sections is proposed. Since the cracking phenomenon of
concrete occurs, the fracture energy changes in order to appeal to the interaction between concrete and steel. The increment of stresses is evaluated by the bond-slip distribution by means of one-dimensional problem. Besides, the 2D nonlinear description of components behaviour, concrete and steel are considered.
On numerical modelling level, the interaction property is obtained from a variety of fundamental pull out and push out
tests, for the most part this phenomenon does not very well represent the bending members. For this object, this study
presents a numerical approach, which can compute the distribution stresses at the steel-concrete interface near flexural
crack in reinforced concrete beams. Finally, predictions made by the non-linear finite element analysis program and the
non-linear material models for concrete, reinforcing bars and bond slip are in good agreement with the experimental
results.
Keywords: concrete, reinforcement, bent beams, tension stiffening, bond models, cracked flexural reinforced concrete
beams.

1.

Introduction

The stress transfer between steel and surrounding
concrete is a fundamental characteristic of reinforced
concrete structures. The properties of this interaction
depend on several factors, such as friction, mechanical
interaction and chemical adhesion. In flexural reinforced
concrete structures, deformed bars depend primarily on
the mechanical interlocking for bond properties, while the
contribution of chemical adhesion and friction are negligently considered. These suppositions led the researchers
to express various relationships of analytical and experimental concepts. Recently, the development of analytical
expressions to predict the bond stress-slip responses of
flexural reinforced concrete structures is an important
topic of research. Therefore, many analytical and numerical models have been developed to yield the bond stressslip response of tensile reinforced concrete members
(Redzuan 2004; Kwak, Kim 2004; Khalfallah 2006; Banholzer et al. 2005 ; Mutlu, Bobet 2005 ; Ashraf 2005 ;
Dominguez 2005).
In general, the interface models are mainly used for
the analysis of stress transfer problems between reinforcing bars and surrounding concrete. When the interface
continuum is assumed to be imperfect “cohesive models”,
then the discontinuity in the displacement field is considered. In this case, the transition zone between steel and
concrete is taken into account in the analysis of specific
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properties of concrete matrix and steel bars. In structural
mechanic concepts, the interface behaviour can be represented by shear stress-slip functions. The bond force resulting at the interface zone of steel bars and surrounding
concrete has a great influence on the development and
propagation of flexural cracks in reinforced concrete
beams. Further, the bond effect is the main contributing
factor of the tension stiffening in cracked reinforced concrete structures (Monti, Spacone 2000; Lackner, Mang
2003; Khalfallah 2003).
The analysis of cracked reinforced concrete members has remained among of the difficult tasks in the fracture mechanics. Various projects of research have already
been proposed in order to quantify and characterize the
mechanism of bond forces development around the deformed steel bar. To improve the accuracy of the reinforced concrete structures responses, formulations are
based on theoretical investigations, and the effect of bond
is implemented in the numerical analysis (Eligehausen et
al. 1983; Cosenza et al. 1997; Focacci et al. 2000; Campione et al. 2005).
Naturally, the steel-concrete bond is always existing
in reinforced concrete structures. And other phenomena
can generate the adherence effect, such as interlocking
due to the roughness of the bar surface, the bearing area,
the spacing and face angle of ribs. It is shown that the
bond strength increases with the project ribs area of the
reinforcement and it is so important (Zuo, Darwin 2000).
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For this reason, the presence of bond and the interaction
between concrete and steel bars renders its deportment on
account of this effect, absolute evidence in finite element
non-linear analysis of composite structures.
This approach is specially applied to predict the
bond-slip behaviour for cracked flexural reinforced concrete beams near the first crack and between adjacent
cracks simultaneously. The obtained results show an
agreement through the global response of beams when
the perfect bond and cohesive bond models are considered.
2.

The proposed model

2.1. General
The bond slip effect included in finite element
analysis of reinforced concrete structures can be taken in
two ways: linkage elements or cohesive elements. Khalfallah and Hamimed have distinguished the limitations of
the each type use. For each type of bond modelling, it
appeared limitations and difficulties in numerical procedure or in rheological law of bond, indifferently. For
these difficult tasks, an analytical procedure, which can
simulate the bond-slip effect of cracked flexural reinforced concrete structures, is presented in this work.
2.2. Proposed tension stiffening bond model of
cracked flexural members
In the open literature, they have already presented
many works on pull-out and tensile tests, where bond-slip
models are included to calibrate the contribution of bondslip in the global response. In this case, various models
and numerous methodologies have been published by
Gan (2000), Banholzer et al. (2005), and Dominguez
(2005), but few works have been presented treating the
cracked flexural reinforced concrete members by Au, Bai
(2007) and Nayal, Rasheed (2006). For this raison, a
particular importance has been given to this kind of work.
This paper presents a procedure that has been inspired by
the pull-out test idea accompanied by relative specifications of bending problem phenomena.
At the member scale, every structural component is
modelled separately. The reinforcement is usually described by means of the embedded truss model in beam
and frame analyses. In this case, the effect of the steelconcrete interaction is commonly referred to as ‘‘tension
stiffening phenomenon’’. This term stems as the capacity
of the intact concrete to carry tensile forces between adjacent cracks result in a higher stiffness compared to the
respective steel bars. The tension stiffening models have
been taken into account and various approaches were
conducted. Most of these belong to one of two categories:
(1) additing a supplementary terms of stiffness to the
finite element formulation of the stiffness matrix, (2) the
use of specific distribution of bond stress-slip relationship
and it is in this way that this work is registered accordingly.
In composite structures it is impossible to separate
the following 3 effects: cracking, tension stiffening and

bond behaviour. Cracking in concrete will develop and
propagate in the direction normal to the major principal
strain starting from the section, where the first crack
originates. After cracking, concrete can still partially
contribute to the structural response due to the bond effect. In this phase of member behaviour, concrete less its
rigidity that corresponds to transfer of stresses between
concrete and reinforcing bars by link effect. Afterwards,
the concrete will attempt its rigidity as soon as going
away from the crack face.
The phenomenon, which results among the length
characterized by the transfer of stresses between steel and
concrete, is defined as the tension stiffening effect. The
behaviour improves the softening response by introducing the tension stiffening models, which cause decreasing
of tensile concrete stress, as the cracking intensifies. Most
of tension stiffening models is based on one-dimensional
modelling of problems (Yankelevsky et al. 2008). On
numerical level, the tension stiffening effect can be taken
into account by increasing the element stiffness. An increase in the tension stiffness of concrete can be explained by using a stress-strain relationship, including a
softening branch of the curve beyond the strength of concrete value.
However, the interface environment is considered in
this approach as material having a local behaviour, described by the bond-slip relationship. In this study, a
parabolic variation of bond stresses is assumed with
maximum bond stress value occurring at the middle section between zero-slip and cracked sections. This assumption can simplify the mathematical formulation for
computing the bond forces at each node of the finite element (Fig. 1). The relationship used is expressed by:
x
x
τ( x ) = 4τmax (1 − ) .
(1)
s0
s0
To accurate the response of reinforced concrete
beams, non-linear constitutive laws of material such as
concrete, reinforcing bars and steel-concrete continuum
are considered and integrated in the developed finite element analysis program. The behaviour of concrete in
tension is assumed linearly elastic until the tensile
strength has been reached. Beyond this value, the tensile
stress decreases with increasing the principal tensile
strain until the ultimate value, which is deducted using
the fracture mechanic concept.
Zero-slip
section

τ max
Transferring

S0/2

stress position

Crack

S0/2

Fig. 1. Bond distribution used in bending member, where
τ max is the maximum bond value at x = s0/2 measured
from the uncracked section
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In the same, the behaviour of reinforcing bars is
modelled as linear elastic with linear strain hardening in
the elastoplastic range. Bond stresses in reinforced concrete structures arise from the change in steel along the
transfer length, and the slip is determined using the local
bond–slip relationship. In this study, the simple trilinear
bond stress-slip model (Fig. 2) is selected and introduced
in the numerical program.

τb
τ2

δ1

δ2

δ

δu

To present the effect of flexural bond, two different
cases can be distinguished, as:
Case 1. Bond near cracked face
Let consider a free reinforced concrete body subjected to pure bending moment M , as shown in Fig. 3.

Concrete

M

Reinforcement level

M ≥ Mcr

M< Mcr

Zero-slip section

At each section x measured from the zero-slip face,
concrete and reinforcing bars carry the bending moment
conjointly. When the primary flexural crack forms in
reinforced concrete members, the steel stress at the
cracked face increases, as the tensile force carried by
concrete has completely transferred to the reinforcing
bars. Here, bond forces take place along the transfer
length in Fig. 4 and resist to this increment of steel
stresses.

σ s,1

σ s,2
S0

Fig. 4. Bond stress near cracked section

which δ m = um, s − um,c .
The indices s and c of um are the extensions of steel
and concrete respectively for the median section. The
relation (2) can be applied to each section localized at x:

16 τmax x 2
x3 .
( −
)
S0φ
2 3S 0
The strain of steel corresponds:
σ s ( x) = σ s,1 +

(5)

σ s ( x)
.
Es
Then the total extension of steel is:
ε s ( x) =

u m ,s =

S0
2

σ

(6)

2

1 τ max S 0
s ,1 0
∫ ε s ( x ) dx = 2 E + 4 φ E .
s
s
0
S

(4)

(7)

The finite element analyses show that the extension
of concrete at reinforcing level due to the compressive
force affecting the cracked section has not a significant
effect, compared with this one caused by the reinforcing
bars.

Fig. 3. Free body under bending effect

τ max

(3)

π φ2
π φ
x2
x3 .
(σs ( x) − σs,1) = 4
τmax( −
)
4
S0
2 3 S0
The steel stress is expressed as:

Fig. 2. Local bond stress-slip used

(2)

where φ is the bar diameter, σ s,1 and σ s,2 are the steel
stresses at the zero-slip (un-cracked section) and cracked
sections, respectively.
If the local bond stress-slip is assumed, the maximum value of bond stress τ max and associated slip S0 can
be then established:

τ max = f b (δ 0 ) ,

Eb1

M

s

0
πφ2
2
(σ s ,2 − σ s ,1 ) = ∫ π φτ( x) dx = πφτmax S 0 ,
4
3
0

Eb2

τ1

Anti-symmetrical
law

The resulting force of bond between cracked and
zero-slip sections can be expressed by:

Case 2. Bond between adjacent cracks
In this section, two distinct cases can be selected basing on the variation of moment between cracked sections, as:

1. Constant moment
The distribution of bond stresses along the transferring range is anti-symmetric (Fig. 5) and the corresponding extension of steel bars is evaluated as analogous to
the above manner:

u m, s =

σ s,1 S 0
1 τ max S 02 .
+
16 φ E s
4 Es

(8)

This σ s,2 is the steel stress at the second cracked section.

2. Varying moment
In this case, the deduced bending moments at the
cracked sections are different and consequently the
stresses between the transfer length are not symmetrical
(Fig. 6).
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τmax

σ 2s

σ 2s

τmax

S0/2

M >Mcr

M >Mcr

Cracked sections

S0/2

Fig. 5. Bond stress between adjacent cracked sections in constant moment case

σ s,2

τmax,1

M >Mcr

M >Mcr

Cracked sections

σ s,1
σ s ,3
τmax,2

S1

S2

Fig. 6. Bond stress between adjacent cracked sections in varying moment case

σ s , 2 and σ s ,3 are the steel stresses in cracked sections.

Table 1. Material properties used in application

The maximum extensions of steel in each region
can be evaluated using the relation (8), as:

um, s1 =

σ s ,1 S1
4 Es

1 τmax S12 ,
+
16 φ Es

(9)

σ s ,1 S 2

1 τmax S 22 .
(10)
u m, s 2 =
+
4 Es
16 φ Es
The approach presented is applied in the next section to
calibrate the flexural bond modelling of reinforced concrete beam response.
3.

Numerical applications

To show the ability of the described procedure for
simulating bond slip behaviour of cracked flexural reinforced concrete beams, the specimen beam tested by
Gaston et al. (1972) is chosen. The properties of materials, the characteristics of bond and geometries are summarized in Tables 1, 2 and 3, respectively.
In the studied case, the concrete was modelled by
8-node serendipity plane stress element with 3*3 Gauss
integration points.
The reinforcements are modelled by 3-node truss
element and the bond-slip effect is taken into account
with the imperfect bond element based on the shear bond
distribution, as described above. Firstly, to show the size
effect, three meshes are selected for 12, 60 and 108 elements. Only one half of the beam is considered taking
the advantage of the symmetry in the geometry with
integration of the bond slip phenomenon in the analysis
(Fig. 7).

Materials

Concrete

Steel bars

Young’s modulus (Mpa)

27100

1.98*105

Poisson’s coefficient

0.167

/

Tensile strength (Mpa)

3.23

323.60

Reinforcement ratio

/

0.0062

Table 2. Material properties used in application
Bond stress (MPa)

τ1 =10.55

τ2 = 16.50

Bond slip (mm)

δ1 = 0.70

δ 2 = 2.00
δ u = 7.00

Table 3. Geometry properties of section (Fig. 7)
Width
(cm)
B=15.24

Height
(cm)
h= 30.48

Useful height
(cm)
d = 27.23

Length
(m)
L = 2.70

P/2

d

h
900 mm

450 mm

As

b
Fig. 7. The half beam used in analysis
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Fig. 8. Mesh size effect on the global response

The results in Fig. 8 indicate that the discretization
has not a notable influence on the global response; loadmid span deflection of the beam established by this
simulation exhibits, in general, a satisfactory behaviour
with the experimental response that is essentially independent of the finite element mesh size.
To quantify the contribution of bond-slip effect,
two different analyses, such as the perfect bond model
and the cohesive bond-slip model were performed
(Fig. 9). The analysis of responses shows a well correlation between different curves until the threshold of
cracked reinforced concrete that is evaluated about 16
kN of the applied load. Beyond this limit, each model
exhibits a proper response and the relative contribution
of every bond model is well observed. It is evident that
the perfect bond model shows a very satisfactory agreement with the experimental response in which the mechanical parameters of materials and the interface continuum were well considered. The response curve of the
perfect bond model approaches relatively opposite to the
experimental according to that of the bond slip model.
The results obtained by this simulation and those
obtained by Yang, Chen (2005) seem very logical. The
curves corresponding to the perfect bond model (this
study) and to the strong model (Yang, Chen 2005) approach via the experimental curve, while it is the contrary case, opposite to the results obtained by Kwak,
Kim (2002).
The major principal stress distributions are shown
in Figs 10–11. It is possible to appreciate how the bond
modelling influences the transfer of forces between steel
and surrounding concrete. The interface properties were
more influenced by tensile forces that they allowed to
the structure to profit of characteristics of interface elements using its total energy of dissipation.
When the damage arises in some nodes, then there
is gradual energy dissipation during the cracking phenomenon, and the corresponding forces are transferred
with the redistribution of principal stresses. The damage
effect propagates to undamaged zone proportionally to
the increase forces in concrete. Beyond the formation of
the first crack, a discharge takes place in the interface in
the vicinity of the crack planes; here the interface is
already damaged and the transmission changes forces
between concrete and steel.

Fig. 9. Effect of bond models

Fig. 12 shows the variation of the steel stress during the application of the incremental loading. The rates
of the applied load with the mechanical characteristics of
materials preserve the steel bars in the elastic range of
behaviour. The contribution of the adherence is not constant along the part of transmission, and it varies with
the increase of bond stresses.
The figures show two levels of cracking that are responsible for increased elongation and to the decrease of
the members’ stiffness. The first cracking stress level is
about 3.073 MPa (Figs 10a–11a). Assuming, that concrete is homogeneous material and the first crack forms
at mid-section of the beam. Further, load increase will
reach the second cracking level and the cracking process
continues corresponding to this manner until the ruin of
the structure (Figs 10b–11b).
a – Cracking load level

b – Ultimate load level

Fig. 10. Major principal stress distribution of perfect
bond model

136

S. Khalfallah. Tension stiffening bond modelling of cracked flexural reinforced concrete beams
a – Cracking load level

beam and the cracks become gradually curved towards
the loading points (Khalfallah et al. 2004).
In the literature, the predicted cracking process, in
general, agrees well with experimental observations, as
shown on the test crack pattern of Vecchio, Shim (2004).
It may be noted that the shear crack near the support is
not modelled yet, because in the current model only
cracks on the tensile face of the beam are allowed to
initiate, and they are not allowed to propagate downwards to avoid crack intersection.

b – Ultimate load level

Fig. 13. Finite element crack pattern of the beam

4.
Fig. 11. Major principal stress distribution of bond slip
model

The plotting of the stress fields along the beam
(Figs 10–11) shows the distribution of principal stresses
at the first cracking load and at the ultimate load, respectively. More, the figures describe the damaged diffuse
within the beam due the tensile stresses. This damage
initiates in the middle of the section and propagates towards the support of the beam. Of the same, the damage
is more pronounced in the vicinity of the applied load
due the compressive stresses.

Fig. 12. Steel stress; σ s over the transfer length

The Fig. 13 illustrates the cracking process of the
beam using the perfect bond model, taken as example,
which was fully modelled using the smeared crack
model. The finite element simulation shows that a few
flexural cracks first appear near the mid-span at a load
about F = 20kN (red colour). In the constant moment
case, for load of about 30-40 kN (Fig. 13), these flexural
cracks propagate upwards into the upper half of the

Conclusions

This work aims at the calibration of the tension
stiffening bond model of cracked flexural reinforced
concrete beams. The interaction was modelled by means
of a non-linear local bond stress-slip relationship with
the consideration of the fracture energy related to cracking of concrete. The analysis of obtained results can lead
to the following conclusions:
1. The inclusion of tension stiffening is important
even in structures dominantly affected by bending moments in crack formation and propagation range. For this
assumption, its integration via bond-slip modelling in
numerical analysis becomes a necessity to improve certainly the predictions of existing models.
2. The proposed approach predicts the stress field
in the concrete and along the steel bars (local behaviour)
and may provide force-elongation relationship (global
behaviour). Addicting, in bending members, the bond
between steel-concrete depends on the nature of the
applied bending moment, as constant or varying moment.
3. The numerical results showed that the maximum
concrete tensile value between successive cracks in a
constant moment occurs at the middle plane between
cracks, while it localized at the side of section having a
lower value of bending moment in varying moment case.
4. The structural damage diffuses firstly according to
the length and secondly following the height of the beam.
It is clear that the procedure need a refinement to
improve well the RC response through the constitutive
laws of materials or the numerical representation, such
as the 3D modelling.
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SUPLEIŠĖJUSIŲ GELŽBETONINIŲ SIJŲ ARMATŪROS IR BETONO SANKIBOS MODELIAVIMAS
S. Khalfallah

Santrauka
Straipsnyje atlikta supleišėjusių lenkiamųjų gelžbetoninių elementų analizė armatūros ir betono sąveikos modeliavimo
aspektu. Pasiūlytas naujas modelis, pagrįstas sukibimo įtempių pasiskirstymu sąveikos zonos ilgiu nuo nulinio
praslydimo iki plyšio pjūvio. Supleišėjus betonui dėl jo sąveikos su armatūra keičiasi irimo energija. Įtempių didėjimas
sukibimo ir praslydimo zonoje įvertinamas taikant vienmatį (1D) modelį. Sąveikos komponentų (betono ir armatūros)
elgsena aprašoma pasitelkiant dvimačius (2D) modelius. Atliekant skaitinį modeliavimą, betono ir armatūros sąveikos
parametrai dažniausiai nustatomi pagal klasikinius ištraukimo ir išstūmimo bandymus. Tačiau lenkiamiesiems elementams taip nustatyti parametrai netinka. Pasiūlytas skaitinis supleišėjusių lenkiamų gelžbetoninių sijų skaičiavimo algoritmas, kurį taikant gali būti nustatytas įtempių pasiskirstymas plieno ir betono sąveikos paviršiuje pjūvyje ties plyšiu.
Skaičiavimo rezultatai, gauti taikant netiesinės analizės baigtinių elementų programą kartu su betono, armatūros ir
sankibos modeliais, gerai sutapo su eksperimentinių tyrimų rezultatais.
Reikšminiai žodžiai: betonas, armatūra, sija, armatūros ir betono sąveika, sankibos modeliai, supleišėjusios gelžbetoninės sijos.
Dr Salah KHALFALLAH. Associate Professor at Dept of Civil Engineering, Faculty of Engineering, University of
Jijel, Algeria. BSc and MSc in Civil Engineering from Constantine and Annaba Universities in 1988 and 1991 respectively. PhD from Constantine University in 2003. His research interests include simulation and modelling of the nonlinear behaviour of reinforced concrete structures. Except for numerical methods, plasticity, tension stiffening, bond slip
and cracking phenomena of reinforced concrete material are mainly considered as primary axis of our research.

