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Abstract. A variety of engineering activities require reliable evaluation of rock strength. For instance, the stability of rock 
slopes depends on structural geology of rock massif in which the slope is excavated. Hoek-Brown (HB) failure criterion 
applied in rock design practice introduces factors based on the properties of jointed rock. The non-linear finite element 
safety calculation is conveniently used for calculation safety the factor of slope stability. The Mohr-Coulomb (MC) failure 
(strength) criterion for soil is widely applied in geotechnical design. Therefore, the appropriate transformation from HB 
to the equivalent MC, employing angle of shearing resistance φ and cohesion c, is necessary. This article studies the effect 
of jointed rock massif properties on the transformed MC parameters by using Sobol’s global sensitivity analysis (SSA) and 
HB transformation equations. Statistical parameters needed for the evaluation of sensitivity analysis are processed using 
classical statistical methods upon the emulation of Latin Hypercube Sampling simulation methods. Developed and adapted 
by authors techniques are illustrated by processing real rock investigation data from survey of the trachyte massif located 
in the Czech Republic. The first and higher order effects of random inputs are identified using SSA. It is illustrated that 
the effects of inputs on the MC parameters varies significantly depending on the discontinuity distribution and height of 
the slope.

Keywords: sensitivity analysis, reliability, statistical analysis, Latin hypercube sampling, jointed rock, rock sample,  
Hoek-Brown and Mohr-Coulomb failure criteria.

Introduction 

Natural rock mass differs from most other engineering 
materials in the sense that it contains discontinuities such 
as joints, bedding planes, folds, sheared zones and faults, 
which render its structure discontinuity. Generally, the 
discontinuity can be described as a plane of weakness. Ac-
cording to Palmström (2002), strength of rock mass more 
often depend not on “effective” mechanical properties of 
homogenous rock volume but on geological deffects. The-
fefore the relevant description and processing the data of 
dicontinuities in rock mass is more significant for con-
sidering rock mass response measures in  geotechnical 
applications.

The Hoek-Brown (HB) failure criterion (Hoek et  al. 
2002) deals with the problems of modelling such rock 
masses, that naturally consist of discrete elements con-
nected by joints, by the tools based on mechanics of con-

tinua. The HB criterion introduces factors based on the ge-
ologically observed characteristics of joints to reduce the 
properties of intact rock. In practice widely used HB cri-
terion was originally introduced as the deterministic one. 
The probabilistic approach is believed to be more adequate 
as it provides much more information than the standard 
deterministic point estimate. This idea is proved by the 
fact, that stochastic analyses studying the uncertainty as-
sociated with estimating the properties of rock mass are 
reported (e.g. Hoek 1998; Cai 2011; Lü, Low 2011; Li et al. 
2012; Sari 2012). 

The HB criterion deals with relatively high number of 
inputs, which values often scatter significantly. The iden-
tification of statistical characteristics of input variables is 
a key task especially for random variables whose impact 
on output is crucial. The crucial input random variables 
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can be identified by sensitivity analysis methods (Saltel-
li et al. 2004). Although it is not easy to precisely obtain 
statistical parameters for HB criterion, to the authors best 
knowledge none of the published papers studies the effect 
of inputs on the monitored outpus in the way of sensitiv-
ity analysis.

Hence, the authors of presented study decided to em-
ploy the Sobol’s sensitivity analysis (SSA) (Sobol’ 1993, 
2001) to explore the effect of random variables used as 
input for defining the HB criterion. The monitored out-
puts are transformed Mohr-Coulomb (MC) criterion pa-
rameters φ and c, that serve to determine equivalent rock 
strength. These outputs are obtained by fitting an aver-
age MC linear relationship to the nonlinear HB one. Such 
transformation is necessary in the case of non-linear finite 
element (FEM) safety calculation approach (φ/c reduc-
tion). Safety calculations often are used in practice for the 
determining the factor of safety for rock slopes. Although 
the advanced constitutive models are applicable in the 
stress-strain calculations, in case of safety analysis these 
models will behave as a standard MC model (Brinkgreve, 
Bakker 1991), whose parameters have to be determined 
correctly.

One can mention variance-based methods (e.g. Saltelli 
et al. 2004) that can serve for practical applications (Bor-
gonovo, Plischke 2016). The above-mentioned methods 
present simulated experiment, equivalent to design’s anal-
ysis of experimental outcome (Saltelli et al. 2010). 

From the scientific point of view, sensitivity analy-
sis (SA) is a set of methods that allow us to understand 
the key findings of mathematical models (see e.g. Saltelli 
et al. 2004). Regarding issues of reliability in the building 
industry, SA is a significant part of reliability analysis of 
geotechnical tasks (Vessia et al. 2017), fatigue of materials 
(Pejkowski 2017), concrete structures (Liang et al. 2017) 
and steel structures (Kala, Valeš 2017a, 2017b, 2018). SA 
can be also a significant component of multi–criteria de-
cision–making techniques for sustainable building assess-
ment (Keshavarz Ghorabaee et al. 2018).

The developed by authors analysis techniques and pe-
culiarities to simulate and interpret obtained parameters 
for rock strength criterion can serve the significant tool for 
researcher and designer to choose the relevant values for 
subsequent geotechnical design and analysis of rock mas-
sif response measures applying available simulation com-
putational packages, extent and quality of field observa-
tions. For illustration the presented case study is based on 
the real field data obtained by the exploration (Horák et al. 
2016) of trachyte massif located in the city Ústí nad Labem 
(Czech Republic), 80 km north-west from the capital (see 
Figure 1). 

1. Initial random variables of rock 

The engineering geological properties are determined on 
the basis of field observations and laboratory tests of drill-
ing cores (Horák et al. 2016). The statistical characteristics 
of relevant properties are described below. The joint sur-
face is controlled by joint large-scale waviness, small-scale 
smoothness and joint alteration. The large-scale (waviness) 
and the small-scale (unevenness) roughness can be evalu-
ated via the amplitude of asperities (Barton, Bandis 1990). 
Practically for case when the average the joint small-scale 
smoothness is “rough”, at the same time some portions of 
joints are “very rough” and “slightly rough”, respectively. 
This uncertainty is conditioned by human (error) factor 
in field investigation and spatial variability of joint sur-
face as well. In this case the rating range and distribution 
type can serve a decision to evaluate the effect. In practice 
the small-scale asperities correspond the base length of 
several centimeters and the amplitudes are of the order 
of hundreds millimeters that lead to measuring problems. 
Therefore, the descriptive rating system is often applied 
(Cai et al. 2004).  According the engineering geological 
survey (Horák et  al. 2016), the joint roughness number 
was determined in the range from 2 (smooth, undulat-
ing) to 3 (rough or irregular, undulating). Therefore, the 
descriptive uniform pdf with mean value 2.5 and standard 
deviation 0.5 was employed in presented study. The joint 

Figure 1. Analysed rock massif in Ústí nad Labem, Czech Republic 
(Author Mr. Jiří Jiráček)
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alteration number, which according to Barton et al. (1974) 
represents the character of the joint wall contact regarding 
the joint filling, varies from 0.75 to 2 in the studied mas-
sif (Horák et al. 2016). Hence, the parameter Ja was de-
fined by the truncated Gauss probability density function 
(pdf) according to Cai (2010). The method of truncation 
is shown in Figure 2.

The randomly located discontinuities result a negative 
exponential distribution of spacing values versus number 
of occurrences (see Hudson, Priest 1983). This statement 
later was proved experimentally by Devkota et al. (2009) 
and theoretically by Stavropoulou (2014). Exponential pdf 
is defined by parameter λ, which was determined by ex-
perimental research as λ = 32, 25 and 5 (Horák et al. 2016) 
(see Figure  3 and Figure  4). Discontinuity parameter λ 
here describes the number of discrete rock elements con-
nected by joints in drill sample of rock.   

The rock quality, or else core recovery parameter, was 
evaluated by determination the Rock quality designation 
(RQD) according to Dere et  al. (1967). The non-dimen-
sional parameter RQD (1) is defined as the ratio (in per-
centage) of the total length of sound core pieces of 0.1 m or 
longer to the length of the core run. 

0.1 mL L
RQD

L

∆ ∆ ≥
=

∆
∑

∑
. (1)

The RQD index magnitude depends on a number of 
factors. Different values are obtained, for example, for a 
given massif for cores with different drilling orientations. 
The drilling technique, quality of drilling works, transpor-
tation and handling of the cores, logging etc. also influence 
the RQD magnitude. Differences in obtained RQD values 
can result in errors in rock massif classification (Pells et al. 
2017). To reduce the side effects to disc a core and that 

of core breakage during the drilling process, the improved 
methods of RQD determination are developed. Such im-
provements are based on incorporating more factors like 
angle between joint and borehole (Azimian 2016) or frac-
ture index (Şen 2014) into RQD calculation. The utiliza-
tion of new technologies, e.g. Digital Borehole Televiewers 
(Guo et  al. 2017) or 3D laser imaging of drill core (Ol-
son et al. 2015) in RQD determination is also investigated 
recently. However, the new techniques must be used with 
cautious, because they may produce very different RQD 
estimates (Zhang 2010). One must emphasize that very of-
ten RQD magnitudes determined classically according (1), 
employed without corrections, serve still as the only avail-
able parameter to define rock discontinuity (Zhang 2016). 
Random samples of discontinuity spacing were simulated 
by the Latin Hypercube Sampling (LHS) (McKey et  al. 
1979; Iman, Conover 1980) in this paper. The sets of one 
hundred thousand simulation runs of RQD were evaluated 
(see results in Figure 5 to Figure 8).

Figure 2. The histogram of Ja parameter

Figure 3. Core boxes of drilling from the analysed massif

Figure 4. Pdf of discontinuity spacing

Figure 5. The histogram of RQD for λ = 32
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A characterization of employed input random vari-
ables is given in the Table 1. All input random variables 
are considered as statistically independent. The height of 
the rock slope h is defined using Hermit’s pdf, parameters 
of which are also skewness and kurtosis (Kala 2016a). The 
standard skewness of h is 0 and standard kurtosis of h  
is 2.4. 

The parameter mi is a principal one for HB failure 
strength criterion. In simplified way the physical meaning 
of this constant can be expressed via ratio of compressive 
and tensile strengths. The most exact magnitude of the 
value can be determined by processing triaxial test data. 
However, triaxial testing is relatively expensive and time-
consuming method. As alternative, the simplified models 
can be applied to estimate mi for rock materials (see Wang, 
Shen 2017; Cai 2011; Bozorgzadeh  et al. 2017),  or chosen 
the fixed magnitudes following some guideleness (Hoek, 
Brown 1997). The Gauss pdf of mi with the COV 0.125 was 
assigned to the guideline value mi = 25. This magnitude is 
in accordance with the study of Hoek (1998), conducted 
by the author of the HB criterion and also with Sari (2012), 
Lü and Low (2011) and Idris  et al. (2013).

Parameter σc was modelled by Gauss pdf with the COV 
0.134 ascertained in the study of Závacký et al. (2017). Th e 
authors of study stochastically processed values measured 
both directly and indirectly of the rock samples taken from 
the analyzed rock massif. The Gauss pdf of σc was also con-
firmed by the statistical analysis of laboratory tests results 
conducted by Sari (2012). Li et al. (2012) assigned to the σc 
different COVs within the range 0.1 to 0.3, the COV = 0.25 
was employed in the study by Hoek (1998).  The COV 
0.134, matching matches the range of the values reported 
in above listed studies, was employed in the presented cal-
culations. The statistical characteristics of unit weight γ of 
rock were expressed by the Gauss pdf (see Table 1) on the 
basis on the statistical evaluation of laboratory test results, 
presented in Závacký et al. (2017).

2. Calculation model

The calculation model is based on the one presented in 
Hoek et  al. (2002). The HB failure criterion can be for-
mulated as non-linear relationship (2) between the major 
and minor effective principal stresses (considering tension 
positive and compression negative magnitudes), reading:

´
3´ ´

1 3  
a

ci b
ci

m s
 −σ

σ = σ −σ +  σ 
, (2)

Figure 6. The histogram of RQD for λ = 25

Figure 7. The histogram of RQD for λ = 5

Figure 8. The statistical analysis of RQD for l∈ (0, 100)

Table 1. Input random variables

No. Pdf Symbol Mean 
value

Std. 
Deviation Units

1. Hermite h 100 10 [m] 

2. Discrete 
uniform Jr 2.5 0.5 [–]

3. Truncated 
Gauss Ja 1 0.99 [–]

4. Histogram RQD Figures 
5–8

Figures 
5–8 [–]

5. Gauss mi 25 3.125 [–]
6. Gauss γ 24.23 0.2423 [kN/m3]
7. Gauss σc 134 18 [MPa]
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where 1σ  and 3σ  are the major and minor effective prin-
cipal stresses at failure, ciσ  is the uniaxial compressive 
strength of the intact rock material and s and bm  are 
material constants, respectively. The constant s  =  1 was 
chosen for intact rock. The constant bm  is the reduced 
value of the intact rock parameter im . It depends on the 
Geological Strength Index (GSI) and the Disturbance Fac-
tor (D) as given below:

100 
28 14b i
GSIm m exp

D
− =  − 

. (3)

D = 0 was employed in calculations. GSI system is the 
empiric method for characterizing jointed rock mass and 
determining its strength indirectly by processing data 
of intact rock and jointing. It has been developed many 
years. GSI summarize experience of field testing, process-
ing of results and practical applications. In this case study 
the value of Geological strength index (GSI) was estimated 
according the correlation presented in Hoek et al. (2013). 
It reads:

52

2
1

r

a

r

a

J
J RQDGSI
J
J

= +
 

+ 
 

. (4)

The relationship (4) is based on the above mentioned 
RQD and on quotient /r aJ J , included in the Tunneling 
Quality Index Q by Barton et al. (1974). This quotient rep-
resents the roughness and frictional characteristics of the 
joint walls or fillings. Parameters s and a are the auxiliary 
material constants for the rock mass, that are expressed by: 

100
9 3

GSIs exp
D

− =  − 
, (5)

1 1 20
2 6 15 3

GSIa exp exp
 −   = + − −    

    
. (6)

The balanced fit was done by fitting an average linear 
relationship to the curve generated by solving Eqn (2) for a 
range of minor principal stress values defined by: 

´
3 3,maxt−σ < σ < −σ . (7)

This led to the following equations for the Mohr-Cou-
lomb equivalent effective strength parameters φ ´and c´, 
reading:
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Here

´
3,max´

3 ´n
cm

σ
σ =

σ
,  (10)

where the global rock mass strength cmσ   is determined 
by:

( )
( )( )

1
´ ( 4 8 ))( / 4

2 1 2

a
b b b

cm ci
m s a m s m s

a a

−+ + − +
σ = σ

+ +
. (11)

Selection of the appropriate magnitude of the value 
´
3,maxσ , employed in Eqns (7) and (10), actually is a cer-

tain issue because of  its complexity and therefore is re-
lated with specific application. The closed form solutions 
for generalized MC and HB criteria have been simulated 
hundreds of times with the aim to identify the magnitude, 
yielding the equivalent characteristic graphs (see Hoek 
et  al. 2002). Analysis slope stability limit state solutions, 
corresponding wide range of slip shapes in concert with 
variation of rock mechanical properties via the Bishop’s 
circular failure method, was summarized by Hoek et  al. 
(2002). It reads: 

0.92´ ´
3,max 0.72 cm

cm h

−
 σ σ

=   σ γ 
. (12)

Note that effective values in above given formulae are 
denoted by apostrophe, which is omitted for simplicity 
further.

3. Sensitivity analysis

One of the most effective methods of stochastic global SA 
is Sobol’s sensitivity analysis (SSA). It is based on the total 
decomposition of the variance of the output variable into 
parts with increasing dimension of input variables (Sobol’ 
1993, 2001). The SSA input variables for characterization 
the angle of shearing resistance φ and equivalent cohesion 
c (random outputs Y) are presented in Table 1 (random 
inputs Xi). In the presented study, the sensitivity measures 
were performed according to Eqn (13).

Sobol’s first order sensitivity indices may be expressed 
by Saltelli et al. (2004):

( )( )
( )

i
i

V E Y X
S

V Y
= . (13)

iS  is a measure of the first order (e.g. additive) effect, i.e. 
the main effect of iX  on the model output Y. The sum of 
all iS  is equal to 1 for additive models, and less than 1 for 
non-additive models. The difference 1 ii S− ∑  is an indi-
cator of the presence of interactions in the model. 

The LHS method was applied to generate input random 
variables. Ten thousand LHS runs were used for the evalu-
ation of ( )iE Y X  in Eqn (13), and another ten thousand 
LHS runs were used for the evaluation of ( )( )iV E Y X . 
The variance V(Y) was evaluated with one hundred thou-
sand LHS runs.
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4. Sensitivity analysis results

The SSA analyzes the effects of the variability of inputs 
described in Table 1 on the outputs φ and c. Global SA 
results of φ and c are displayed using pie charts. 360° rep-
resents the sum of all indices 1 (see e.g. Kala 2016b). All 
first-order (13) sensitivity indices iS  were evaluated. The 
other higher-order indices were not evaluated, because the 
sum of all first-order indexes iS  was equal approximately 
to 1.

Figure 9. The results of sensitivity analysis of φ for λ = 32

Figure 10. The results of sensitivity analysis of φ for λ = 25

Figure 11. The results of sensitivity analysis of φ for λ = 5

Figure 12. The results of sensitivity analysis of c for λ = 32

Figure 13. The results of sensitivity analysis of c for λ = 25

Figure 14. The results of sensitivity analysis of c for λ = 5
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It is apparent from the charts in Figures 9–14 that the 
first-order effects are crucial, the higher-order effects are 
negligible as 1 0ii S− ≈∑ . 

Summary and Conclusions

Results of Sobol’s sensitivity analysis (SSA), quantifying 
the effect of jointed rock massif properties on the equiva-
lent MC parameters φ and c are presented in this article. 
SSA is used to increase to confidence in the model, by 
providing an understanding of how the model response 
variables φ and c respond to change in the inputs. The 
MC criterion parameters φ and c were obtained by pro-
cedure of fitting an average MC linear relationship to the 
nonlinear HB one.

The pie charts on Figures 9–14 represent results of SSA, 
where the sum of all indices is 1. The wedges of the pie 
chart represent in percent the effects of the variability of 
inputs on the output.

SSA results visualized on the two groups of three pie 
charts refers to the three calculations executed with RQD 
with different stochastic variability. Different variability of 
RQD (three histograms of RQD) in each of those three cal-
culations was caused by the different discontinuity spac-
ing observed on first 3.0 meters of the examined drilling 
core. The variability of RQD is dependent on the value of 
λ, where λ is the average number of discontinuities per 
meter. The other random inputs were not changed in these 
three variants of SSA.

The statistical analysis (mean value and standard de-
viation (Std)) of RQD was performed for λ∈  (0, 100). The 
RQD has zero random variability (Std = 0) in limit cases 
λ = 0 and/or λ = 100. The three variants (realistically oc-
curring in practice) of discontinuity spacing were analyzed 
more detailed. The three variants of discontinuity spacing 
simulated by the LHS led to the three exponential distri-
butions with different variability due to parameter λ = 5, 
25, 32. The highest variability (Std = 15.3) was observed 
in case of the intermediate discontinuity spacing value de-
fined by the parameter λ = 25. The other two distributions 
exhibited lower variability. In the case of distribution de-
fined by λ = 32, the variability was described by Std = 12.7 
and that of in case of λ = 5 by Std = 9.9, respectively. The 
LHS simulations show that in samples with higher number 
of discontinuities the realizations of RQD closer to zero 
value are more probably to occur. In samples simulated 
with lower values of discontinuities (λ  =  5), the realiza-
tions of RQD values are more often cumulated closer to 
the value of 100.  

The first analyzed output is the equivalent angle of 
shearing resistance φ obtained via the described calcula-
tion model. The results (Figures  9–11) show, that as the 
RQD variability decreases, it’s influence decreases. As 
same, with decreasing influence of RQD variability, the in-
fluence of variability of the joint surface and joint altera-
tion increases. With decreasing influence of RQD variabil-
ity, the influence variability of parameters of intact rock 

im  and cσ  increases. 

The second analyzed output is the equivalent cohe-
sion c. The SSA of c is very sensitive to the parameter λ, 
see Figures 12–13. The SSA results are conditioned by the 
nonlinear relationship between c and variability of RQD. 
The discontinuity spacing distribution defined by the pa-
rameter λ = 5 leads to higher RQD values, demonstrating 
the nonlinear relationship with c. In case of lower RQD 
values, the variability of the height of slope and of the in-
tact rock strength is becoming more important. 

The upper limit of confining stress, over which the re-
lationship between the HB and MC criteria was consid-
ered, was determined via the correlation dependent on 
the height of slope (Hoek et al. 2013). This step allowed 
to introduce the variability of the height of the massif as 
the input to the SSA, which leads to significant results. The 
model exhibits linear regression dependence (R = 0.53) of 
the cohesion versus the height of the massif, and conse-
quently that of versus the ´

3,maxσ  (R = 0.71). Whereas, no 
significant dependence of the angle of shearing resistance 
φ versus the height of slope was identified. It explains the 
fact, that both analyzed outputs have different sensitivity 
on the same inputs with same variability. In general, it de-
pends both on the variability of the input parameters and 
on the calculation model, which reflects how changes of 
input variable values affect the analyzed outcome value.

An application of the computational model based pro-
posed by Hoek et al. (2002) suits well for the aim, trans-
forming HB strength parameters to MC ones. MC strength 
model allows to apply simulation tools based on MC cri-
terion for soils.

The presented article demonstrates the application of 
SSA for investigated case study, often met in engineering 
practice one, when the description of discontinuity of rock 
drill samples is the only known parameter. Due rock na-
ture and usual rock mass investigation possibilities and pe-
culiarities, the input parameters of computational model 
need to be specified via stochastic evaluation. The results 
of current investigation lead to better understanding of the 
problem and serves a background for interpretation of ob-
tained strength parameters. Presented techniques serves a 
reliable tool to designer for choosing rock mass design val-
ues with high cautiousness under available amount of data.
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