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Abstract. Deformation and time-dependent behavior of rocks are closely related to the stability and safety of underground
structures and mines. In this paper, a numerical-analytical model is presented to investigate time-dependent damage and
deformation of rocks under creep. The proposed model is obtained by combining the elastic-visco-plastic model based on
the theory of over-stress and stress hardening law with the sub-critical crack growth model. The advantage of this model is
that it is in incremental form and therefore can be implemented numerically. First, the governing equations of the model
and its numerical computational algorithm are described. The proposed constitutive model is then implemented in the
FLAC code using the FISH function. Determination of model parameters and calibration is done by various laboratory
tests performed on a type of gypsum. The creep test was performed on gypsum under a stress of 13 MPa, which is equal to
70% of its compressive strength. After determining the parameters, by fitting the creep curve of the presented analyticalnumerical model, a good agreement is observed with the creep curve obtained from the laboratory data. It is also observed
that during creep, the damage parameter and wing crack length increase.
Keywords: elastic-visco-plastic model, over-stress theory, sub-critical crack growth, creep test, stress hardening, wing crack.

Introduction
The study of time-dependent behaviour of rocks, commonly known as creep, is of particular importance in
rock mechanics and the design of underground structures,
because the time-dependent behavior of rocks is closely
related to the stability and safety of underground structures and tunnels. Rock specimens subject to a constant
stress, creep conditions, deform at a variable strain rate
over time. The strain-versus-time curve usually has three
steps in the creep test: primary creep, secondary creep,
and tertiary creep, provided the stress on the sample is
high enough. Various constitutive models have been proposed to investigate the time-dependent behavior of soils
and rocks. The proposed models are divided into three
categories: empirical models, rheological models, and

general stress-strain theories. Empirical models are based
on the results of laboratory data and field experiments
(Lomnitz, 1956; Griggs & Coles, 1954; Aydan et al., 2014;
Robertson, 1955; Afrouz & Harvey, 1974). Rheological
models are obtained by combining simple models such as
the Hook model (spring), Saint-Venant’s model (slider),
and the Newtonian model (viscous dashpot) in series or
in parallel (Goodman, 1989). Rheological models have the
ability to predict the visco-elastic or elastic-visco-plastic
behavior of materials (Gioda & Civdini; 1996; Sterpi &
Gioda, 2009). Simple visco-elastic models include the
Maxwell model, Kelvin model, Burger model, the generalized Maxwell model, the generalized Kelvin model,
and the Zener model (Aydan, 2016). General stress-strain
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models are often incremental and are commonly used in
analysis based on numerical methods, and are therefore
recommended in engineering applications.
Perzyna’s over-stress theory is a general theory for the
elastic-visco-plastic behavior model of materials, which
predicts not only time-dependent behavior but also timeindependent behavior of the materials (Perzyna, 1966).
This model, which is based on the concept of moving
yield surface is applicable to all boundary conditions and
all stress paths. In moving yield surface theory, the yield
function is directly dependent on time and is continuously
changing. The most important models based on Perzyna’s
over-stress theory are Lemaitre’s (Lemaitre & Chaboche,
1990) and SHELVIP (Debernardi & Barla, 2009) models.
One of the advantages of the SHELVIP (Debernardi &
Barla, 2009) model is that the hardening function depends
on the stress level. In almost all models, hardening is controlled using a scalar value such as visco-plastic deviatoric
strain, the exact amount of which cannot be determined
in the laboratory (Debernardi & Barla, 2009).
But, based on laboratory studies, it has been observed
that creep in the rock is associated with the damage (Shao
et al., 2006; Ma et al., 2017). Damage models are classified
into phenomenological and micro-mechanical models. In
phenomenological models, the damage variable is determined using the mechanical properties of the rock at the
macro-scale (Hou et al., 2019). Phenomenological models
include Lemaitre’s model (Lemaitre & Chaboche, 1990)
and Pellet’s model (Pellet et al., 2005), which are based on
the definition of surface damage variable. It is also possible
to evaluate the behavior of the rock by combining phenomenological damage models and visco-plastic models
(Hou et al., 2019; Zhang et al., 2019; Huang et al., 2020;
Feng et al., 2020).
In micro-mechanical models, the effect of microstructure on rock behavior is considered. One of the
micro-mechanical damage models, which is highly consistent with the creep behavior of rock, is the sub-critical
crack growth model (Lockner, 1993; Lockner & Madden,
1991; Kemeny, 1991). This model is well adapted to the
creep of rock materials because according to this theory,
the growth of micro-cracks is a time-dependent phenomena and its onset occurs at a stress intensity factor less than
the fracture toughness of the rock (Ko & Kemeny, 2013).
The purpose of this paper is to integrate the stress
hardening elastic-visco-plastic constitutive model with
the sub-critical crack growth damage criterion. The elastic-visco-plastic model is based on the general theory of
over-stress. By adding the sub-critical crack growth damage model to it, it becomes a comprehensive model that
simulates the creep behavior of the rock in the primary
and secondary stages. In most practical cases, the stress
level is rarely so high that the rock enters the tertiary stage
of creep. In other words, before the rock enters the tertiary
stage of creep, the displacements increase so much that the
structure falls in terms of profitability.
Thus, first, in Section 1, the equations governing the
elastic-visco-plastic model with stress hardening are given,

then the sub-critical crack growth model is explained. In
the Section 2, the numerical solution algorithm is presented in the form of a flowchart. Section 3 deals with the
determination of model parameters and calibration. Calibration is done using various tests performed on a type of
gypsum. In the Section 4, a comparison is made between
the creep curve obtained from the analytical-numerical
model and the creep curve obtained from the creep test
of gypsum rock samples.

1. Elastic-visco-plastic constitutive model
The rock medium is assumed to be dry, continuous, homogeneous and isotropic. The model presented in this
article is a combination of elastic model, plastic model
and visco-plastic model base on over-stress theory of Perzyna (1966). According to the over-stress theory, during
loading, a stress state can exceed the yield surface, which
is contrary to the classical elasto-plastic theory. Figure 1
shows the general form of yield surfaces and the stress
spaces between them in the principal stress space. In this
model, two yield surfaces with time-dependent behavior
are considered: visco-plastic yield surface and the perfect
plastic yield surface. Yield surfaces based on the DruckerPrager failure criterion divide the stress space into three
stress fields as shown in Figure 1. It is assumed that the
plastic yield surface is always fixed and does not harden
during increasing plastic strain and visco-plastic strain,
but the visco-plastic yield surface hardens. The stress fields
between the yield surfaces are described below.
1) Elastic stress field: inside the visco-plastic yield
surface, the deformations follow an elastic constitutive model. The elastic stress field is important
for modeling under small stress conditions as well
as unloading. In this field the strain is simply obtained based on the equation governing the theory
of elasticity:
εij =εije ,

(1)

εije

where is the elastic strain.
2) Visco-plastic stress field: it is located between the
visco-plastic yield surface and the plastic yield
surface. This stress field also includes its previous
stress field, which is omitted due to its brevity. In
this space, the total strain is the sum of the elastic strain and the visco-plastic strain (Hasanzadehshooiili et al., 2012):
εij = εije + εijvp,

(2)
εijvp

is calculated using the
where visco-plastic strain
visco-plastic flow rule.
3) Plastic stress field: this field is located on the plastic yield surface, every point in this stress field has
a stress path that has passed through the previous
fields, which due to brevity their names are omitted.
Therefore, the total strain in the plastic stress field
is given by:
εij = εije + εijvp + εijp ,

(3)
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scribed Drucker–Prager failure criterion and the inscribed
Drucker–Prager failure criterion are as follows, respectively:
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where c, φ are cohesion and internal friction angle of the
rock material. The visco-plastic yield surface fvp is defined as Eqn (8), assuming that this yield surface intersects
the plastic yield surface at point O, as shown in Figure 2:
kp
fvp = q − avp ( p +
) for p ≥ st ,
(8)
ap

( )

s33
Viscoplastic surface
Visco-plastic stress field

Elastic stress field

s22

avp is the slope of visco-plastic yield surface in the q-p
plane. In Figure 2, st represents the tensile strength of the
rock.

Figure 1. Visco-plastic and plastic yield surfaces in the
principal stress space (Debernardi & Barla, 2009)

1.2. Calculation of strain rates

q
Plastic surface (fp = 0)
ap

.p
e ij

e
 kl ,
ε =
ij Cijkl s

gp = const

q2
Plastic surface (fvp = 0)

q1

O
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avp

gvp = const

p1,2

st

εijp

is calculated using the plastic flow
where plastic strain
rule. Figure 2 shows these yield surfaces and the spaces
between them in the q-p coordinates, where
1
3
(sii ), q =
Sij Sij ;
3
2

(4)

sii , ( i =
1 − 3 ) are the principal stresses, and Sij , ( i, j = 1 − 3 )
are the components of the deviatoric stress tensor.

1.1. Yield surfaces definition
The yield surfaces are based on the Drucker-Prager linear
failure criterion, the equation of plastic yield surface f p
in the q-p plane is as follows (Lakirouhani & Hasanzadehshooiili, 2011):

( )

f p = q − a p . p − k p for p ≥ st ,

(9)

where s kl is the stress rate tensor and Cijkl is a fourthorder elasticity tensor (material elasticity tensor) whose
components depends on Young’s modulus E and Poisson’s
ratio u as follows:
1
C=
(10)
(1 + u) dik d jl − u dij dkl  ,
ijkl
E
where dij is the Kronecker delta defined by:

p

Figure 2. Yield surfaces and the spaces between them in the
q-p coordinates (Debernardi & Barla, 2009)

p=

The elastic strain rate component ε ije is obtained using
the Hooke’s law:

(5)

where a p , k p as shown in Figure 2, are the slope and qintercept of the Drucker-Prager linear failure criterion.
The relationship between the Drucker-Prager parameters and the Mohr-Coulomb parameters in the circum-

1 if i = j
dij =
0 if i ≠ j .


(11)

To calculate the visco-plastic strain rate ε ijve , the flow
rule is derived from the Perzyna’s over-stress theory (Perzyna, 1966), as follows:
∂g vp
ε ijvp = g Φ ( F )
,
(12)
∂sij
where g is fluidity parameter which controls the amplitude
of visco-plastic strain rate, Φ ( F ) is the viscous kernel and
F is the over-stress function. In the model presented in this
paper, it is assumed that the over-stress function is equal
to the visco-plastic yield function presented in Eqn (8),
i.e., F = fvp. Also gvp is visco-plastic potential function. The
visco-plastic kernel Φ ( F ) determines the magnitude of
the visco-plastic strain rate and is considered as a power
function of the over-stress function F as follows:
0 if F < 0
,
(13)
 n
F if F > 0
where n > 0 is a characteristic parameter, and { } is the
Macaulay brackets. The visco-plastic potential function gvp
expresses the direction of the visco-plastic strain rate tensor, which is defined as:
Φ(F ) =

{F}n =
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g vp = q − wvp p.

(14)

In other words, gvp it is a linear function of deviatoric
stresses and volumetric stresses. wvp is the visco-plastic
dilatancy, which is equal to the ratio of the volumetric
visco-plastic strain changes to the deviatoric visco-plastic
strain increment. By substituting Eqn (13) and Eqn (14)
in relation (12) and assuming that F = fvp, relation (12)
becomes as:

n  3 Sij
1
ε ijvp =g fvp 
− wvp dij  ,
(15)
2 q 3



where Sij are the components of the deviatoric stress tensor and dij is the Kronecker delta according to Eqn (11).
Finally, the plastic strain rate is calculated using the elastoplastic flow rule as:
∂g p
,
(16)
ε ijp =l
∂sij

3

2
Log crack velocity
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1

{ }

where l is the plastic coefficient, and g p is the plastic potential function, which is defined as follows, assuming
non-associated flow rule:
g p = q − wp p,

(17)

where wp is the plastic dilatancy, which is equal to the
ratio of the volumetric plastic strain changes to the deviatoric plastic strain increment.

1.3. Hardening rule for visco-plastic yield surface
In the SHELVIP model, Debernardi and Barla (2009) proposed a stress-based hardening rule in which the time derivative of avp relates to the stress state fvp sij as:

( )

 fvp 
(18)

 ,
k p  q 
p+
ap
where m is the shape factor that define the shape of creep
curves and  is the time stretching factor, both are characteristic and positive parameters.

a vp =
mn

fvp

mn

1.4. Sub-critical crack growth
In the model developed in this paper, the pre-critical damage model is used to predict rock damage in creep. In this
mechanism, before the stress intensity factor reaches its
critical value, i.e., fracture toughness, the cracks in the
sample start to grow and develop as the stress intensity
factor increases (Lockner & Madden, 1991). Sub-critical
crack growth can occur under static or dynamic loading conditions. For example, under static loading, crack
growth velocity is a power law function of the stress intensity factor (Lockner & Madden, 1991; Ko et al., 2006).
Figure 3 shows the crack velocity versus the normalized
stress intensity factor, for sub-critical crack growth. In region 1, the crack velocity is sensitive to stress (Lockner,
1993). The stress intensity factor in region 1 is approximately between 0.2Kc and 0.8Kc (Ko & Kemeny, 2013),
where Kc is fracture toughness. If the crack is subjected to

K0

Stress intensity

KIC

Figure 3. Experimental typical relationship between
crack velocity and normalized stress intensity factor
(Lockner & Madden, 1991)

stress intensity factor less than 0.2Kc, then it will not be
able to develop. This model is suitable for simulating rocks
in creep experiments, since the time-dependent strain in
creep tests are mainly due to the micro-cracks growth
(Kranz, 1979, 1980).
According to the theory of sub-critical crack growth,
the crack growth function is presented as:
KI
=
fd
− 0.2 ,
(19)
K Ic

as long as fd > 0 , cracks growth. In Eqn (19), KI is the
stress intensity factor in mode I and KIc is the fracture
toughness corresponding to this mode.
A power law function is then used for the crack velocity v (Lockner & Madden, 1991; Olson, 1993; Ko et al.,
2006; Ko & Kemeny, 2013):
r

K 
ν = a = A  I  ,
(20)
 K Ic 
where a is the crack growth rate, and A and r are the subcritical crack growth parameter and the sub-critical crack
growth index, respectively.

1.5. Micro-mechanical damage model
and stress intensity factor
We used the micro-mechanical damage model to calculate
the stress intensity factor. In this method, a dilute uniformly distribution of pre-existing flaws (closed cracks)
within the material is assumed which have no interaction
on each other. Due to the application of compression loading on the sample, there is a tendency for frictional slip
on the flaw surfaces, which causes wing cracks to grow in
the flaw tips (Figure 4). It has been proved that the nucleation of wing cracks occurs at q = 70.5° (Paliwal & Ramesh,
2008; Ashby & Hallam, 1986; Horii & Nemat-Nasser,
1986). The principle of superposition is used to calculate
the stress intensity factor at the tip of the wing cracks. To
calculate the first term of the stress intensity factor, two
wing cracks of length a are replaced by a straight crack of
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length 2a, which is affected by the same external stresses.
1.7. Homogenization
The second term of the stress intensity factor is caused
What remains of the micro-mechanical damage model is
by stresses induced by the flaw under the same external
homogenization. Using the damage parameter defined in
loads. Finally, the stress intensity factor is given by Horii
the previous section, and assuming a dilute (non-interand Nemat-Nasser (1986):
acting) flaw distribution, the effective elastic constants are
2 s teff sin q
1
defined as (Gross & Seelig, 2018):
K I =−
+
πa ( s1 + s3 ) + ( s1 − s3 ) cos2 ( q + β ) 
π ( a + 0.27 s ) 2
2


16 1 − u
K hom =
K 1 −
(25)
Ω ;

9 (1 − 2u ) 
(21)
πa ( s1 + s3 ) + ( s1 − s3 ) cos2 ( q + β )  .


In this equation, s is half the flaw length (Figure 4),
 32 (1 − u )( 5 − u ) 
G hom =
G 1 −
Ω .
(26)
and teff is the effective shear stress on the flaw surface,
( 2 − u)
 45

which is obtained as:
1
1

teff= ( s1 − s3 ) sin2β − m  ( s1 + s3 ) + ( s1 − s3 ) cos2β  −2.tcNumerical implementation and algorithm
2
2

1

The computational algorithm of the mathematical model
− m  ( s1 + s3 ) + ( s1 − s3 ) cos2β  − tc ,
(22)
presented in Section 1 is shown in Figure 5. Using the
2

internal programming language in the FLAC code called
where m and tc are the coefficient of friction and cohesion
FISH (FlacISH) (Itasca Consulting Group, Inc., 2019), this
on the flaw surface, respectively, it is often assumed tc = 0.
algorithm is written in the form of a FISH and implemented in the FLAC code.
1.6. Damage parameter
According to the selected stress level, the values of fvp,
f
,
and
fd are calculated based on the relationships preEvolution of damage occurs during increasing wing crack
p
sented
in
section 1. In the algorithm shown in Figure 5,
length, to evaluate it, it is necessary to define the damage
the
relations
of strain and stress for each step are given. As
parameter, so that its changes can be examined in proporcan
be
seen,
the algorithm has four computational steps
tion to the increase in the strain and creep progression.
as
follows:
The damage parameter is defined from a phenomenologi1. Evaluation of elastic-visco-plastic stresses;
cal point of view as the ratio of micro-cracks area to total
2. Plastic surface corrections and new stresses;
area, but in this paper, it is discussed based on micro-me3. Update the avp;
chanics. The damage parameter ( Ω ) in two-dimensional
4. Obtain new wing crack length and update damage
condition, is given by Paliwal and Ramesh (2008):
parameter ( Ω ).
Ω = h a2 ,
(23)

(

where h is the flaw density i.e., the number of flaw per
unit area (in unit of 1/m2), and a is the wing crack length,
which is related to the stress intensity factor by Eqn (21).
Therefore, the evolution of the damage parameter with
time is equal to
 = 2h aa .
Ω
(24)
s1
a
q

y

x

3. Determining model parameters
In this section, the calibration of the proposed constitutive
model with the experimental results obtained from laboratory tests performed on gypsum samples is presented.
Samples of gypsum are taken from Damavand region in
the northeast Tehran in Iran. Table 1 presents the results
of the XRF test on this type of gypsum. Also, according to
laboratory tests performed on gypsum samples, the average uniaxial compressive strength was 18.6 MPa and the
Brazilian tensile strength was 3.97 MPa.
Table 1. XRF test result

b
s3

)

s3
2s

a
s1

Figure 4. A flaw with the wing cracks at its tips

Mineral Oxides

Weight (%)

Na2o
CaO
MgO
Fe2O3
Al2O3
SrO
SO3
Loss on Ignition
Cl

0.03
32.2
0.01
0.05
0.02
0.06
46.06
21.53
0.04
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Figure 5. Computational algorithm of the mathematical model

The parameters of the proposed constitutive model are divided into four groups: (1) elastic parameters
( E, u); (2) plastic parameters a p , k p , st , w p ; (3) vis-

(

(

)

)

co-plastic parameters g, m, n, , wvp ; and (4) fracture
toughness and sub-critical crack growth parameters
( K Ic , A, r , h, 2s, β, m, q, a ):
1) Elastic parameters ( E , u ) : the elastic modulus and
Poisson’s ratio of material are obtained using the
results of uniaxial compression test performed on
gypsum rock samples in accordance with the values
presented in Table 2.
2) Plastic parameters a p , k p , st , w p : a p , k p are
obtained according to Eqn (6) and using MohrCoulomb failure criterion mechanical parameters
( c, φ ). Mohr-Coulomb criterion parameters are also

(

) (

)

obtained using triaxial tests performed on gypsum
specimens. Tensile strength ( st ) is also obtained
using the result of the Brazilian tensile test. The
plastic dilatancy parameter w p is considered zero
due to the impossibility of measuring the ratio of
the volumetric plastic strain increment to the deviatoric plastic strain increment.
3) Visco-plastic parameters g, m, n, , wvp : to obtain
the visco-plastic dilatancy parameter wvp , the lateral strain versus axial strain diagram is plotted in
the creep test. This curve is then interpolated by a
straight line. Using the slope of this line, the viscoplastic dilatancy parameter can be obtained. By
drawing the axial strain rate against time, the shape
factor ( m ) is obtained. Other visco-plastic parameters ( g, n,  ) are obtained by fitting the results of

( )

(

)
( )
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Parameter

Index

Unit

Value

E
u

MPa

33274

–

0.271

Slope of the Drucker-Pragers
plastic yield surface in the q-p
plane

ap

–

0.788

q-intercept of the DruckerPragers plastic yield surface

kp

MPa

18.628

Brazilian tensile strength

st

MPa

3.97

Plastic dilatancy

wp

–

0

Fluidity parameter

g

–

2.197e-8

Shape factor

m

–

1.002

Load factor

n

–

1.426

Time stretching factor



–

79.295

Visco-plastic dilatancy

wvp

–

0.012

Fracture toughness (mode I)

K Ic

MPa m

0.612

Sub-critical crack growth
parameter

A

m/s

0.5

Sub-critical crack growth
index

r

–

25

Flaw density

h

m–2

4.26E9

Flaw size

2s

µm

150.6

Flaw orientation

β

(0)

45

coefficient of friction on the
flaw surface

m

–

0.2

Elastic modulus
Poisson’s ratio

the uniaxial creep test performed on gypsum and
the results of numerical analysis by means of a numerical optimization procedure.
4) Fracture toughness and sub-critical crack growth
parameters ( K Ic , A, r , h, 2s, β, m, q ) : fracture toughness ( K Ic ) of gypsum measured via the semi-circular bend (SCB) test. The sub-critical crack growth
parameter ( A ) and sub-critical crack growth index
( r ) have been selected based on the suggestions
made by Ko and Kemeny (2013) and Ko and Lee
(2020). Flaw density ( h) and Flaw length ( 2s ) values were obtained based on the analysis of images
obtained by scanning electron microscope (SEM).
Flaw orientation ( β ) , coefficient of friction on the
flaw surface ( m ), and wing crack angle ( q ) are
selected based on the values presented in the literature (Paliwal & Ramesh, 2008; Ashby & Hallam,
1986; Horii & Nemat-Nasser, 1986). Table 2 lists the
model parameters.

this test, only a quarter of the specimen is modeled (Figure 6). Numerical modeling and analysis have been done
by FLAC2D code.
Because the uniaxial compressive strength of gypsum
specimens is 18.6 MPa, the sample is loaded to an axial
stress of 13 MPa, which is equivalent to 70% of the uniaxial compressive strength of the gypsum specimen. Then
the stress states are kept constant and the strains are measured over time.
Figure 7 shows the evolution of the damage parameter
versus the loading time. Figure 8 shows the increase in
wing crack length over time. The increase in wing crack
length occurs simultaneously with the growth of the damage parameter. Also, Figure 9 shows the changes in the raK
tio of I versus time, as can be seen, this ratio decreases
K Ic
slightly during the loading period, which is accompanied
by a steady and gradual increase in wing crack length.
Figure 10 shows the creep curve obtained from laboratory data with the fitted curve of the theoretical-numerical
model. As can be seen the adaptation is very good.
sy

y

x

Figure 6. Loading and boundary conditions
for a quarter of the model
6.00E-022

5.00E-022
Damage parameter

Table 2. Parameters of the model
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4.00E-022

3.00E-022

2.00E-022

1.00E-022

4. Validation and results
The proposed constitutive model with the sub-critical
crack growth model, is used in a uniaxial creep test. According to the symmetry conditions of the specimen in
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Figure 7. Evolution of damage parameter with time
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Figure 8. Evolution of wing crack length with time
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Figure 9. Evolution of normalized stress intensity
factor versus time
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stress hardening law. Damage during creep is investigated
using a micro-mechanical damage model. In the micromechanical damage model, the growth of wing cracks occurs at the tips of flaws that are uniformly distributed in
the material. The growth of wing cracks occurs before the
stress intensity factor reaches its critical value. The growth
of wing cracks during creep increases the strain and damage parameter. After determining the model parameters
and calibration using experiments performed on gypsum
samples, it was observed that the creep curve obtained
from the laboratory results is in good agreement with the
fitted creep curve of the theoretical-numerical model. According to the results, it was observed that the length of the
wing crack and the failure parameter increase during the
primary and secondary stages of creep, the rate of increase
of wing crack length in both stages of creep test is constant but the rate of increase of damage parameter in the
secondary stage of creep is higher than the primary stage.
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Figure 10. Creep curves, comparison between the results
obtained from the laboratory data with the fitted curve
of the proposed model

Conclusions
In this paper a mathematical model for predicting rock
time-dependent behavior is presented. The proposed
model is a combination of elastic-visco-plastic model
based on Perzyna’s over-stress theory (Perzyna, 1966) and
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