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Abstract. The article considers the peculiarities of determining quartz sand shear strength according to the Mohr-Coulomb 
strength criterion, via a direct shear test and that of factors influencing the characteristic angle of internal friction and cohe-
sion values of the obtained strength parameters. The air-dry sand of the Baltic Sea region from Lithuanian coastal area near 
Klaipėda city has been analyzed. The solid density of the investigated sand grains was ρs = 2.65 g/cm3. The initial density of 
the tested samples made ~1.48–1.50 g/cm3. Processing data on the shear test yielded that the quantity of 18 tests was sufficient 
for the relevant accuracy of determining characteristic sand shear parameters of strength. This quantity of tests allow avoiding 
the influence of statistical coefficient tα that depends on a degree of freedom (K = n – 2). The paper presents additionally 
analyzed three different approaches to determining the characteristic shear parameters of strength and that of a comparative 
analysis of the applied approaches. 
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Introduction

A direct shear test is a laboratory test for determining 
soil strength parameters most frequently applied in Lithu-
ania. According to the Mohr-Coulomb strength criterion, 
strength parameters include the angle of internal friction 
φ (°) and cohesion c (kPa). The tests can be performed 
under various conditions (Alikonis et al. 1999; Amšiejus 
2000; Amšiejus et al. 2010; Skuodis et al. 2013), under 
constant vertical pressure on the top of the sample (Liu 
et al. 2005) and under the constant volume of the sam-
ple (Heng et al. 2010). In addition, shearing (cutting) the 
sample can be realized under a constant horizontal dis-
placement rate (Nakao, Fityus 2009; Sukumaran et al. 
2008) or a constant horizontal load (Abedi et al. 2012).

For determining soil strength parameters via a shear 
apparatus, one must choose a relevant strategy, namely, 
proper testing conditions (see description above), identify 
the rational quantity of tests and choose load magnitudes 
(Uchaipichat, Limsiri 2011; Rabbi et al. 2011). The above 
listed factors influence the reliability of determined soil 
properties for a certain geotechnical situation and applied 
loading levels.  A rational quantity of tests is the most 
important. According to Bond and Harris (2008), “the 
volume of testing to be carried out depends on the qual-

ity of data already available for the site and the extent 
of prior knowledge of the properties of materials on the 
site”. In cases of extensive experience, minimal amounts 
of tests are recommended. The number is also a function 
of potential variability in the parameters to be assessed. 
Due to the above given recommendation, Bond and Har-
ris (2008) propose the minimal quantity of tests should 
be from 2 to 4. However, processing data on 2–4 tests 
ends in the large distribution of strength properties, which 
finally results in a significant reduction of characteristic 
shear parameters of strength.

According to the Mohr-Coulomb strength criterion 
(Rericha 2004; Shen et al. 2012), the angle of internal 
friction and cohesion can be identified for two tests:

 






+⋅=

+⋅=

c

c

f

f

ϕστ

ϕστ

tan

tan

22,

11, , (1)

where: τf,1 and τf,2 – the maximum shear strength of the 
first and second test respectively; σ1 and σ2 – normal 
stress at the maximum shear strength of the first and sec-
ond test respectively; φ – the angle of internal friction, 
(°); c – cohesion, (kPa).
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For a larger number of tests, least square methods 
for determining strength parameters (Senatore, Iagnemma 
2011) have been employed.

The current investigation is aimed at evaluating the 
influence of the quantity of tests on the magnitudes of soil 
strength parameters in case a vertical load is applied on 
the top of the sample. The influence of the shape of soil 
grains (Shinohara et al. 2000), the rate of the horizontal 
displacement (Al-Maihdib 2006), the initial density of the 
soil sample (Kalhor 2012) and the shearing method (Ba-
thurst et al. 2008) for strength properties of soil has not 
considered in this paper.

Air-dry sand from the Klaipėda region was used for 
testing. The maximum diameters of the examined quartz 
sand particles varied within the boundaries of 0.063 and 
2.0 mm. Size distribution defines three sand fractures 
identified by performing usual sieve analysis. Physical 
experiments were performed applying a universal oedom-
eter and direct shear apparatus ADS 1/3 (WilleGeotec 
Group 2010). The characteristic values of shear strength 
were calculated applying the method of least squares 
(Skuodis, Norkus 2014). The angle of internal friction 
and cohesion was accepted in calculations as strength pa-
rameters with a covariance:
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where: τf,i – the maximum value of shearing strength; σi – 
normal stress at maximum shearing strength; φm – the mean 
value of the angle of internal friction, (°); cm – the mean 
value of cohesion, (kPa); n – the quantity of tests.

The covariance between the angle of internal fric-
tion and cohesion means that for calculating the resource 
of bearing capacity dd ERZ -=

 
of footing according 

to CSN EN 1997-1:2004 (2004), the same resource of 
strength Z (Užpolevičius 2006) is obtained for both limit-
ing cases. The same bearing capacity is received referring 
to the big angle of internal friction and small cohesion 
and vice versa (see Fig. 1).

1. experimental set-up

Air-dry sand from the Klaipėda region has been chosen 
as the characteristic soil of the Baltic Sea coastal area in 
Lithuania. The determined solid density of quartz grains 
is ρs = 2.65 g/cm3. The mineralogical composition of 
sand is made of 85% of silica, 6% of sunstone and other 
remaining materials. A sand size distribution curve is pre-
sented in Figure 2.

Universal shear device ADS 1/3 was employed for 
conducting direct shear tests. A principle constructional 
scheme for the apparatus is presented in Figure 3.

Shear tests have been performed with maximum 
void ratio samples. The initial void ratio sand samples 
varied within the boundaries from 1.480 to 1.501 g/cm3. 

Fig. 1. Reserve of design bearing capacity according to 
different characteristic shearing parameters of strength

Fig. 3. Principal scheme for universal shear testing device ADS 
1/3: 1 – porous stone; 2 – movable lower ring; 3 – fixed upper 
ring; 4 – soil; 5 – load piston; 6 – fixation of the upper ring; 
7 – fixed support; 8 – water jacket; 9 – plate of the lower ring; 
10 – movable plate of the base; 11 – fixators; 12 – fixation of 
the movable plate of the base; 13 – skids; 14 – support of the 
upper ring

Fig. 2. The Baltic Sea coastal area sand a grain size 
distribution curve
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The samples have been sheared under constant normal 
stress on the top of the sample and at a constant horizon-
tal displacement rate of 0.5 mm/min. The applied values 
of vertical stress were 25; 50; 75; 100; 125; 150; 175; 
200; 300; 400; 500 and 600 kPa, respectively. The maxi-
mum applied horizontal displacement made 9 mm. 

The maximum values of shear strength have been 
identified according to the maximum rate of τ/σ. The 
characteristic values of the internal angle of friction φk ° 
and cohesion ck (kPa) have been calculated applying least 
square methods taking into account the covariation of the 
values.

2.  Analysis of testing results

The determined values of the maximum strength of all 
tests are presented in Figure 4. The coefficient of deter-
mination for 36 tests R2 = 0.9962. When R2 > 0.8, one 
can point out very good fitting of a linear relationship 
between considered values (Rukšėnaitė 2011; Rice 2010; 
Hasanzadehshooiili et al. 2012).

The characteristic values of soil shear strength cor-
responding 36 tests include the angle of internal friction 
φk = 26.06° and cohesion ck = 7.31 kPa.

The analysis of the relationship of the maximum 
strength of sandy soil versus the horizontal displacement 
has disclosed that the sample was cut for the displace-
ment of ~5 mm in most cases (see Fig. 5). Only for the 
case of a low vertical load (σ = 25 kPa), the horizontal 
displacement is larger and can reach ~8 mm.

The standard (GOST 12248-2010 2010) for the di-
rect shear test points to the 5 mm horizontal displacement 
to fix cutting (shearing or strength lost) and the maxi-

mum values corresponding to this displacement magni-
tude. Thus, the critical state is not defined according to 
the maximum magnitude of τ/σ. Nevertheless, one can 
clearly find that the maximum values of soil strength de-
pend on the vertical load value (Fig. 5). In some cases, 
strength values corresponding to a horizontal displace-
ment of 5 mm can be considered to be the residual ones 
or those prior to the maximum values (Zydron, Zawisa 
2011; Roopnarine et al. 2012).

To investigate the influence of the vertical load value 
of soil shear strength, the values of the internal angle of 
friction and cohesion have been processed (calculated) 
for different quantities of shear tests where the number 
varied from 3 to 36. Random processing using the Mi-
crosoft Excel Sampling command (McCullough, Heiser 
2008) was compiled to identify the influence of testing 
the quantity of characteristic shear strength. The obtained 
results, in case tests are not repeated, are given in Fig-
ures 6–7.  

The analysis of Figures 6–7 show that magnitudes 
are practically steady following 18 tests in case they are 
repeated in analogous conditions. This stable result has 
been obtained evaluating the number of successive tests 
exceeding 18 and more (up to 36) tests: strength param-
eters remain similar as the scatter and dispersion reduce. 
Having processed a few tests, the obtained characteristic 
value of the angle of internal friction is ~3° less. One can 
also find that the number of tests basically has no influ-
ence on cohesion magnitude.  

Fig. 4. Baltic sea-shore sand shearing strength maximum 
values

Fig. 5. Maximum shear stress versus horizontal displacement

Fig. 6. The angle of internal friction versus the quantity of 
tests according to random data sampling

Fig. 7. Cohesion versus the quantity of tests according to 
random data sampling
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The characteristic values of soil strength parameters, 
in case the tests are repeated under the same conditions 
(maximum quantity of tests remains the same, id est. 36) 
are presented in Figures 8–9. 

The analysis of the results of the considered case 
(when tests can be repeated) discloses that the obtained 
characteristic value of the angle of internal friction is ~2° 
less for a small quantity of tests while cohesion magni-
tude varies from 5 to 10 kPa in respect of  the number 
of tests. 

Note, that cohesion formally is the intercept of the 
strength criterion with the ordinate axis. The negative 
value of cohesion, due to a large scatter of results, is ob-
tained processing tested data via least square methods to 
obtain the characteristic value (this only due to design 
procedures that artificially introduce the safety factor) of 
linear strength criterion. Surely, such cohesion value actu-
ally does not exist and can be taken as 0 value for usual 
conservative design applications; however, as for more 
accurate numerical analysis, the processed parameters of 
the strength criterion should be introduced to obtain a rel-
evant response to soil behaviour at the critical state (ac-
cording to the Mohr-Coulomb linear strength criterion), 
because mean shear strength values are usually used in 
numerical modelling. 

To summarize the results obtained analysing Fig-
ures 6–9, one can state that the characteristic values of 
soil strength parameters significantly depend on the quan-
tity of tests (see also Krantz 1991; Huy et al. 2006). The 
analysis of the influence of load magnitude has been per-

formed to prove that strength parameters also depend on 
the magnitude of the vertical load applied on the top of 
the sample (see Fig. 10).

Negative values in ordinate (see Fig. 10) mean 
that the sample was compressed during tests. One can 
find that an increment of load magnitude causes nonlinear 
(irregular) porosity changes in the sample. When 
σ = 25 kPa is applied to the top of the sample, a reduction 
in height is 0.22 mm, and when σ = 600 kPa a reduction in 
height makes 0.26 mm.

For investigating the influence of vertical load 
magnitude for the angle of internal friction, the results of 
9 tests have been selected. Three vertical load magnitudes 
of 25, 50 and 75 kPa have been considered repeating each 
test three times. The results of other 9 tests have been 
performed under the magnitudes of 50, 75 and 100 kPa. 
Thus, by shifting the chosen results via one step of load 
magnitude, as mentioned above, characteristic values 
have been obtained (see Fig. 11). Subsequently, in an 
analogous way, by shifting load magnitudes the results for 
12 tests (see Fig. 12), 15 tests (see Fig. 13), 18 tests (see 
Fig. 14), 21 tests (see Fig. 15), 24 tests (see Fig. 16),  27 
tests (see Fig. 17), 30 tests (see Fig. 18) and 33 tests (see 
Fig. 19) respectively have been obtained.

Figure 11 indicates that lighter loading yields a 
smaller magnitude of the angle of internal friction and 
vice versa. Despite the fact that the tested sand samples 
were initially of maximum porosity, this factor has an in-
fluence on an increment of the angle of internal friction 

Fig. 8. The angle of internal friction versus the quantity of 
tests

Fig. 9. Cohesion versus the quantity of tests

Fig. 10. Variations in the height of the soil sample during the 
shear test

Fig. 11. The angle of internal friction versus vertical stress 
(results of 9 tests)
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Fig. 12. The angle of internal friction versus vertical stress 
(results of 12 tests)

Fig. 13. The angle of internal friction versus vertical stress 
(results of 15 tests)

Fig. 14. The angle of internal friction versus vertical stress 
(results of 18 tests)

Fig. 15. The angle of internal friction versus vertical stress 
(results of 21 tests)

Fig. 16. The angle of internal friction versus vertical stress 
(results of 24 tests)

Fig. 17. The angle of internal friction versus vertical stress 
(results of 27 tests)

Fig. 18. The angle of internal friction versus vertical stress 
(results of 30 tests)

Fig. 19. The angle of internal friction versus vertical stress 
(results of 33 tests)
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versus an increment of load magnitude. In this case the 
angle of internal friction depends on changes in the den-
sity of the sample due to load magnitude. The increment 
of the angle of the internal friction of loose sands only 
can be recognized (Ghazavi et al. 2008). The internal an-
gle of the friction of dense sandy soils reduces when load 
magnitude increases (Bareither et al. 2008).

The magnitude of a vertical load basically has no in-
fluence on the magnitude of the angle of internal friction 
in case the characteristic value was determined process-
ing data on 18 and more direct shear tests (see Figs 14–
19). For determining the characteristic angle of the inter-
nal friction value via processing 18 tests (see Fig. 14) in 
the loading range from 25 to 200 kPa the variation of φk 
was insignificant and made ~1°.

Having found that the magnitude of the angle of in-
ternal friction is influenced both by the magnitude of the 
vertical load and the quantity of test results to be pro-
cessed, the parameters of sand strength have been deter-
mined applying two approaches, namely:

a) the results of 36 tests were occasionally divided in 
12 groups (each group consists of 3 results) and the 
characteristic values of strength parameters were 
calculated (see Table 1). 

b) according to the calculated step a) mean values (μ), 
the average value of the selected group  and disper-
sion were calculated (Olsson et al. 2007), namely:
 2

, ( ) , /tg m tgS S n=φ µ µ  and 2
, ( ) , /c m cS S n=µ µ  

(here n = 12). The characteristic values of the angle 
of internal friction and cohesion were determined 
employing the above calculated values. The deter-
mined values were compared with the analogous 
ones obtained processing the results of all 36 tests 
(see Fig. 20). 
Figure 20 clearly illustrates the influence of the quan-

tity of tests on the characteristic values of soil strength 
parameters. The evaluation of only three tests defines 
smaller magnitudes of the internal angle of friction and 
cohesion. A reduction in the above mentioned character-
istic values directly depends on probability value (level) 
α of confidence intervals, that of statistical coefficient tα and the quantity of tests n calculated for the degree of 

freedom K = n – 2 (see Table 2).

Conclusions

It is recommended to perform at least 18 tests for calcu-
lating the characteristic values of the soil shear param-
eters of strength. Such quantity of tests allows avoiding 
the influence of the factor of the magnitude of the vertical 
load for determining shear strength parameters.

The performed tests proved that soil strength pa-
rameters depended on the magnitude of vertical force 
applied onto the top of the soil sample. A higher vertical 
load yields a larger angle of the internal friction of loose 
sands. The nature of this phenomenon can be explained 
by larger densification caused by more intensive com-
paction. 

Table. 1. Processed soil shear parameters of strength

No. tgφ,m cm, kPa Stgφ Sc φk,° ck, kPa

1 0.522 5.5 0.00 1.08 26.6 –1.3

2 0.523 –5.8 0.01 2.50 26.2 –21.6

3 0.524 4.8 0.02 2.29 21.6 –9.6

4 0.515 7.4 0.00 0.67 25.7 3.2

5 0.494 9.4 0.04 9.47 10.4 –51.3

6 0.454 24.7 0.01 5.13 19.5 –7.5

7 0.501 5.9 0.04 4.83 13.5 –24.5

8 0.522 1.3 0.02 8.96 21.1 –55.2

9 0.536 5.8 0.01 1.49 24.6 –3.5

10 0.574 1.0 0.00 0.01 29.8 0.9

11 0.498 5.5 0.00 0.56 25.5 1.9

12 0.390 44.6 0.04 14.48 5.4 –46.7

μ 0.504 9.21 0.02 4.29 20.8 –17.9

Table. 2. Magnitudes of statistical coefficient tα for α = 0.95

K  tα K  tα K  tα
1 6.31 13 1.77 25 1.71

2 2.92 14 1.76 26 1.71

3 2.35 15 1.75 27 1.71

4 2.13 16 1.75 28 1.70

5 2.01 17 1.74 29 1.70

6 1.94 18 1.73 30 1.70

7 1.90 19 1.73 31 1.70

8 1.86 20 1.73 32 1.70

9 1.83 21 1.72 33 1.69

10 1.81 22 1.72 34 1.69

11 1.80 23 1.71 35 1.69

12 1.78 24 1.71 36 1.69

Fig. 20. Graph of a characteristic criterion for soil shear 
strength: 1 – calculated evaluating mean values μ of 12 groups 
and 3 tests (according to Table 1); 2 – calculated evaluating 
all 36 tests; 3 – calculated according to )(, µϕ mtgS  and )(, µmcS
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The characteristic values of soil strength parameters 
depend on the quantity of tests as they are calculated ac-
cording to statistical coefficient tα. Thus, it is obvious, it 
is not enough to perform 2–4 tests for an experienced re-
searcher or technician. Processed strength parameters will 
be essentially smaller (id est. too conservative), where for 
4 tests tα = 2.92, and for 18 tests tα = 1.75.
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