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Abstract. Production lines are usually subjected to emergent machine failures. Such emergent failures disrupt pre-estab-
lished maintenance schedules, which challenge maintenance engineers to react to those failures in real time. This research 
proposes an optimization procedure for optimizing scheduling repairs of emergent failures. Three optimization models are 
developed. Model I schedules failures in newly idle repair shops with the objective of maximizing the number of scheduled 
repairs. Model II maximizes the number of assigned repairs to untapped ranges. Model III maximizes both the number 
of assigned failure repairs and satisfaction on regular and emergency repairs by resequencing regular and emergent fail-
ures in the shop that contains the largest free margin. A real case study is provided to illustrate the proposed optimiza-
tion procedure. Results reveal that the proposed models efficiently scheduled and sequenced emergent failures in the idle 
maintenance shops, the untapped ranges between repairs of regular failures, and in the maintenance shop with the largest 
free margin. In conclusions, the proposed models can greatly support maintenance engineers in planning repairs under 
unexpected failures. 
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Introduction 

Maintenance activities are generally divided into preven-
tive, corrective, and predictive maintenance (Murthy et al., 
2002; Yang et al., 2017). For any company, maintenance 
department (MD) is one of the most critical facilities 
that prone to bottlenecking and require resources associ-
ated with high costs (Ben-Daya et al., 2009; Salmasnia & 
Mirabadi-Dastjerd, 2017). In many MDs, the shop capac-
ity is shared between two competing failure categories; 
emergent failures and regular failures. Scheduling and 
sequencing of the repairs of regular failures, which can 
be easily handled by maintenance planning engineers. 
While, emergent failures, which happen due to the occur-
rence of emergency events need immediate repairs due to 
avoid failure consequences; severity or production losses 
(Seif et  al., 2018; Tonke & Grunow, 2018). In previous 
literature, maintenance scheduling problem has been ex-
tensively studied (Irawan et al., 2017; Kiefer et al., 2018; 
Chansombat et  al., 2019). However, maintenance engi-
neers are still challenged to handle repairs scheduling of 
emergent failures. This research, therefore, proposes math-
ematical optimization models for maintenance scheduling 

under emergency. The remaining of this paper including 
the introduction is outlined as follows. Section 1 reviews 
relevant studies on maintenance scheduling. Section 2 
develops optimization models. Section 3 provides a real 
case study to illustrate the proposed models. Last section 
summarizes conclusions.

1. Literature review

Recently, the maintenance scheduling problem has received 
significant research attention. For example, El-Sharkh and 
El-Keib (2003) used fuzzy evolutionary programming for 
maintenance scheduling of generation and transmission 
systems. Cassady and Kutanoglu (2003) minimized job 
tardiness using integrated preventive maintenance plan-
ning and production scheduling. Cassady and Kutanoglu 
(2005) integrated preventive maintenance planning and 
production scheduling for a single machine. Ruiz et  al. 
(2007) considered scheduling and preventive maintenance 
in the flowshop sequencing problem. Nourelfath et  al. 
(2010) proposed an integrated model for production and 
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preventive maintenance planning in multi-state systems. 
Lu et al. (2014) developed integrated production and pre-
ventive maintenance scheduling for a single machine with 
failure uncertainty. Jian and Tianyuan (2015) proposed 
LS-SVM based substation circuit breakers maintenance 
scheduling optimization. Squires and Hoffman (2015) 
considered military maintenance planning and scheduling 
problem. Xiao et al. (2016) conducted joint optimization 
of production scheduling and machine group preventive 
maintenance. Wu et al. (2017) proposed a computational 
method for optimal machine scheduling problem with 
maintenance and production. Yin et  al. (2017) solved a 
multi-objective scheduling optimization model consider-
ing product blockage and machine faults. Grigoriu and 
Briskorn (2017) considered scheduling jobs and mainte-
nance activities subject to job-dependent machine deterio-
rations. Irawan et al. (2017) optimize maintenance routing 
and scheduling for offshore wind farms. Liao et al. (2017) 
conducted multi-objective group scheduling optimization 
integrated with preventive maintenance. Lu and Zhou 
(2017) considered opportunistic preventive maintenance 
scheduling for serial-parallel multistage manufacturing 
systems with multiple streams of deterioration. Gholami 
and Hafezalkotob (2018) performed maintenance schedul-
ing using data mining techniques and time series models. 
Alayo and Paucar (2018) employed A MILP model for 
maintenance scheduling in transmission systems applica-
tion to Peruvian system. Kiefer et  al. (2018) performed 
scheduling of maintenance work of a large-scale tramway 
network. Rasiulis et al. (2016) proposed the decision mod-
el for selection of optimal combinations of modernization 
measures. Bertolini et  al. (2019) conducted comparison 
of new metaheuristics, for the solution of an integrated 
jobs-maintenance scheduling problem. Chansombat et al. 
(2019) proposed a mixed-integer linear programming 
model for integrated production and preventive mainte-
nance scheduling in the capital goods industry. Miyata 
et  al. (2019a) incorporated preventive maintenance into 
the m-machine no-wait flow-shop scheduling problem 
with total flow-time minimization. Miyata et al. (2019b) 
incorporated preventive maintenance operations as a 
constraint to the m-machine no-wait flow shop problem 
with dependent-sequence setup times and makespan 
minimization scheduling problem. Miyata and Nagano 
(2019) fulfilled a deep literature review (in total 139 pa-
pers are reviewed and classified) on the m-machine flow 
shop scheduling problem with blocking conditions. Rossit 
et al. (2019) studied the permutation flow shop and the 
non-permutation flow shop scheduling problems in the 
case of two jobs, when makespan is the objective func-
tion and processing times are not known. Hedjazi et  al. 
(2019) presented the methodology to schedule the main-
tenance activities of geo-distributed assets. The authors 
proposed a multi-agent system based approach to enable 
the decision-making for the subcontractors in a distrib-
uted industrial environment under uncertainty. Yang et al. 
(2019) investigated an advanced group and opportunis-
tic maintenance policy for a two-component system with 

failure interaction. Authors provided a case study on an 
electrical distribution system to validate the applicability 
of the adopted policy. Abed et al. (2019) analyzed sched-
uling maintenance jobs in networks. Ustinovichius et al. 
(2018) developed a conceptual model of BIM-based de-
sign and refurbishment, based on pre-built indicators and 
allowing the assessment of the building energy demand 
and eco-building parameters. Analysing the literature, few 
approaches can be found to describe the parameters (e.g. 
maintenance time) of the system. The first involves using 
fuzzy logic to estimate stochastic parameters and calculate 
the probability of disturbance (Duenas & Petrovic, 2008). 
The second approach is applying the theory of probability 
(Liu et al., 2018; Paprocka, 2019) to describe the mainte-
nance time. The third approach is using numerical ranges 
(Kalinowski & Zemczak, 2015) determined by a decision-
maker arbitrarily.

This research proposes an extension of ongoing re-
search by proposing three models for optimizing main-
tenance scheduling and sequencing under the occurrence 
of emergent failures while considering the maximization 
of satisfaction on the repairs of regular and emergent fail-
ures and the number of assigned emergent failures and 
satisfaction.

2. Proposed optimization models

Typically, scheduling repairs of regular failures is estab-
lished in maintenance shops before an emergent failure, 
k, occurs (at t < tk). However, this schedule is disturbed 
once emergent failures have occurred (at t = tk). To han-
dle repairs of such failures, the three consecutive cases, 
as shown in Figure 1, will be considered; Case I consid-
ers the scheduling of the repair of the emergent failures 
in the MD’s idle shops. Case II assigns emergent failures 
in the untapped ranges of shops, which is the idle time 
between the assigned repair times of the regular failures. 
Case III selects the shop with the largest free margin to 
be re-sequenced for both emergent and regular failures. 

2.1. Scheduling repairs of the emergent 
failures in the idle shops (CASE I) 

Let k be the index of emergent failure; k ∈ [1, ..., K], and 
s denotes shop index; s ∈ [1,.., S]. The model assumptions 
include: (1) each technician crew (w) is responsible for a 
certain shop s during shops working hours and (2) the 
regular opening duration of shops, Rs, includes the maxi-
mum allowed overtime. Let the binary decision variable, 
yks, indicates that shop s is assigned to repair emergent 
failure k, where yks equals one if failure k is assigned to 
shop s, and zero otherwise. During the occurrence of the 
emergent failures, the maintenance department (MD) 
normally aims to maximize the number of repaired fail-
ures in the idle maintenance shops at any cost. The objec-
tive function is thus expressed as shown in Eqn (1):

S K

ks
s k

y
1 1

Max .
= =

∑∑  (1)
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The objective function is subjected to the following 
constraints:
(i) For shop s, the total of repair durations must not ex-

ceed the regular working hours. Let Dtotk denotes 
repair duration of an emergent failure k (in hours) 
and Rs denotes the regular working hours of shop 
s (hours). Then, respecting shop availability is ex-
pressed mathematically as follows:

( )
K

k
sks ky Dtot R s

1

,  .
=

× ≤ ∀∑  (2)

(ii) Let Gw denotes the regular working time of technician 
crew w. Also, let the binary variable, βkw, denotes the 
assignment of failure f to technician crew w. Then, 
the total of scheduled repair durations for technician 
crew w should not exceed the crew’s regular working 
time. That is:

( )
K S

k s
wks k kwy Dtot G w

1 1

,  .
= =

× ×β ≤ ∀∑∑    (3)

(iii) Let tksis a binary variable which indicates that repair 
of failure k in shop s takes place if the required equip-
ment is available. That is:

ks ks k sy ,  , .∀≤ t   (4)

(iv) Let SRD denotes the threshold of repair duration. If 
the repair of an emergent failure k that has a repair 
duration smaller than SRD, then this failure shall be 
assigned in the idle maintenance shop. Mathemati-
cally:

 
S

s
ksy

1

1,
=

=∑ kk K Dtot SRD1,..., | .∀ ∈ <      (5)

(v) When the failure repair has repair duration equal to 
or larger that SRD (Dtotk ≥ SRD), then it can be de-
layed. That is: 
S

s
ks kk K Dtot SRDy

1

1,   1,..., | .
=

≤ ∀ ∈ ≥  ∑   (6)

(vi) The integrality constraint is expressed as:

{ }ks k sy 0,1 ,  , .∈ ∀    (7)

Solving Model I, the assigned shop to each emergent 
failure, yks, are obtained.

2.1.1. Sequencing repairs of the emergent  
failures in the idle shops
This model aims to sequence the scheduled emergent 
failures in their assigned maintenance shop s. Let stks and 
ftks denote the repair start and finish times for failure k 
in shop s, respectively. The repair time priority depends 
on the arrival time, ATk, for failure k; that is, first arrived 
failure shall be repaired first. To repair emergent failures 
as soon as possible, the start repair times shall be mini-
mized. That is:

K S

ks ks
k s

st y
1 1

Min .
= =

×∑∑
 

(8)

The objective function is subjected to the following 
constraints:
(a) The repair finish time, ftks, of failure k in shop s is 

equal to the repair start time, stks, plus the repair du-
ration, Dtotk, of emergent failure k. Mathematically:

ks ks k ksft st Dtot M y k s( ) (1 ), , .= + + − ∀   (9)

(b) Let OTs denotes the opening time for each shop s. 
Then, repair of failure k starts after the opening time 
of its assigned rooms s. Moreover, the repair start time 
should be started after its arrival. Otherwise, the re-
pair start time will not be performed. Mathematically: 

 ks ks s kst M y OT AT k s( 1) max  ( , ),  , ;+ − ≥ ∀   (10)

 ks ksst M y k s(1 ),   , .≥ − ∀   (11)

(c) If emergent failures k and k' were both assigned to be 
repaired in shop s and failure k arrives after failure k', 

Figure 1. Proposed procedure for scheduling repairs  
of emergent failures
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then the repair of failure k shall begin after repair the 
finish time of failure k'. That is:

ks ks k k sst y ft y' ' ,× ≥ ×  k kk k s AT AT ', ', | .∀ >   (12)

2.2. Insertion of repairs of the emergent failures  
in untapped ranges (CASE II)

Let Dtotf 
denotes the repair duration of regular failure f. 

This model attempts to insert repair of emergent failure 
k between the scheduled repairs of regular failures as il-
lustrated in Figure 2. 

Before constructing the model, the following assump-
tions have been made: (1) the number technician crew 
(W) is equal to the number of shops (S); that is, each crew 
w is assigned to make repairs in a specific shop s, and (2) 
the repair equipment are available in all shops. Further, 
the main model parameters include: (i) disruption time, 
tk, number of shops, S, number of emergent failures, K, 
and number of regular failures, F, (ii) the repair durations, 
Dtotf, and Dtotk, of the of regular failure f and emergent 
failure k, respectively, (iii) the repair start time, stfs, of 
each regular failure in maintenance shop s, and (iii) the 
precedence matrix, εfjs, between regular failures f and j in 
shop s. 

Let ρkfjs be a binary variable that denotes the repair 
assignment of the emergent failure k between regular 
failures f and j in shop s; which ρkfjs is equal to one if 
the repair of the emergent failure k is assigned and zero 
otherwise. The objective function is then formulated to 
maximize the total number of emergent failure repairs in-
serted in the untapped ranges over all maintenance shops 
as stated in Eqn (13).

K F J S

kfjs
k f j s1 1 1 1

Max
= = = =

ρ∑∑∑∑
 

[Number of assigned emergent failure repairs]. (13)

The imposed constraints on the objective function fol-
lows:
(i) Let utfjs and tk denote duration of the untapped range 

between failures f and j in shop s, and disruption 
time, respectively. The interest is to calculate the un-
tapped range in which emergent failure repairs can 
be inserted following the disruption time, tk. Figure 
3 shows the situation in which the untapped range is 
equal to zero. 

 Mathematically:

fjsut 0,=

js k fs f kf j s f j st t st Dtot t, , , , .∀ ≠ < + <   (14)

In contrast, the untapped range between the repairs 
of failures f and j as shown in Figure 4 and stated in Eqn 
(15) can be utilized to insert the repair of emergent failure 
k is shop s. 

( )( )fjs js f f fjssst st Dtotut ,= − + × ε  

js k fs f kj f st t st Dtot tf j s , ,, , ≠ ≥ + ≥∀ .  (15)

Another untapped range situation is considered when 
the disruption time occurs in idle time as illustrated in 
Figure 5, the untapped range is then estimated using Eqn 
(16):

( )fjs js k fjsstut t ,= − × ε

js k fs f kf j s j f st t st Dtot t, , , , .∀ ≠ > + <  (16)

(ii) The utfjs is sufficient to insert emergent failure 
repair(s). That is:
K

kfjs k fjs fjs
k

Dtot ut
1

,
=

×ρ ≤ × ε∑ f j s j f, , .∀ ≠   (17) 

(iii) To ensure that emergent failure k is repaired only 
once, inequality (18) and Eqn (19) are made:
F F S

f j j f s
kfjs

1 1/ 1
,1

= = ≠ =

ρ ≤∑ ∑ ∑ k∀ , (18)

SF F

kfjs
f j f j s1 1 1

0,
= = = =

ρ =∑ ∑ ∑ k∀ . (19)

(iv) The ρkfjs is a binary variable; or:

{ }kfjs 0,1 ,ρ = k f j s, , ,∀ .  (20)

Figure 2. Illustration of repairs’ scheduling in untapped ranges

Figure 3. Illustration of untapped range duration

Figure 4. Illustration of untapped range duration

Figure 5. Estimation of the untapped range duration
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The optimization results of this model identify the 
maintenance shop in which the repair of emergent failure 
k will take place and between which failure repairs, ρkfjs, 
and untapped ranges, utfjs, values.

2.3. Re-sequencing shop of the largest  
free margin (CASE III)

Model III re-sequences the prescheduled repairs of the 
regular failures in the maintenance shop of the largest 
free margin in order to assign the repairs of the remain-
ing emergent failures. Initially, the free margin, sg 'Δ for 
shop s' should be determined. The sg 'Δ  is calculated as 
the summation of all the untapped ranges between regular 
failures repairs as illustrated in Figure 6.

Let fsEF ' and fsLF ' denote the earliest and latest finish 
repair times of failure f in shop s', respectively. Let fsLS ' 
denotes the latest start repair time of failure f in shop s'. 
Let fsst '  and fsft ' denote the repair start and finish times 
for failure f in shop s', respectively. The sg 'Δ is calculated 
for shop s by Eqns (21) to (24).

F

s f
f s

g s, ;
∈

Δ = Δ ∀∑    (21)

f fs fsLF EF f' ' ,   .Δ = − ∀    (22)

Let the repairs of regular failures j and l be sequenced 
after and before the repair of failure f, respectively. Then, 
the fsLF '  and fsEF ' are respectively calculated as:

fs fs f jsLF LS Dtot st f' ' 'min( , ),  ;= + ∀   (23)

fs ls fEF ft Dtot f' ' ,  .= + ∀     (24)

Model III is composed of three sub-models (III-A, 
III-B and III-C), which are presented as follows. Model 
III decision variables and parameters are listed in Table 1. 

2.3.1. Model III-A: maximize the total  
number of repaired failures

Suppose that the repairs of E emergent failures are still 
unassigned. Let Pft and Pkt be binary variables which de-
termine the repair assignment of the regular and emer-
gent failures, respectively; where Pft and Pkt equal to one 
if failure f is repaired at hour t and zero otherwise. Let 
s' denotes the maintenance shop of the largest free mar-
gin. CTs' denotes the closing time for shop s'. Given the 
precedence matrix, εfjs', that determines whether failure f 
should be repaired before or after failure j at maintenance 
shop s', which equals one if the repair of failure f should 
be repaired before failure j and zero otherwise. The ob-
jective functions then are maximizing the total number 

Figure 6. Illustration of case III of shop scheduling under emergency events

Table 1. Model III decision variables and parameters

Decision Variables

Pft
Binary variable which determines the assignment 
of regular failure repairs

Pkt
Binary variable which determines the assignment 
of emergent failure repairs

stfs' Repair start time of regular failure f in shop s'
stks' Repair start time of emergent failure k in shop s'

( )stks '
+µ δ The satisfaction membership function on the 

repair of the emergent failure

stks '
+δ The positive delay between the time of emergent 

failure repair and its readiness time

( )st fs '
δµ The satisfaction membership function on the 

repair of the regular failure

st fs '
+δ The amount of positive deviation of regular 

failure appointment

st fs '
−δ Tthe amount of negative deviation of regular 

failure appointment
Parameters

LSfs' Latest start time for regular failure f in shop s'
LSks' Latest start time for emergent failure k in shop s'
CTs' Closing time for shop s'
rtf The readiness time of failure f
Atk Occurred time for emergent failure k

εfjs'
Repairs precedence between any pair of regular 
failures in maintenance shop s'

χkms'
Repairs precedence between any pair of emergent 
failures in maintenance shop s'

M Very large number

qk
The minimum acceptable satisfaction for 
emergent failure

rtk Emergent failure readiness time

stks1 '
+υ The desired permissible deviation for emergent 

failure

stks2 '
+υ The maximal permissible deviation for emergent 

failure

st fs '
+υ The maximal positive permissible deviation for 

regular failure

st fs '
−υ The maximal negative permissible deviation for 

regular failure

qf
The minimum acceptable satisfaction for regular 
failure

APPf The appointment time for regular failure

Dtot1 Dtot2 Dtot3 Dtotf

tk

ut1 ut2 ut3 ut4
= free margin

Dgs
+++

of repaired failures in maintenance shops while minimiz-
ing the sum of repair start times of unassigned emergent 
and regular failures in the maintenance shop s’, which are 
formulated as shown in Eqns (25) and (26), respectively.
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s

k

sCTF

ft kt
f t k E t At

CT
P P

' '

1 0

Max ;
= = ∈ =

+∑∑ ∑ ∑   (25)

F

fs ks
f k E

st st' '
1

Min .
= ∈

+∑ ∑   (26)

The objective functions are subject to the following 
constraints:
(i) Repair of emergent failures shall be assigned in main-

tenance shop s', whereas the repair of regular failures 
can be delayed as stated by inequality (27) and Eqn 
(28), respectively.

sCT

ft
t

P f
'

0

1,   ;
=

≤ ∀∑    (27)

s

k

CT

kt
t At

P k E
'

1,   .
=

= ∀ ∈∑    (28)

(ii) At most one repair of regular or emergent failure can 
be assigned at each time t. Thus, the following in-
equalities are formulated:
F

ft k
f

P t t t
1

1,   | ;
=

≤ ∀ <∑   (29)

F

kt kft
f k E

P P t t t
1

1,   | .
= ∈

+ ≤ ∀ ≥∑ ∑   (30)

(iii) The repair start time of regular failure f or emergent 
failure k should be less than or equal to its latest start 
time. That is:

s sCT CT

fs fs ft ft
t t

st LS P M P
' '

' '
0 0

1 0,
= =

 
 × − − ≤
 
 

− ∑ ∑  f ;∀   (31)

s s

k k

CT CT

ks ks kt kt
t At t At

st LS P M P
' '

' ' 1 0,
= =

 
 × − − ≤
 
 

− ∑ ∑  

k E.∀ ∈    (32)

(iv) Let rtf denotes the readiness time of failure f. The 
repairs of regular and emergent failures should not 
be realized before failure f is ready (setup procedure 
ended) and arrival time, Atk, respectively, as expressed 
in Eqns (33) and (34):

sCT

fftfs
t

st M rtP f
'

'
0

1 ,               
=

 
 + − ≥
 
 

∀∑   ∀f;    (33)

s

k

CT

kktks
t At

st M At k EP
'

' 1 ,      
=

 
 + − ≥ ∀ ∈
 
 

∑
 

k E.∀ ∈       (34)

(v) The repairs of regular or emergent failure should end 
at most at the closing time, CTs’ , for shop s' as stated 
in Eqns (35) and (36), respectively:

f sfsst Dtot CT f'' ,  ;+ ≤ ∀    (35)

k sksst Dtot CT k E'' ,   .+ ≤ ∀ ∈    (36)

(vi)   Let εfjs' be a binary variable that denotes repairs pre-
cedence between failures f and j in maintenance shop 
s', which equals one if the repair of failure f should be 
repaired before failure j and zero otherwise. That is:

  fjs jfs' ' 1,ε + ε =  f j f j, | .∀ ≠   (37)

Then, the precedence between the repairs of any 
two regular failures in shop s' is respected as stated 
in inequality (38):

  js fs fjs fjsfst st MDtot' ' ' '(1 ),≥ + ε − ε× −  

  f j f j, | .∀ ≠   (38)

(vii) The repair start times of the regular and unassigned 
emergent failures are respectively expressed using 
Eqns (39) and (40): 

  

s sCT CT

ft ft
t t

fsst t P M P f
' '

0 0
' (1 ),   ;

= =

= × + − ∀∑ ∑   (39)

  

s

k

CT

ktks
t At

st t P k E
'

' ,  .
=

= × ∀ ∈∑
 

 (40)

(viii) If any emergent failure k is scheduled to be repaired 
after a regular failure f, then the repair of the emer-
gent failure shall be scheduled directly after finishing 
the repair of the regular failure, as stated in inequal-
ity (41).

        ' ' (2 ),fl ktfks fsst st M P PDtot≥ + − −−  

   , , ', , | & & .kf k s t l l t t At l t∀ ∈ ≥ <   (41a)

(ix) If a regular failure f is scheduled to be repaired af-
ter an emergent failure k, then the repair of failure f 
shall be scheduled directly after finishing the repair 
of the failure k, as follows.

  ' ' (2 ),fl ktkfs ksst st M P PDtot≥ + − −−      
  , , ', , | & & .kf k s t l l t t At l t∀ ∈ ≥ >   (41b)

(x) The precedence between emergent failures should be 
respected. Let χkms' be repair precedence between 
any pair of emergent failures in shop s', where χkms' 
equals one if emergent failure k takes place before 
emergent failure m and zero otherwise. Then: 

ms ks kms k kmsst st Dtot M' ' ' '(1 ),≥ + χ − χ× −

k m k m, | .∀ ≠   (41c)
(xi) Variables integrality is respected as given by Eqn (42):

{ }ftP f t0,1 ,  , ;= ∀   (42)

{ }ktP k t0,1 , , .= ∀   (43)

2.3.2. Model III-B: maximizing satisfaction  
on emergent failure repairs
This sub-model seeks maximizing the satisfaction on re-
pairs of emergent failures, which is calculated by consider-
ing the positive delay, stks '

+δ , which the time delay between 
the time of failure repair and its readiness time. Because 
the smaller delay leads to better satisfaction, the proper 
membership function is the smaller-the-better (STB) re-
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sponse type. Let ( )ksst '
+µ  denotes the satisfaction mem-

bership function on the repair of the emergent failure, k, 
associated with positive deviation, stks '

+δ , emergent failure 
is completely satisfied when its repair’s start time falls 
within the desired permissible deviation, 

ksst '1
+υ , of its 

readiness time. Then, the satisfaction decreases until the 
maximum permitted deviation 

ksst '2
+υ , as demonstrated in 

Eqn (44) and Figure 7.

( )
st stks ks

st stks ks ks
st st stks ks ks

st stks ks

st

1' '

2' ' '
1 2' ' '

2 1' '

1,                             0

.
,     

+ + ≤ δ ≤ υ

 + ++ υ − δµ =  + + +υ ≤ δ ≤ υ + +υ − υ


 

(44)

The decision variables are ( )ksst '
+µ and stks '

+δ . The ob-
jective function is then to maximize sum of satisfaction 
functions. Mathematically:

( )ks
k E

st 'Max
∈

+µ∑ .  (45)

The model parameters include minimum acceptable 
satisfaction, qk, failure readiness time, rtk, the maximum 
delay, stks1 '

+υ , and repair start time, stks'. The constraints of 
maximizing total satisfaction on the repair of the emer-
gent failures are as follows:
(i) The value of ( )ksst '

+µ  should be at least qk as formu-
lated in inequality (46):

( )ks kst ' ,+ ≥ qµ k E.∀ ∈   (46)

(ii) Satisfaction on emergent failure’s repair is determined 
with consideration of the delay occurred in assigning 
the failure’s repair after rtk, where the target is to as-
sign the failure’s repair once it is ready (setup proce-
dure ended), as given in Eqn (47):

ks kstks
st rt' '

,+− δ = k E.∀ ∈   (47)

(iii) Delay value, stks '
+δ , range is determined as follows:

st stks ks2' '
0 ,+ +≤ δ ≤ υ k E.∀ ∈    (48)

(iv) The ( )ksst '
+µ  is a non-linear function and hence 

linearization procedure will be used. Let tkss1
'γ and

stks
2

'γ be binary variables. Then:

st stst ks ksks k E1 1' ''
1,    0

, ;
0,    otherwise

+ + ≤ δ ≤ υγ = ∀ ∈
  

(49a)

st st stst ks ks ksks k E2 1 2' ' ''
1,    

, .
0,   otherwise

+ + + υ ≤ δ ≤ υγ = ∀ ∈


   (49b)

(v) The ( )tkss '
+µ can be formulated as shown in Eqn 

(50):

( )stksst stks ks ks ks
st stks ks

st st k E
2 '1 2

' ' ' '
2 1' '

, ,
+ υ  +γ + × γ − φ = µ ∀ ∈ + +υ − υ 

 

 

( )stksst stks ks ks ks
st stks ks

st st k E
2 '1 2

' ' ' '
2 1' '

, ,
+ υ  +γ + × γ − φ = µ ∀ ∈ + +υ − υ 

   

(50) 

where

stks stksst stks ks

st k Eks
2

' '12 ' '

1
,    .'

 
+ φ = × γ × δ ∀ ∈+ +υ − υ 

 
stks stksst stks ks

st k Eks
2

' '12 ' '

1
,    .'

 
+ φ = × γ × δ ∀ ∈+ +υ − υ 

 
   (51)

Because the Maximize stks '−φ  equals to minimize 
stks 'φ  , then:

 

st stks ksst stst ks ksks
st st st st st stks ks ks ks ks ks

k E
2 2' '2

' ''
2 1 2 1 2 1' ' ' ' ' '

1 ,    .
+ +     υ υ     +δ × + γ × − φ ≤ ∀ ∈     + + + + + +υ − υ υ − υ υ − υ     

     

 

 

st stks ksst stst ks ksks
st st st st st stks ks ks ks ks ks

k E
2 2' '2

' ''
2 1 2 1 2 1' ' ' ' ' '

1 ,    .
+ +     υ υ     +δ × + γ × − φ ≤ ∀ ∈     + + + + + +υ − υ υ − υ υ − υ     

     

 

st stks ksst stst ks ksks
st st st st st stks ks ks ks ks ks

k E
2 2' '2

' ''
2 1 2 1 2 1' ' ' ' ' '

1 ,    .
+ +     υ υ     +δ × + γ × − φ ≤ ∀ ∈     + + + + + +υ − υ υ − υ υ − υ     

       

(52)

Finally, the following constraints are formulated:

stksst stks ks
k E2

'1 ' '
0,    ;+ +υ × γ − δ ≤ ∀ ∈    (53)

st stks ksst st stks ks ks
k E1 2

' '1 1' ' '
0,  ;+ + +δ − υ × γ − υ × γ ≤ ∀ ∈ 

st stks ksst st stks ks ks
k E1 2

' '1 1' ' '
0,  ;+ + +δ − υ × γ − υ × γ ≤ ∀ ∈

 
(54)

st stks ks k E1 2
' ' 1,    ;γ + γ = ∀ ∈   (55)

{ }st stks ks k E1 2
' ', 0,1 ,   .γ γ ∈ ∀ ∈   (56)

2.3.3. Model III-C: maximizing satisfaction  
on the repair of regular failures 
Sub-model III-C aims at maximizing satisfaction on the 
repairs of regular failures in the identified maintenance 
shop s'. Because the repairs of regular failures should not 
be delayed far from their appointment, APPf , then the sat-
isfaction on repairs of regular failures can be represented 
by the Nominal-The-Better (NTB) function. Let st fs '

+δ
 
and 

st fs '
−δ

 
denote the amount of delay (positive deviation) and 

set forth (negative deviation) of repair appointment of 
a regular failure, respectively. The highest satisfaction is 
then reached when the time of repair appointment of a 
regular failure remains unchanged. However, satisfaction 

Figure 7. Satisfaction function on emergent failure’s repair  
in sub-model III-B
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will decrease until the delay st fs '
+υ  or the set forth is, st fs '

−υ
 
, 

after which satisfaction will be one. 
Typically, larger satisfaction indicated better perfor-

mance. Thus, the objective function is formulated to maxi-
mize the total satisfaction, ( )fsst 'µ , on repairs of regular 
failures; mathematically:

( )fs
f s

st '
'

.Max
∈

µ∑   (57)

This objective is subjected to the following constraints:
(i) The satisfaction shall achieve at least minimal satisfac-

tion level, qf, on each failure’s repair; or

 ( )fs fst f s' , '.µ ≥ q ∀ ∈   (58)

(ii) Failure satisfaction is determined with consideration 
to the delay occurred in failures’ appointment where 
the target is to prohibit appointment changing, as ex-
pressed in Eqn (59):

fs st fst fsfs
st APP f s' ''

,   ',+ −− δ + δ = ∀ ∈   (59)

where: 

st stfs fs
f s

' '
0 , ';+ +≤ δ ≤ υ ∀ ∈    (60)

st stfs fs
f s

' '
0 , '.− −≤ δ ≤ υ ∀ ∈    (61)

(iii) At least one of the ( )fsst '
−µ  and ( )fsst '

+µ ; negative 
and positive deviations, respectively, should be equal 
to zero. The ( )fsst '

−µ and ( )fsst '
+µ  functions are re-

spectively formulated as shown in Eqns (62) and (63):

( ) st fs
fs st stfs fs

st fs

st f s'
' ' '

'

1 , '  where 0 ;
−δ

− − −µ = − ∀ ∈ ≤ δ ≤ υ
−υ

,

( ) st fs
fs st stfs fs

st fs

st f s'
' ' '

'

1 , '  where 0 ;
−δ

− − −µ = − ∀ ∈ ≤ δ ≤ υ
−υ   

(62)

( ) st fs
fs st stfs fs

st fs

st f s'
' ' '

'

1 , '  where 0 .

+δ
+ + +µ = − ∀ ∈ ≤ δ ≤ υ

+υ
, 

( ) st fs
fs st stfs fs

st fs

st f s'
' ' '

'

1 , '  where 0 .

+δ
+ + +µ = − ∀ ∈ ≤ δ ≤ υ

+υ
 

(63)

Let st fs
1

'γ  and st fs
2

'γ be binary variables given re-
spectively by Eqns (64) and (65):

st stfs fsst fs f s1 ' ''
1,     0

,   ';
0,     otherwise

− − ≤ δ ≤ υγ = ∀ ∈


  (64)

st stfs fsst fs f s2 ' ''
1,     0

,   ';
0,     otherwise

+ + ≤ δ ≤ υγ = ∀ ∈


  (65)

( )
stst fs stfs fs

st stfs fs fs
st stfs fs

st f s
1

'' '1 1
' ' '

' '

1 , ';
− −   δ γ × δ   −µ = γ × − = γ − ∀ ∈   − −υ υ   

   

 

( )
stst fs stfs fs

st stfs fs fs
st stfs fs

st f s
1

'' '1 1
' ' '

' '

1 , ';
− −   δ γ × δ   −µ = γ × − = γ − ∀ ∈   − −υ υ   

     

(66)

( )
st fsst stfs fs

st stfs fs fs
st stfs fs

st f s

2
'' '2 2

' ' '

' '

1 ,   '.

+ +   δ γ × δ   +µ = γ × − = γ − ∀ ∈   + +υ υ   
   

  

( )
st fsst stfs fs

st stfs fs fs
st stfs fs

st f s

2
'' '2 2

' ' '

' '

1 ,   '.

+ +   δ γ × δ   +µ = γ × − = γ − ∀ ∈   + +υ υ   
     

(67)

However, a linearization procedure is needed. Let 

st stfs fs st fsst fs
f s1 1

' ' '
'

1
,  ';

 
− φ = × γ × δ ∀ ∈−υ 

 
  (68a)

st stfs fs st fsst fs

f s2 2
' ' '

'

1
, '.

 
+ φ = × γ × δ ∀ ∈+υ 

   

 (68b)

Maximizing – st fs
1

'φ  equals to minimizing st fs
1

'φ , 
then st fs

1
'φ  can be formulated as:

st stfs st fsfsst fs
f s1 1

' ''
'

1
(1 ),    '.

 
− φ ≥ × δ − − γ ∀ ∈−υ 

 
  (69)

Similarly, st fs
2

'φ  can be written as:

st stfs fsst fsst fs

f s2 2
' ''

'

1
(1 ),    '.

 
+ φ ≥ × δ − − γ ∀ ∈+υ 

   

(70)

Then, the ( )fsst 'µ  is expressed as:

( ) ( ) ( )fs fs fsst st st f s' ' ' ,    ';− +µ = µ + µ ∀ ∈
 

(71a)

( ) st st st stfs fs fs fs fsst f s1 2 1 2
' ' ' ' ' ,    '.µ = γ + γ − φ − φ ∀ ∈

( ) st st st stfs fs fs fs fsst f s1 2 1 2
' ' ' ' ' ,    '.µ = γ + γ − φ − φ ∀ ∈

 
(71b)

(iv) Further, the following constraints are imposed:

stst st fsfs fs
f s1

'' '
0,    ';− −δ − υ × γ ≤ ∀ ∈

 
(71)

st fsst stfs fs
f s2

'' '
0,    ';+ +δ − υ × γ ≤ ∀ ∈

 
(72)

st stfs fs f s1 2
' ' 1,    ';γ + γ = ∀ ∈   (73)

{ }st stfs fs f s1 2
' ', 0,1 ,    '.γ γ ∈ ∀ ∈

 
(74)

3. Application of the proposed  
optimization procedure

The optimization models were applied on a real case study 
for a maintenance department, which consists of six main-
tenance shops. The maintenance department consists of 
four active maintenance shops; s = 1, ..., 4; where 23 regu-
lar failures (f = f1, ..., f23) were already scheduled to these 
four shops. Assuming that at 9:00 am on the schedule date, 
twenty emergent failures (k = k1, ..., k20) have been occurred. 
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3.1. Case I: scheduling and sequencing of emergent 
failure repairs in idle maintenance shops

Firstly, Model I will be used to schedule and sequence the 
emergent failures in the idle maintenance shops (shops 
5 and 6). The input data for model I are summarized in 
Table 2. The relevant data for the emergent failures are 
represented in Table 3.

Table 2. Parameters of Model I

Input Value
Disruption time (tk) 9:00 am (1 hr)
Number of emergent failures (K) 20
Newly opened shops (S) 2
Number of technician crew (W) 2
Short repair duration 0.25 hrs
Daily working time for technician crew (Gw) 8 hrs
 Opening duration for each shop (Rs) 8 hrs

Model I was solving to schedule and sequence the re-
pairs of the twenty emergent failures in the idle maintenance 
shops 5 and 6 as illustrated in Table 4. However, repairs of 
the emergent failures k2, k6, k8, k10, k13 and k15 remain un-
assigned. Next, the sequencing of the 14 scheduled emer-
gent failures is conducted as shown in Table 5 and Figure 8. 

3.2. Case II: repair of unscheduled emergent 
failures in the untapped ranges between  
repairs of regular failures 
Model II will be utilized to assign the repairs of failures k2, 
k6, k8, k10, k13 and k15 in the untapped ranges between the 
repairs of regular failures. General inputs of model II are 
listed in Table 6, where 23 repairs of regular failures have 
already been scheduled in operating maintenance shops 
one to four. The pre-established repair assignment of these 
regular failures on the day of emergent failure is shown 
in Table 7. The untapped ranges are calculated and then 
depicted in Figure 9.

Table 5. Sequence of emergent failure repairs in the idle maintenance shops

Shop 5 Shop 6

Failures k Repair start time (stk5) Repair finish time (ftk5) Failures k Repair start time (stk6) Repair finish time (ftk6)
k4 1.00 1.30 k20 1.00 1.30
k5 1.30 1.80 k19 1.30 1.80
k7 1.80 2.80 k18 1.80 2.80
k3 2.80 3.80 k14 2.80 3.50
k9 3.80 5.30 k17 3.50 4.35
k1 5.30 8.00 k12 4.35 5.45

k11 5.45 6.55
k16 6.55 8.00

Table 3. Parameters of emergent failures

Failure
(k)

ATk
(hrs)

Dtotk
(hrs)

Failure
(k)

ATk
(hrs)

Dtotk
(hrs)

k1 3.00 2.70 k11 2.00 1.10
k2 1.60 1.00 k12 1.95 1.10
k3 1.95 1.00 k13 1.85 1.10
k4 1.00 0.30 k14 1.50 0.70
k5 1.30 0.50 k15 2.10 1.20
k6 1.70 0.80 k16 2.30 1.45
k7 1.50 1.00 k17 1.60 0.85
k8 1.90 1.10 k18 1.40 1.00
k9 2.00 1.50 k19 1.30 0.50
k10 1.75 1.00 k20 1.00 0.30

Table 4. Repair assignment matrix in the idle  
maintenance shops

Shop 5 Shop 6
Failure k βk5 yk5 Failure k βk6 yk6

k1 1 1 k11 1 1
k2 1 0 k12 1 1
k3 1 1 k13 1 0
k4 1 1 k14 1 1
k5 1 1 k15 1 0
k6 1 0 k16 1 1
k7 1 1 k17 1 1
k8 1 0 k18 1 1
k9 1 1 k19 1 1
k10 1 0 k20 1 1

Figure 8. Sequencing the scheduled emergent failures in shop 5 and shop 6
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Table 8. Free margin calculations

Shop (s) Failure (f) Dtotf LSfs LSfs + Dtotf LFfs EFfs Δgs

Shop 1

f1 1.00 7.00 8.00 0.00 1.00 0.00
k8 1.10 6.90 8.00 1.00 2.00 0.50
f2 0.50 7.50 8.00 2.50 3.00 0.00
f3 0.90 7.10 8.00 3.00 3.90 0.00
f4 2.10 5.90 8.00 3.90 6.00 0.50
f5 1.50 6.50 8.00 6.50 8.00 0.00
          Δg1= 1.00

Shop 2

f6 1.00 7.00 8.00 0.00 1.00 1.00
f7 0.50 7.50 8.00 2.00 2.50 0.00

k10 1.00 7.00 8.00 2.50 3.50 0.00
f8 0.50 7.50 8.00 3.50 4.00 0.00
f9 2.00 6.00 8.00 4.00 6.00 0.00
k2 1.00 7.00 8.00 6.00 7.00 0.00
f10 0.30 7.70 8.00 7.00 7.30 0.00
f11 0.70 7.30 8.00 7.30 8.00 0.00
          Δg2= 1.00

Shop 3

f12 0.50 7.50 8.00 0.00 0.50 0.00
f 13 1.40 6.60 8.00 0.50 1.90 0.00
f14 1.10 6.90 8.00 1.90 3.00 0.00
k15 1.20 6.80 8.00 3.00 4.20 0.30
f15 1.10 6.90 8.00 4.50 5.60 0.00
f16 0.90 7.10 8.00 5.60 6.50 0.00
f17 0.50 7.50 8.00 6.50 7.00 0.00
f18 1.00 7.00 8.00 7.00 8.00 0.00
          Δg3= 0.30

Shop 4

f19 1.00 7.00 8.00 0.00 1.00 0.50
f20 1.50 6.50 8.00 1.50 3.00 0.00
k6 0.80 7.20 8.00 3.00 3.80 0.20
f21 1.00 7.00 8.00 4.00 5.00 1.50
f22 0.50 7.50 8.00 6.50 7.00 0.00
f23 1.00 7.00 8.00 7.00 8.00 0.00
          Δg4= 2.20

Table 6. Parameters of Model II

Input Value
The number of active maintenance shops (S) 4
The number of scheduled regular failures on day of emergency event (F) 23
The number of emergent failures to be assigned (E) 6
Disruption time (tk) 9:00 am (1 hr)

Table 7. The pre-established repairs schedule of regular failures on the day of emergency event

Shop 1 Shop 2 Shop 3 Shop 4

Failure (f) stf1 Dtotf Failure (f) stf2 Dtotf Failure (f) stf3 Dtotf Failure (f) stf4 Dtotf

f1 0.0 1.0 f6 0.0 1.0 f12 0.0 0.5 f19 0.0 1.0
f2 2.5 0.5 f7 2.0 0.5 f13 0.5 1.4 f20 1.5 1.5
f3 3.0 0.9 f8 3.5 0.5 f14 1.9 1.1 f21 4.0 1.0
f4 3.9 2.1 f9 4.0 2.0 f15 4.5 1.1 f22 6.5 0.5
f5 6.5 1.5 f10 7.0 0.3 f16 5.6 0.9 f23 7.0 1.0
– – – f11 7.3 0.7 f17 6.5 0.5 – – –
– – – – – – f18 7.0 1.0 – – –
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After solving Model II, 5 out of 6 the remaining repairs 
of emergent failures are scheduled in the untapped ranges 
between regular failures as shown in Figure 10. 

However, failure k13 is still not assigned because its re-
pair time is larger than the sum of all untapped ranges. Thus, 
Model III will be used in sequence emergent failure k13 in 
the active maintenance shop of the largest free margin. As 
shown in Table 8, the largest free margin corresponds to 
shop 4.the general inputs for Model III are displayed in 
Table 9 and the precedence of regular failures, εfjs', and the 
readiness times are shown in Table 10. Moreover, Model 
III maximizes the satisfactions of the regular failures.

Note that shop 4 has the highest free margin, which 
is larger than the repair durations for the remaining un-
scheduled emergent failure. In order to insert the repair 
of emergent failure k13 in shop 4, the six scheduled repairs 
of the regular failures including one inserted emergent 
failure will be re-sequenced. After solving Model III, the 
resulted repairs’ sequencing in shop 4 are shown in Fig-
ure 11. The obtained start times are presented in Table 11. 
Finally, utilization values for the six maintenance shops 
before and after adopting the optimization models are pre-
sented in Table 12 and Figure 12.

Table 9. General inputs for Model III

Closing time, CTs 8 hrs
rtk 4 hrs

stks1 '
+υ 5 hrs

stks2 '
+υ 7 hrs

qk 90%

st fs '
−υ 2 hrs

st fs '
+υ 2 hrs

qf 75%

Table 10. The precedence between regular failures in shop 4

Failure (f)
The precedence between regular 

failures in shop 4 The readiness 
time, rtf

f19 f20 f21 f22 f23

f19 0 1 1 1 1 0

f20 0 0 1 1 1 0.6

f21 0 0 0 1 1 2

f22 0 0 0 0 1 5

f23 0 0 0 0 0 5.5
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Figure 9. Untapped ranges between the pre-established regular failures schedules

Figure 10. Emergent failures assignment
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Conclusions

This research proposed three models for optimal schedul-
ing and sequencing repairs of emergent and regular fail-
ures in maintenance shops under the occurrence of unex-
pected events. The models were implemented on schedule 

and sequence 20 emergent failures and pre-sequenced 23 
regular failures in six maintenance shops in a real case 
study. The results revealed that the proposed models ef-
fectively scheduled and sequenced emergent failures while 
maximizing satisfaction on the repairs of emergent and 
regular failures and enhanced the utilization of mainte-
nance shops, which saves significant maintenance and 
production costs. In conclusion, the proposed optimiza-
tion procedure is found valuable in maintenance planning 
activities and can be utilized for maintenance scheduling 
and sequencing repair of emergent failure in a wide range 
of business applications. 
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Table 11. The failure repairs’ new start times and satisfactions

Failure (f) Appointment time, APPf repair start time, stfs' repair finish time, ftfs' st fs '
−δ st fs '

+δ stks '
+δ ( )fsst '

−µ ( )ksst '
+µ

f19 0 0 1 0 0 – 100% –
f20 1.5 1 2.5 0.5 0 – 75% –
k6 3 2.5 3.3 0.5 0 – 75% –
f21 4 3.5 4.5 0.5 0 – 75% –
k13 – 4.5 6.5 – – 0.5 – 100%
f22 6.5 6.5 7 0 0 – 100% –
f23 7 7 8 0 0 – 100% –

Table 12. Number of assigned failures and utilization of the shops

Shop s
Before After 

Number of assigned failures Utilization Number of assigned failures Utilization
Shop 1 5 75% 6 89%
Shop 2 6 55% 8 80%
Shop 3 7 81% 8 96%
Shop 4 5 63% 7 86%
Shop 5 – – 6 88%
Shop 6 – – 8 88%

Figure 11. The obtained repairs sequence by using Model III

Figure 12. Utilization of the shops before and after  
using the model
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sible for review of the presented literature, data analysis, 
and models’ validation on real industrial application in 
the article. 
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