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Abstract. A physically based method for the determination of equilibrium for structures with inelastic response is described.
The method is based on minimisation of the potential energy. For structures with inelastic response, some of the applied en-
ergy is converted to non-mechanical energy. This part of the energy is dissipated. According to the conservation of energy the
dissipated energy must simultaneously be subtracted the mechanical energy in order to determine the change of the potential
energy. Changes of the strains in the structure, from non-static conditions, such as thermal deformations and shrinkage, as well
as plastic strains from previous load scenarios, will also change the potential energy. The method is also capable of taken these
effects into account. Three examples are included in order to support the physical understanding, and to illustrate the procedure
for the application of the method. Information regarding the necessary ductility of the individual parts forming the complete

structure is achieved as outcome of the analysis.
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Introduction

The majority of structures are constructed of materials
with a certain degree of ductility. These structures behave
inelastic at high load levels. For statically indeterminate
structures the maximum load capacity is typically some-
what higher than the maximum load level at which all
parts behave elastically. Utilization of the extra capacity
requires knowledge of the necessary ductility of the in-
dividual parts of the structure. This is illustrated by the
two static systems shown in Figure 1. In Figure la is
shown a two times statically indeterminate truss structure
subjected by a vertical load, P. In Figure 1b is shown a
two times indeterminate frame structure subjected by a
horizontal load, P. By modelling the material as ideal
plastic the capacity is determined by either the use of
statically admissible stress distribution (according to the
lower bound theorem) or by creating a mechanism (ac-
cording to the upper bound theorem), see Beedle (1957),
Bruneau et al. (2011), Drucker et al. (1952), Marti (2013)
and Nielsen and Hoang (2011).

In both cases the plastic capacity is higher than the
elastic capacity. The truss structure in Figure la has a
plastic capacity which is 28% higher than the elastic ca-
pacity, corresponding to first yielding. The frame struc-
ture in Figure 1b has a plastic capacity which is 18%
higher than the elastic capacity. The internal forces in the

individual members in the frame structure are varying.
Utilization of the plastic capacity requires therefor, that
the yield zone has a certain length and not just points as
indicated in Figure 1b. The fact that the yield zones must
have a certain length combined with the varying internal
forces therefore requires materials which exhibits strain
hardening in order to achieve a capacity which is higher
than the elastic capacity. For this reason there will also be
a small difference between the elastic and plastic analysis
in terms of the maximum moment in the most heavily af-
fected sections.

The question is which level of ductility is needed
in order to reach the plastic capacity. In order to address
this question knowledge of the strains or curvatures in the
individual parts of the structure is required.

Utilization of the post-yield behaviour plays an im-
portant role in the design of reinforced concrete struc-
tures, see Einpaul et al. (2015), Fisker et al. (2016), Lee
et al. (2011), Marti (2013), Muttoni et al. (2015), Niels-
en and Hoang (2011), Simdes ef al. (2016), Ruiz et al.
(2013) as well as in the design of steel structures, see
Berman and Bruneau (2003), Bruneau ez al. (2011), Mon-
tuori et al. (2014, 2015), Nastri et al. (2015), Peng et al.
(2013), Qu and Bruneau (2015), Sahoo and Chao (2010).
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Fig. 1. Two examples of structures constructed of ideal plastic materials: a) truss structure,

b) frame structure

The presented method also takes non-statical defor-
mations from shrinkage and thermal deformations into
account. Shrinkage and thermal deformations are impor-
tant in the assessment of the structural behaviour, see Ba-
lazs et al. (2013).

Equilibrium for a structure can be determined by
minimisation of the potential energy, see, for instance,
Feynman et al. (2011). Hereby both the static and geo-
metrical conditions will be met. By means of the princi-
ple of virtual work, this can for statically indeterminate
structures, be shown to be identical to the minimization of
the strain energy, see Castigliano (1879) and Castigliano
et al. (1966). This approach has however, traditionally,
been applied only to structures made of elastic materials.
In this paper it is shown how the principles of minimis-
ing the potential energy can be applied, also for structures
made from inelastic materials. Based on the principle of
conservation of energy, see Helmholtz (1847), the stored
heat energy must therefore be subtracted the energy of
the structure. The stored heat energy represent an increase
in the kinetic energy of the molecules and this kind of
energy will in the following be named dissipated ener-
gy. Since the sum of the kinetic and potential energy is
constant, the dissipated energy must simultaneously be
subtracted in order to determine the change in mechani-
cal which is identical to the potential energy. Therefore,
regarding the change of potential energy in the materials,
only the change in stored elastic energy is included.

The basic analytical expression for the determination
of the potential energy is the same whether the stresses is
constant or variable in the individual parts of the struc-
ture. For structures with no variation of stresses in the
individual members, as for instance truss structures, the
expression that describes the minimum of the potential
energy can be set up as a function of the strain in the
material. The expression on this form is generally ap-
plicable, and is thus basically identical to the expression
for structures of elastic materials. The difference between
structures of elastic and inelastic materials appears there-
fore only to consist in the expression for the correspond-
ing strains.

Using the above described method a full physical
description of the determination of equilibrium for struc-
tures of inelastic materials is obtained.

The principles presented are illustrated by means of
both a statically indeterminate truss structure and a stati-
cally indeterminate frame structure. The principles can as
well be used for combined truss and frame structure, see
Wongpakdee et al. (2014). Considerations set out in the
article relate to the behaviour of statically indeterminate
structures constructed of materials with arbitrary consti-
tutive relation, and are exemplified by materials with a
bilinear constitutive relation. A survey of the develop-
ments in the structural analysis of steel frame structures
subjected to static loading is given in Nethercot (2000).

The problem has to some extent been dealt with by
introducing the non-physical concept of complementary
elastic energy and by applying the principle of virtual
work (Engesser 1889). An overview has been presented
by Santos (2011).

1. Theory

As an outset for the description, the potential energy has
been chosen to be zero for the unloaded structure.

When determining the change of potential energy
for a structure constructed of elastic materials subjected
by loads, the change of potential energy is given by the
sum of a contribution from the external loads, /7p, and a
contribution from the elastic energy stored in the mate-
rial, 11,;,.,.- By removing the load from the system the
potential energy will again be zero.

On the contrary, by first applying a load to a struc-
ture constructed of inelastic materials, and afterwards re-
moving the load, the potential energy seems to be smaller
than zero when only taking //p and /1, into account.
Some of the energy, 4w, has dissipated.

According to the conservation of energy the dissi-
pated energy, 4w, must be a part of the energy balance
in order to determine the change of the potential energy:

H_AW:HP+Helastic' (1)
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Equation (1) can be rewritten:

IT=10p+1T . +Aw. )

elastic

The state of equilibrium is found for stationary val-
ues of the potential energy.

A simple bar subjected to a load, P, is considered.
The force-displacement relationship illustrated in Fig-
ure 2a is used.

A load greater than the yield load (P > f,4) is ap-
plied, and the value of y which provides the state of equi-
librium is deduced, i.e. the value of y which provides
minimum of the potential energy, where y is gradually
increased from zero until equilibrium is achieved.

The change in potential energy is illustrated by the
thick line in Figure 2b. The bar behaves elastically up
to y = y. Hence there is no dissipation up to y = y,. At
¥ =y, the limit of proportionality is reached. The po-
tential energy is given by /7,. For increased elongation
a part of the energy is dissipated. At the deformation
v = yp the total loss of energy is given by /75 . As men-
tioned a part of this loss is dissipated energy, and this part
must be subtracted simultaneously from the structure in
order to estimate the change of the potential energy. This
subtracted part is seen to be given by /I — I1g", whereby
the loss in potential energy is given by I1g. I1g is in the
example also identical to the minimum of the potential
energy, /1,;,. The corresponding extension, yg is identi-
cal to the position of equilibrium. At a further increase of
y, the loss of potential energy increases further, but the
increase in dissipated energy is seen to be increased even
more, whereby /7y is the minimum value of the potential
energy. The two shaded areas do both represent the dis-
sipated energy.

The problem can also be analysed in another way.
The state of equilibrium is given by a deformation which
is greater than y,. The bar is then unloaded (P = 0). Next,
the bar is again loaded to P,. During this loading the
bar behaves elastically (with stiffness k3). The state of
equilibrium can then be determined by a classical energy

P Energy
Pyfrmmmmmmmmmmm e s ] .

). — e E
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consideration by determining a stationary state for the

it =0=>4y= i

d (A y) ks
= Y= Yplastic t Ay . The difference between this analy-
sis and the previous analysis is that, for the later analy-
sis, the deformation is split up in two contributions and
Yplastic» Which is related to the dissipation, will not be a
result of the analysis. This is also the reason why it is not
possible to use the later analysis in general as the magni-
tude of the dissipation is not known a priory. Therefor it
is necessary to use the unloaded/undeformed structure as
outset for the analysis and have the dissipation as an un-
known quantity which is linked to /7p and 11,,,;. through
the geometric quantities.

For statically indeterminate structures, the same
analogy with respect to unloading/reloading can be used.
Thereby the significance of the dissipation will be clari-
fied. During reloading the change of the stress state in the
individual members will be purely elastic. Also in this
case the magnitude of the dissipation will be unknown.
The unknown magnitude of the dissipation is the reason
why the expression for the dissipation must be a part of
the expressions and linked to Ip and 11, through the
geometric quantities. For a m-times statically indetermi-
nate structure equilibrium is found for:

il dll dr

2220, S =0,..., —=0, 3)
dx, dx, dx

m

sum of [1pand 11, that is

lastic>

where X; are the redundant variables.

In the following the potential energy is expressed for
some statically indeterminate structures. Starting by ana-
lysing truss structures which are characterized by constant
internal forces in the individual members. Subsequently a
frame structures which, on the contrary, in general have
variable distribution of internal forces is analysed.

1.1. Constant internal stresses

A method for structures with constant internal forces
is found through an analysed example. Afterwards the

Fig. 2. a) Bilinear stress-strain relation. Material with inelastic stress-strain behaviour for y > y,, = y,. At unloading for y > y,
the stiffness is given by k3; b) Different contributions to the energy as function of the elongation of the tension bar
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Fig. 3. a) Structure; b) Statically determinate basic system; ¢) and d) s, and s, for X; = 1,

respectively X, = 1

method is generalised. First the two times statically inde-
terminate truss structure shown in Figure 3a is analysed.
All bars are assumed to have the same cross-sectional
area, A. Problems related to instability are disregarded.

The stress distribution is analysed using the princi-
ple of the force method. The stress distribution is there-
fore analysed by defining a statically determinate basic
system. This has been chosen to consist of the bars 1 and
2, see Figure 3b. This statically determinate basic system
is loaded by the external load. Accordingly, the redundant
is expressed by the stresses in the bars 3 (X)) and 4 (X;),
see Figures 3¢ and 3d.

The stresses in the individual bars can thus be ex-
pressed as linear combinations of P, X| and X,.

3P
4

o) = +1- X1+\f 3-X,,

“4)

Any combination of X; and X, will thus be in equi-
librium with the external load. The stresses from the re-
dundant variables can be considered as states of eigen-
stresses. The question is which values of X and X, will
be the actually occurring values. That means which val-
ues of X; and X, will also fulfil both the geometrical and
statical conditions.

The actual values of X; and X, are determined by
requiring the potential energy to be stationary.

A situation in which the load has a magnitude so that
yielding occurs in 3 and 4 while bar 1 and bar 2 behaves
clastically is examined. The stress-strain relation for the
material is shown in Figure 4.

The individual components in Eqn (2) are deter-
mined for the static system shown in Figure 3.

2
1oy T+ 1%y,

_1 1 O-l All 1 0'2 Alz
2E T2 E

2 E 2

11

elastic

(%)
p=-Py. (6)

Here P is the external load and y is the displacement of
this load. In the state of equilibrium both the statically
and geometrical conditions are met, which means that the
applied loads are in equilibrium with the internal stress-
es, and the deformation at the applied load is compat-
ible with the strains in the structure. Thereby, using the
principle of virtual work in the particular case with real
static and geometric quantities, //p = —Py can be replaced

4
by 17, =—Zo-igiAili for the statically indeterminate

structure.
Dissipation takes places in bar 3 and bar 4. This
amounts to:

2
Aw = [0'383 —%ggy —1(0'3 —4/)83 —liJAl?) +

2 2 E,
) )
1 1 10,
0464 ——C6, ——(04 =& ) &4 ———— |4l4.
[44 2§y 2(45)42]52}4
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o, ¢
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'
.
'
I
& &

Fig. 4. Bilinear stress-strain relation. Material with inelastic
stress-strain behaviour for ¢; > ¢,. At unloading for ¢; > ¢,
stiffness is given by £, '
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By inserting Eqn (8) in Eqn (7):

PP L SO P D W e ) MR X 8
E, 2°E 2 Ey 2 E,
2
o4(0s-¢) 1;& 1(oa=¢)" 10/ Al
E,, 2°E 2 E;, 2E | °
9
By solving d—H—O d—H:0 the values of X; and
dX, dx,

X, which fulfil both the geometrical and statical condi-
tions is found. /7 is found by Eqn (2) using the expres-
sions for I1p, I1,,y;. and Aw.

It is generally assumed that the load is increased
continuously, and that no single part is relieved.

In general it applies for a truss structure which is m-
times statically indeterminate that the stress in the /1 bar
may be expressed by:

0;=00+s; 1X1+s 2X2+ +sijm, (10)
where o0 is the stress in the j bar produced by the
known external loads acting on the statically determined
truss obtained by having all X's equal to zero. s; is
found by setting the corresponding unit force, X = 1 and
the remaining X's and the external loads equal to zero
in the statical determinate truss. s;X,, is the stress pro-
duced in the j bar by the redundant X, .

It is assumed that all bars exhibit an inelastic rela-
tionship between strains and stress for ¢; > ¢, see Fig-
ure 4.

The contribution from the external loads in general:

1, ==Y B 5 . (an
k=1

where P is the external load and y is the displacement
of the load. As in the example above E,, p = —-XP—y
can be replaced by E,,, p = —X0;¢;4;l; for a statically
indeterminate structure by using the principle of virtual
work in the particular case with real static and geometric
quantities. A4; and /; is respectively the cross sectional
area and the length of the j bar.
The elastic energy stored in the structure:

2

n 1 O—]
Helastic :ZE E 'Ajlj P (12)
Jj=1 2

where 7 is the numbers of elements.
The dissipated energy, which is identical to the loss
of potential energy can be written as:

1
08 Ajly =568y Al

W:Zn: ) . (13)
J=l '

1 10
——(o,~¢) e, Al ———L 41,
2( J ) J 7] 2E2 7]

Changes of strains in the structure, from non-static
conditions, such as thermal deformations and shrinkage
will also change the potential energy in the individual
members by o0;¢;0A4;l;, where &; can represent both
thermal deformations ( @At ), shrinkage or plastic strains
from previous load scenarios (positive as elongations).
Eqns (11), (12) and (13) are inserted into Eqn (2). Some
part can be assembled/respectively be deleted. Please
note that the two parts containing £, are equal to each
other, whereby £, vanish from the equation. The value
of E, is thus irrelevant, and need not to be identical to £
or any other specific value:

H:_i(%g.gy.AjljJr%( ; g)g Al +o0g AZ]'
j=

(14

Stationary values of Eqn (14) give the equilibrium of
the structures. For structures with no variation of stresses
in the individual members, the derivatives of Eqn (14)
can be found straight forward. The derivative that gives
the state of equilibrium is given by:

= Z ( §+g Js =0
0 |51 =Y
Xm j=1 sh ! !
_é“ J
Al +8-0 S'2:O,
dx, z “( Eg 77)7 15

Jj=1
ey

d < o;-¢
dx,, :_ZAJIJ( E +EJ’0]Sj,m =0.

J=1

This is identical to —0B/0X; for structures built of
inelastic materials, where B is the complementary strain
energy. This was first presented by Engesser (1889).

The equivalent equation for materials with an elastic
response, 1.¢. ¢; = o;/E} < ¢, is given by:

n
z +80S1 0,
dl j=1 [ jj

n
+ 0,
dX2 Z‘; ( s,ojm (16)

J
i & (0', J
:—ZA.]. ——+&;0 |5 =0.
ax = JJ E‘1 J Jhm

At the derivation of this expressions 4w = 0. This
appears to be identical to —0A/0X; for structures built of
elastic materials, where A is the strain energy. This was
originally presented by Castigliano (1879).

Typically, only a part of the bars will be above the
yield point. This means that Eqns (16) must be applied to
the bars, which is not subjected to yielding, and Eqns (15)
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must be applied to the bars subjected to yielding. Since
the rewriting of the external load is identical for the two
cases, this separation into the two groups takes place
without further rewritings.

By comparing Eqns (15) and (16) it is seen that by
expressing these as a function of the strains, Eqns (15)
and (16) can be expressed by the same set of equations:

ZA . £;S;.
Xm =
o; /
—+ & [OFERSS
ZAIE%Z— g0 T
dX2 — gj =
o; g
. E, tEj0 0>y
S
de ZA/ngJSJm =
(17)

By returning to the example with the two times in-
determinate truss structure, Eqn (17) can directly be used:

O

FJJ“%O £;%¢,
1
Aljgjs; =0, & = .
P LT M
E, tE;0 €5 >8,
S

(18)

In this example there are two equations with two un-
knowns, corresponding to i = 1, respectively i = 2. X;4/P
and X,4/P are shown as functions of P/P, in Figure 5.
P, is defined as the load at which yielding initiated in
the bar 1 (yielding in bar 3 and bar 4 has initiated at
lover load levels), i.e. oy = f;. The following values have
been used in the example: ll 4000 mm, 4 = 100 mm?,
Jy =500 MPa, E; =200 000 MPa, Ey, = 0.05-E.

At P/P, = 0.77 yielding in bar 4 is reached. At
P/P, = 0.98 yielding in bar 3 is reached. Up to P/P, =
0.77 there is no energy loss. In the range P/P, = [0.77,
0.98] energy is lost in bar 4. At higher values than P/P, =
0.98 energy is lost in both bar 3 and bar 4. The displayed

102

0.0
0.98 1.00
P/Py

Fig. 5. Relative values of the dissipated energy at equilibrium
and the redundant X; and X, as function of the load level for
the truss structure shown in Figure 3

value of the lost energy is equivalent to the lost energy at
equilibrium at the respective load levels corresponding to
113" — Iy in Figure 2b. The values of X| and X,, changes
as a result of the increasing dissipated energy. The maxi-
mum strain occurs in bar 4, at P/P, = 1, and is given by
g =17T¢,.

max,4

1.2. Varying internal stresses

Finding the state of equilibrium for structures of inelas-
tic materials by determining the stationary state of the
potential energy is a generally applicable concept. For
structures constructed of elements with varying internal
stresses, the concept is the same. The concepts of set-
ting up expressions for /1p, 11, and 4w are basically
identical to the case with elements with constant internal
stresses. This is illustrated by examining a frame struc-
ture. For a frame structure the potential energy is also
determined by Eqn (2). In Figure 6a a bilinear relation
between the moment and the curvature is shown. The
diagram can be subdivided into four different parts. The
different parts are denoted A, B, B, and C. The section
under consideration has the bending moment M; and the
corresponding curvature k;. For beams, or parts of beams,
with inelastic response, the elastic potential energy is rep-
resented by A. The dissipated energy is represented by
C. The loss of potential energy derived from the external
loadings can, by use of the principles of virtual work,
be expressed by the negative value of: A + B+ B, + C.
This is analogous to the rewriting of Eqn (11). Accord-
ing to Eqn (2) the potential energy is thus expressed by
the negative value of B;+ B,. According to Figure 6b the
potential energy can, in the elastic case, be expressed by
the negative value of B.

[, Y A,

K K

a) b)

Fig. 6. a) inelastic response; b) elastic response

The potential energy for an incremental part dx of
a beam:

1 M, <
—EMj'Kjdx, Kj:? Mj—My
dIl = !
! ! dx, M.>M
— EJMK'y-I-E(M]—gM)K] X, j> v
(19)

This expression can be seen to be analogue to
Eqn (14). Due to the variation of the internal forces the
potential energy must be found by integration:
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Fig. 7. Relative curvatures in points A, B and C and dissipated energy as function of the load level
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The moment, M; can be expressed as linear func-
tions of the redundant variables, X;, X,,... The stationary
state of the potential energy is found for dI1/dX; = 0,
dIl/dX, = 0 and so forth.

The two times statically indeterminate frame struc-
ture shown in Figure 1b is considered. In Figure 7 the
relative curvature at point A, B and C as well as the dis-
sipated energy are shown as function of the load level.

The ratio between D, and D, in the example is giv-
en by D,/D; = 0.02. Yielding initiates at point C at a
load of P = 0.81P, and initiates at point B at a load of
P =0.93P,. It is seen that the necessary capacity with
respect to the curvature at point C is 5.0 times the cur-
vature corresponding to yielding in order to achieve the
full capacity.

Conclusions

It is shown that the stable state of equilibrium can be
determined by minimizing the potential energy for struc-
tures constructed of inelastic materials. Thereby a physi-
cally based description of achieving equilibrium has been
established.

The change in potential energy from the external
loads is independent of the response of the materials.
The change of the potential energy in the materials is the
increase of the elastic energy. However, the dissipated en-
ergy must simultaneously be subtracted the potential en-
ergy. Changes of strains in the structure, from non-static
conditions, such as thermal deformations and shrinkage,
as well as plastic strains from previous load scenarios,
will also change the potential energy. Thus the method is
also capable of taken effects from thermal deformations
and shrinkages into account. The number of equations

equals the number of redundant variables of the struc-
ture. For structures with constant stress level in the in-
dividual members it turns out that the method involves
solving a number of equations which are all functions of
the strains.

An important application of the method is to deter-
mine the necessary ductility for a given statically indeter-
minate structure. And thus the ductility required achiev-
ing the full capacity of a given structure.

There is thus established a physically based method
for the determination of equilibrium for structures con-
structed of inelastic materials. As a direct result of the
determination of the equilibrium is also determined the
necessary capacity with respect to the ductility.
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