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Abstract. Two structural performance indexes, making use of eigenvalues of stiffness matrix, are presented in the study
for the evaluation of element importance in the progressive collapse analysis of space trusses. Both indexes are based on
the consensus that the element transferring higher loads in the load path is generally more important in the structural sys-
tem. The first index is formulated as change of the smallest stiffness after removal of specific element, and the second in-
dex is defined as determinant of the stiffness matrix. Several simple numerical examples are presented to investigate per-
formance of the proposed indexes; and finally, a square pyramid space grid system is studied as an illustrative example.
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Introduction

Progressive collapse is not an emerging subject. Re-
searchers have paid much attention to this issue since
the Ronan Point apartment collapsed in 1968 (Ministry
of Housing and Local Government 1968). Furthermore,
some essential requirements for structural integrity and
collapse resistance have to be satisfied in some practi-
cal structural design codes (Ellingwood 2005; Stylian-
idis, Nethercot 2015; Djamaluddin et al. 2015; Guo ef al.
2015). To enhance structural robustness and integrity as
primary design methods, the tie force method, alternate
load path method, and specific local resistance method
were proposed (DoD 2009; GSA 2003).

In the existing literature, frames have been exten-
sively studied for their robustness and capacity in re-
sistance of progressive collapse, while little attention
has been paid to long-span systems. For example, Wang
(1994) discussed the static response of space frames with
progressive member failure, including the effects of geo-
metric nonlinearity. However, the accidental collapses of
the roof at Charles de Gaulle airport in France and Bart
Lai Haer Skating Museum in Germany, both of which
occurred in recent years, highlight the importance and
urgency of research on progressive collapse of long-span
space structures.

Usually, space trusses of the double-layer grid type
are assumed to have sufficient redundancy because of
their high degree of static indeterminacy. Therefore, re-

moval of one member would cause force redistributions
that can be accommodated by the remaining structure.
However, Murtha-Smith showed that progressive collapse
of space trusses could occur following the removal of one
of critical members, when they are subjected to full ser-
vice loading (Murtha-Smith 1988). Affan and Calladine’s
work also showed that the collapse criterion for a space
truss is a function not only of its degree of static inde-
terminacy, but also of other structural parameters (Af-
fan 1987; Affan, Calladine 1996). Hence, the criterion in
terms of static indeterminacy is not scientifically robust
in preventing progressive collapse of space trusses (Se-
bastian 2004).

Wu et al. (1993a, 1993b) stated that it is an effective
way to study structural inherent weaknesses based on its
structural form. The effect of snap-through behavior on
the collapse mechanism of space trusses was investigated
by Morris (1993). The dynamic response of truss-type
structures, including the double layer grids, after the loss
of member was also studied (Malla, Nalluri 1995). Bland-
ford (1996) utilized constitutive relationships to model
the elastic and inelastic member behavior during the pro-
gressive collapse of space truss structures. Sheidaii ef al.
(2001) presented a methodology based on energy meth-
ods to determine the dynamic snap-through response of
trusses. A methodology was given by Malla et al. (2011)
to incorporate the history dependent cyclic inelastic axial

Corresponding author: Jianguo Cai
E-mail: caijg_ren@hotmail.com

562
www.tandfonline.com/tcem

Copyright © 2017 Vilnius Gediminas Technical University (VGTU) Press

Taylor &Francis
Taylor & Francis Group



Journal of Civil Engineering and Management, 2017, 23(5): 562-572

deformation of trusses in the dynamics. In the analysis,
both the external dynamic loading and the internal dy-
namic effects caused by member failure have been taken
into consideration. Mashhadiali and Kheyroddin (2014)
carried out the progressive collapse assessment of new
hexagrid structural system for tall buildings. Milana et al.
(2015) provided some insight on the residual strength of
diagrid structures in the damaged state, which is mod-
elled by the elimination of diagonal grids.

Malla and Serrette (1996) stated that initial lack of
perfectness may cause prestressing in members. Particu-
larly in the cases of double-layer grids with high degree
of static indeterminacy, they may face unexpected failure
at relatively low loads. Ei-Sheikh (1997) proposed a nu-
merical method to study the sensitivity of space trusses
subjected to both gradual and sudden member losses.
Moreover, they studied the effect of composite action be-
tween a top concrete slab and a space truss on reducing
this sensitivity. Nafday (2011) proposed a consequence-
based structural design method for black swan events,
which is accomplished through the conceptual develop-
ment of a system capacity oriented design approach. In
this method, structural members were designed for vari-
able reliabilities based upon their contribution to causing
adverse system consequences. The robustness of trusses
was studied by both nonlinear static and dynamic analy-
sis (Jiang, Chen 2012). The mechanism of internal force
redistribution was investigated and the significance of the
mechanism affecting the subsequent failure process af-
ter the initial removal of the member is revealed. Olmati
et al. (2013) applied a methodology to a steel truss bridge
that takes into account the consequences of extreme loads
on the structure, focusing on the influence of the loss of
primary elements on the structural load bearing capac-
ity. Salem and Helmy (2014) analytically investigated the
cause of the collapse of a truss bridge using the Applied
Element Method. Kim and Park (2014) carried out the
study on progressive collapse of special truss moment
frames, which consist of steel columns and open-web
truss girders rigidly connected to form effective seismic
load-resisting systems. De Biagi (2016) studied the be-
havior of a metallic truss under progressive damage and
defined a possible strategy to sustain damage subjected to
random removal of one of its elements.

It should be noted that in most of these literatures,
the initial failure member was chosen arbitrarily or by
conceptual judgment. By contrast, in frame structures and
shear bearing wall structures, the members that should
be removed in the progressive analysis are specified in
the codes (DoD 2009; GSA 2003). This motivates us to
present two different structural performance indexes to
evaluate the element importance of the space trusses in
their progressive collapse analysis. Both structural perfor-
mance indexes are incorporated into the same framework
of element importance index, based on the consensus
that elements transferring higher loads in the load path
are generally more important in the structure: the first
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structural performance (or element importance) index is
defined as (change in) structural stiffness after remov-
ing a element, where the tangent stiffness is chosen to
represent the structural stiffness; in the second structural
performance (or element importance) index, (change in)
determinant of the stiffness matrix is evaluated.

1. Structural stiffness of space trusses

1.1. Topology

Suppose that a truss has m members, n free nodes and
' fixed nodes. Let k denote a member, and let i and j
(i <) denote two nodes. If member £ is connected to the
nodes i and j, then the /" and ;™ entries of the A row

of the connectivity matrix C* (e Rmx("“’f)) are 1 and —1,
respectively; otherwise, if nodes 7 and j are not connected
by the member £, then the corresponding elements in C*
are zero. Hence, the connectivity matrix C* can be de-
fined as follows (Zhang, Ohsaki 2006):

1, for p=i;
C(Sk,p) =4-1 Jor p=J (D
0, for other cases.

For convenience, the fixed nodes are preceded by
the free nodes in the numbering sequence. Thus, the con-
nectivity matrix C* can be partitioned into two separated
parts as:

C :(c Cf), )

where C (¢ R™") and C/ (e Rmx”f) describe the con-
nectivity of members connected by the free and the fixed
nodes, respectively.

1.2. Equilibrium analysis

Letx,y,z (eR") and ¥, ¥, #/ (e R”’f ) denote the nodal
coordinates of the free and fixed nodes in x, y and z di-
rections, respectively. Let ¢, and g, denote the Young’s
modulus and cross-sectional area of member £, respec-
tively. The length of member £ in the stressed and initial-
ly unstressed states are denoted by /, and I}, respectively.
Assuming that truss bars (members) are made of linear
elastic materials; i.e., the strain-stress relation is linear, its
force density g, can then be written as follows when the
strain is small (Zhang, Ohsaki 2006, 2015):

1 I, ~1} 11
qr =—|eéa, —F |=€aq | |- (3)

k lk ( k“k 118 k“k l]({) Zk
The force density VectorT g (€R™) is denoted by
q=(q1> 42 ->q,) " where () refers to transpose of the

matrix or vector. Denote force density matrix Q (e R™")
as the diagonal version of the force density vector q. e;a;,
of member £k are the (k, k) element of the diagonal ma-
trix K" (e R™™). Hence, all the force densities can be
given as:
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Q=K'(Lg'-L"). )

Subsequently, the equilibrium equations in each di-
rection can be given as (Zhang, Ohsaki 2006, 2015; Oh-
saki, Zhang 2006; Cai, Feng 2015):

cTQCx+CTQC/x/ =17,
CTQCy+CTQCy/ =17, (5)
Cc'QCz+C'QC 2/ =17,
where ¥, f7, f2(e R") are the external nodal load vec-
tors applied on the free nodes in x, y and z directions,

respectively. . ,
Denote E (e R™") and E/ (¢ R"" )as:

E=C"QC, ©
E/ =CTQC’.

Then the equilibrium equations can be rewritten as:
Ex+E/x/ =f*,

Ey+Efyf =7, @)
Ez+E/z/ =

1.3. Stiffness matrices

The tangent stiffness matrix of the truss is defined by
partial differentiation of the external nodal load vector
f=(f*T, £T, £T) with respect to nodal coordinate vector
X = (xT, yT, z), which can be written as:

of* of* off
ox Oy Oz
KOl o |
oX | ox oy oz
of* of* of*
| Ox Oy oz |

where K(e R*”3") is known as the tangent stiffness ma-
trix.

Partial differentiation of Eqn (7) with respect to x
results in:
of" _[6E U . A .
—=| —X —X+—

+——X x',...,—x+——x’ |+E,
Ox

ox o,  ox, 0x, 0Ox,, X,

ofY (oE_ 0B/ , 0E_ OB/ , OE_ OE/
—=| —y+—y . —y+—y ..., —y+—Yy’ |,
ox | oOx ox; 0Ox, 0Ox,

Ox ox,

n n

off (6E_oE/ . oE OB/ . OE_ OE/ ,
=—2z+—2' ,—z2+—17’,..., z+ z’ |,
ox | Ox 0Ox 0x, 0Ox,

(€))
where x; denotes the x-coordinate of the free node i. By

using the definitions in Eqn (6), where C and C' are con-
stant matrices, we obtain:

a_E:CT 6_QC

8);[ Ox; (10)
ai:CT a_ch_

Ox; Ox;

1 1

Because the member lengths L in the unstressed
state is constant, the partial differentiation of Q with re-
spect to the x; can be written as follows from Eqn (4):

Z—f::K* (Ll)zg_,t‘ (11)

Moreover, K* is constant, since the members are as-
sumed to be linear elastic such that e, is constant and
change in the cross-sectional area a; is negligible.

The coordinate differences u;, v, and w;, of the mem-
ber k connecting to nodes i and j (i <j) in x, y and z direc-
tions can be respectively calculated as follows:

W =X, =X, Vg =V =YW =2;— 2. (12)

From the definition of the connectivity matrix,
which has only two non-zero elements in its k-row, 1 and
—1 corresponding to the nodes 7 and j connected by the
member k, Eqn (12) can be rewritten as:

Uy :Ckx+C{xf,
v, =C,y+Cly”, (13)
Wy :Ckz+C{zf,

where C; and C/, denote the k-th rows of C and C/,
respectively. Hence, we can have the coordinate differ-
ence vectors u, v and w (e R™) . In some cases, it might
be more convenient for us to use the diagonal form of a
vector, which is denoted by the capital letter. For exam-
ple, U, V and W are the diagonal forms of the coordinate
difference vectors u, v and w, respectively.

Because the length /, of member & has the following
relation with its coordinate differences:

P> =u? v 4w, (14)
k k k k
square of the length vector I>(e R”) can be written as
follows using the coordinate difference vectors:
2 _ 2, 2 2
I=w +v +w . (15)

The diagonal form of I is denoted by L (€ R"™™).
From Eqn (15), partial differentiation of L with re-
spect to x; leads to:

6_L=L_1 U@_U+V5_V+Waﬂ ] (16)
Ox; X; X; Ox;

From Eqn (13), we have:
ou oV oW
— =diag(C;), —=0, —=0. 17
ox; zag( ') Ox; ox; 17

1 1
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Then we have:
2—Ex+%xf -C'K" (L*l )3 Udiag(C, )(Cx+Cfxf)
=C'K' (L )3 Udiag (Cx+C'x")C,
=C'K (L) U'C,
(18)

Using Eqn (18) and letting A*=C'UL",
A’ =C"VL', A°=C'"WL", Eqn (9) can be rewrit-
ten as:

A _cx (L") U’C+E=AK'L"'(A") +E,
ox
> ok (L )3 UVC=AK'L" (A" )T , (19)
ox
afz * _ zys*y — x
S CK(L ) uwe=AK'L (A7) .

Then the stiffness of the system can be obtained as:

AKL'(A) +E  AKL'(A) A'K'L' (A7)

K=| AKL'(A")  AKL'(A’)+E AKL'(A%)

AK'L' (A7) AKL'(A")  AKL'(A) +E

(20)

The elements in the second and third columns of the
tangent stiffness matrix in Eqn (8) can also be obtained
in a similar way to Eqns (8) and (9).

Let I (e R*?) denote an identity matrix. By letting
A = (A", AV, AY), the tangent stiffness matrix K given
in Eqn (20) can be written as the sum of the linear stiff-
ness matrix Kz and the geometrical stiffness matrix Kg
as follows:

K=AKL'A"+I®E=K, +K_, (21

where @ denotes tensor product.

The tangent stiffness matrix presented above can be
used for any pin-jointed structure in the field of elastic
systems with small strain, since we have not used any
further assumptions.

2. Element importance

In this section, we present two indexes for evaluation of
element importance of a space truss, and use them in two
different scenarios: to examine global effects of the in-
dexes excluding any specific load, and to examine “local”
effects of the indexes while the structure is subjected to
given external loads.

2.1. Structures without loads (first index)

To evaluate the importance of an element, it might be
straightforward to observe the change in structural perfor-

mance of the structure in the two states: the intact state as
well as the damaged state when the element is removed
from the structure. Based on this concept, the element
importance index «; of the i structural element is gen-
erally defined as follows (Pandey, Barai 1997; Gharaibeh
et al. 2002):

a; =100 (22)
Yo

where v is the structural performance index of the intact

structure and v; is the structural performance index after

the failure of it" element.

It has been well known in structural engineering that
the stiffness matrix contains detailed information of the
structure, not only on its stiffness but also on its stabil-
ity. Since structural performance of a structure is directly
linked to its stiffness matrix, it is reasonable to evaluate
the structural performance based on the tangent stiffness
matrix.

Moreover, Zhang and Ohsaki (2015) stated that sta-
bility and stiffness of a structure can be characterized
or indexed by the smallest eigenvalue A; of the tangent
stiffness matrix, while the zero eigenvalues correspond-
ing to rigid-body motions have been excluded. When A,
is positive, the structure is stable; when it is negative,
then the structure is unstable. Furthermore, stiffness of
the structure against external loads in its weakest direc-
tion can be evaluated by the magnitude of A;. Larger A;
corresponds to higher stiffness of the structure. Hence,
the smallest eigenvalue A, is used as the first structural
performance index y as in Eqn (22) for evaluation of ele-
ment importance.

On the other hand, the determinant of the stiffness
matrix, det(K) = A xA,%... xA3,, is a theoretical tool to
quantify the degree of safety of a structural system for a
given performance objective (Nafday 2008). Therefore,
the determinant of the tangent stiffness matrix is used as
the second structural performance index y as in Eqn (22)
for evaluation of the element importance.

A well-known static indeterminate planar truss, as
shown in Figure 1, is studied to compare the element
importance by using these two indexes. The structure is
composed of four nodes and six bars (elements or mem-
bers). The element area stiffness of all bars, ea, is as-
sumed to be 1.0. The lengths of bars 1, 2, 5 and 6 are
1.0. Nodes 1 and 2 are free nodes, and nodes 3 and 4 are
fixed nodes. The connectivity matrix of the structure is
given in Table 1.

The four smallest eigenvalues of the tangent stiff-
ness and the results of element importance indexes are
listed in Table 2. The last row of Table 2 shows the results
according to the element importance index presented in
C. M. Liu and X. L. Liu (2005); this index was proved
by the theory of minimum of potential energy.

All of the three importance indexes result in 0.0 for
bar 1. This is because the two ends of bar 1 are con-
strained by the fixed nodes, such that it does not contrib-
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ute to global stiffness of the structure. That is to say, the
structural stiffness is not affected after the loss of bar 1.

1@ ® 02
@ @

@ ®

3 4

Fig. 1. Planar truss

Table 1. Connectivity matrix of the planar truss as shown in
Figure 1

Cs Nodel Node2 Node3 Node4
Barl 0 0 1 -1
Bar2 1 0 -1 0
Bar3 1 0 0 -1
Bar4 0 1 -1 0
Bar5 0 1 -1
Bar6 1 -1 0 0

The results by using the second proposed element
importance index, based on the determinant of stiffness
matrix, are almost the same as the results according to
the reference by Liu and Liu, 2005. The order of element
importance, from higher to lower, is 2, 5, 6—3, 4—1.

However, for the first proposed element importance
index, based on the smallest eigenvalue of the stiffness
matrix, the order of element importance is 2, 5—3, 4—1,
6, since the importance index of bar 6 is also zero. It
is clear that this is incorrect, because bar 6 is important
when a horizontal load is applied on the free nodes 1 and/
or 2. The reason comes from the fact that the smallest
eigenvalue of the stiffness matrix is not varied after the
loss of bar 6. However, the second and fourth smallest
eigenvalues of the stiffness matrix greatly decrease.

Table 2. Element importance result of the planar truss

J. Cai et al. Applications of stiffness-based evaluation method to element importance of truss systems

Based on the above-mentioned observations, it is
found that the second element importance index based
on the determinant of stiffness matrix is superior to the
first one based on the smallest eigenvalue. This is be-
cause the determinant of stiffness matrix contains all the
eigenvalues of the stiffness matrix, including the smallest
one. In the following examples, only the second element
importance index based on the determinant of stiffness
matrix is used.

2.2. Effects of support conditions

The support conditions of the planar truss in Figure 1 are
revised in this subsection to investigate the influence of
support conditions on the element importance. In Fig-
ure 2, the horizontal constraint of node 4 is released, and
it is only vertically supported.

1 ® ,)2
@ @
@ ®
3 4

PN @
Fig. 2. Planar truss with different support conditions

The element importance indexes, based on determi-
nant of the stiffness matrix, of all bars are summarized in
Table 3. The order of element importance is 2, 5, 6, 1—3,
4. The element importance of bar 1 varies significantly
from 0.0 to 0.8964. Moreover, the element importance
indexes of other bars also increase slightly. This is be-
cause that the degree of static indeterminacy decreases
when the horizontal constraint of node 4 is released. The
robustness of the system decreases and the possibility of
progressive collapse increases after the loss of any ele-
ment.

Removed bar no.
Intact system
1 2 3 4 5 6

0.241 0.070 0.118 0.118 0.070 0.241 0.241
The four 1.241 0.536 1.000 1.000 0.536 0.241 1.241
smallest
eigenvalues 1.466 1.367 1.315 1.315 1.367 1.466 1.466

2.466 2.441 2.274 2.274 2.441 1.466 2.466
a,(A) 0.0 0.710 0.510 0.510 0.710 0.0 ———-
det (K) 1.082 0.125 0.354 0.354 0.125 0.125 1.082
a,(det (K)) 0.0 0.885 0.673 0.673 0.885 0.885 —
C. M. Liu and X. L. Liu (2005) 0.0 0.884 0.673 0.673 0.884 0.884 ———-
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Table 3. Results of planar trusses with different support
conditions as in Figure 2

Bar 1 2 3 4 5 6
number
det (K) 625.0 | 625.0 | 1767.8 | 1767.8 | 625.0 | 625.0
o; 0.8964 | 0.8964 | 0.7071 | 0.7071 | 0.8964 | 0.8964

2.3. Effects of bar stiffness

The area stiffness of bar 2 is increased as shown in Figure
3(a) and the area stiffness of bars 2 and 5 is increased as
shown in Figure 3(b) to study the influence of bar stiff-
ness on the element importance. Results for all bars are
given in Table 4.

(a) Bar 2 is stiffened

(b) Bars 2 and 5 are stiffnened

Fig. 3. Planar truss structures with different bar stiffness

Table 4. Results of planar trusses with different bar stiffness
as in Figure 3

a 2 3 4 5 6
Initial 0.8845 | 0.6732 | 0.6732 | 0.8845 | 0.8845
structure

ea,= 15 0.9199 | 0.6602 | 0.6602 | 0.8799 | 0.8799
eay=2 0.9387 | 0.6532 | 0.6532 | 0.8774 | 0.8774
f“52=e”5= 0.9166 | 0.6460 | 0.6460 | 0.9166 | 0.8748

It can be seen from Table 4 that the element impor-
tance index of bar 2 increases, when its bar stiffness is
increased. Meanwhile, the element importance indexes
of other bars reduce. In the case that the area stiffness of
bars 2 and 5 is both increased, the element importance
indexes of both bars increase. It can be concluded that
the element importance index increases with the increase
of bar stiffness. Intuitionally the bars with higher stiffness
sustain higher external loads in the load path, and there-
fore, it becomes more important to the structure.

2.4. Structures under loads (second index)

The element importance index considering the load effect
is studied in this subsection. In this situation, the element
importance index is revised as follows:

_y
a =00 (23)
Y0
where v/ is the structural performance index after the fail-
ure of i™ element under the external load.

In general, the stiffness of a space structure is not
large, thus, its deformation under external loads maybe
significant, which leads to a large geometry variation;
Moreover, the geometrical stiffness of the structure will
change significantly, according to the theory in Sec-
tion 1.3. Accordingly, the geometric nonlinearity should
be considered in the evaluation of element importance
index.

Figure 4 illustrates the geometric nonlinearity effect
on the structure. KO refers the initial tangent stiffness of
the structure. Under the external load vector P, the ini-
tial estimation of displacement can be obtained as U' as
shown in the figure by applying a linear analysis. How-
ever, the system is unbalanced at this moment, and the
unbalanced force R! can be calculated at the displacement
U!. Then the new tangent stiffness of the structure K!
will be obtained with the new geometry X! = X% + UL
The new displacement U? can be obtained with a linear
analysis when the unbalanced force R! is applied in the
opposite direction, which will leads to a new unbalanced
force R2. Repeat the previous steps until the unbalanced
force vector is small enough.

F
0 1 2
K 2 K 3 K
i F— [ R R —
R
[ U] Ulz IIJ3 U

Fig. 4. Effects of geometric nonlinearity

Two different loading patterns of the planar trusses
in Figure 1 are considered as shown in Figure 5: in one
pattern it is under a horizontal load, and in the other pat-
tern it is under a vertical load, both are applied at the free
node 1. The element importance indexes of all members
under different load levels are summarized in Tables 5
and 6. It should be noted that the load levels in these
tables are the ratios of external loads to the bar area stift-

ness.

(a) Horizontal load (b) Vertical load

Fig. 5. Planar truss under different loading patterns
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Table 5. Element importance indexes of the planar truss under
horizontal load as shown in Figure 5(a)

Load o
level Bar 2 Bar 3 Bar 4 Bar 5 Bar 6
0 0.8845 | 0.6732 | 0.6732 | 0.8845 | 0.8845
0.001 | 0.8863 | 0.6750 | 0.6722 | 0.8839 | 0.8841
0.003 | 0.8866 | 0.6782 | 0.6700 | 0.8825 | 0.8833
0.005 0.8884 | 0.6788 | 0.6693 | 0.8823 | 0.8830
0.007 | 0.8906 | 0.6815 | 0.6681 | 0.8818 | 0.8824
0.009 | 0.8902 | 0.6845 | 0.6672 | 0.8815 | 0.8819

Table 6. Element importance indexes of the planar truss under
horizontal load as shown in Figure 5(b)

Load i
level Bar 2 Bar 3 Bar 4 Bar 5 Bar 6
0 0.8845 | 0.6732 | 0.6732 | 0.8845 | 0.8845
0.001 | 0.8872 | 0.6736 | 0.6733 | 0.8821 | 0.8846
0.003 | 0.8950 | 0.6767 | 0.6739 | 0.8599 | 0.8854
0.005 | 0.8983 | 0.6771 | 0.6751 | 0.8464 | 0.8858
0.007 | 0.9047 | 0.6820 | 0.6748 | 0.8372 | 0.8873
0.009 | 0.9130 | 0.6883 | 0.6756 | 0.8255 | 0.8896

It can be seen from these tables that the element
importance indexes vary with different load levels. For
bar 3, the element importance index increases with the
increase of load level, whereas the element importance
index of bar 5 reduces with the increase of load level.

Furthermore, the trend of variation of element im-
portance index might be affected by the loading patterns.
For example, the element importance index of a bar in-
creases with the reduction of load level under the hori-
zontal load; on the contrary, it increases with the increase
of load level under the vertical load. Therefore, the order
of element importance is changed to be 2—6—5—3— 4.

Moreover, the element importance indexes under
zero loading in Tables 5 and 6 are the same as those in
Table 2. This shows that the element importance indexes
proposed in Eqns (22) and (23) are consistent when the
external loads are not considered. In other words, Eqn
(22) is a special case of Eqn (23). From the above analy-
sis, it can be concluded that the element importance index
may be influenced by the load level as well as loading
pattern.

J. Cai et al. Applications of stiffness-based evaluation method to element importance of truss systems

2.5. First-order infinite mechanism

A three-bar pin-jointed structure shown in Figure 6 is
studied in this subsection. The element area stiffness of
all bars, ea, is assumed to be 1.0. The lengths of all bars
are 1.0. There is a vertical load, P, applied at node 4 in
vertical direction. The element importance indexes are
summarized in Table 7.

Table 7. Results of a three-bar pin-jointed structure

Load @
values Bar 1 Bar2 Bar3
0 0.5000 0.5000 1.0000
1.0x1077 0.5000 0.5000 0.9997
1.0x10°° 0.5000 0.5000 0.9996
1.5x10°¢ 0.5000 0.5000 0.9995
3.0x10°6 0.5000 0.5000 0.9994

It can be seen from Table 7 that the element impor-
tance index of bar 3 is 1.0 without external loads. This
is because the structure becomes a mechanism after the
loss of bar 3. However, the element importance index of
bar 3 decreases when the load level increases. The reason
of this is that the first-order mechanism disappears when
bars 1 and 2 do not lie on the same line, and therefore,
they provide stiffness to the structure in the vertical direc-
tion. Accordingly, the method proposed in this paper can
also be applied to the structures consisting of the first-
order infinite mechanisms.

3. Element importance of space trusses
3.1. A square pyramid space truss

A square pyramid space grid, as shown in Figure 7, is
chosen as an example to study the element importance of
complicated space trusses. The grid number of this sys-
tem is 8x8, and the length of the grid is 2.5 m. The height
of the system is 1.5 m. The loads are applied at the up-
per nodes in the vertical direction. The upper surrounding
nodes are assumed to be fixed. The members are made
in steel and their elastic modulus is 2.1x10'" N/m?. The
members of the upper chord and lower chord are the steel
pipes with 60 mm in diameter and 4 mm in thickness. For
the diagonal web bars, steel pipes of 51 mm in diameter
and 4 mm in thickness are used.

3
y
@ After the loss of bar 3
X
1 4 2 1 4 2
Ao | e~ o | o>

Fig. 6. A three-bar pin-jointed structure
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Table 8. Results of a square pyramid truss

Bar Load level (kN)
number 0 10 20 30
9 0.6308 0.6301 0.6294 0.6287
18 0.7259 0.7253 0.7248 0.7242
27 0.7526 0.7521 0.7516 0.7510
33 0.6506 0.6500 0.6493 0.6485
36 0.7603 0.7597 0.7592 0.7586
82 0.7127 0.7122 0.7116 0.7110
Fig. 7. A square pyramid space grid system 84 0.7507 0.7502 0.7497 0.7492
91 0.7510 0.7505 0.7499 0.7494

Before the calculation, it is reasonable to check the 100 0.7602 0.7596 0.7591 0.7585

structural symmetry to simplify the non-linear analysis. 152 0.8517 0.8514 0.8511 0.8508
This square pyramid space grid not only has the axial 159 0.8570 0.8567 0.8564 0.8561
symmetry but also has the central symmetry. Then a 1/8 160 0.7979 0.7975 0.7971 0.7967
structure was used as shown in Figure 8, where the bar 166 0.8579 0.8576 08573 0.8570

numbers are also given.

The element importance indexes of the space truss 168 0.7817 0.7812 0.7808 0.7803

under different load levels are given in Table 8. It should 201 0.8009 0.8005 0.8002 0.7998
be noted in this table that bars 9-100 are the upper chords, 203 0.7214 0.7209 0.7204 0.7199
bars 152-217 are the lower chords and bars 257-360 are 209 0.7890 0.7886 0.7881 0.7877
the diagonal webs. Moreover, two ends of bars 73-76 are 217 0.7783 0.7779 0.7774 07769

restrained by fixed nodes, and their element importance
indexes are 0.0. Therefore, these bars are deleted from the
system. It can be observed in Table 8 that the element im-

257 0.5040 0.5032 0.5023 0.5014
290 0.6892 0.6887 0.6881 0.6875

portance indexes of all bars are affected by the load level 296 0.7242 0.7238 0.7234 0.7230
but this effect is minor. The element importance indexes 322 0.6999 0.6994 0.6989 0.6984
of all bars reduce with the increase of load levels. 328 0.7209 0.7205 0.7200 0.7196

The element importance index of bar 166 is always 132 0.7190 07186 07181 07177
the highest under different load levels. Moreover, element
importance indexes of bars 159 and 152 are also very 333 0.5156 0.5147 05138 0.5128
high. These bars are located at the surrounding of the 360 0.7189 0.7185 0.7181 0.7176
lower chord plane, and they are directed perpendicularly
to the support side. Among the upper chords, the element
importance index of bar 36, which is located at the center

Ma2. ® M34 M% M36- - H -, M33 M34 M35 M
35 35 B9 A% 363 364 W37 368
M166 M167 M168
M M 7
Wes Mo2 M100
55 s BO M3 363 Mase  \Waer  Araes 3590 N3] AT Swasd " ATEB o 36 365
szs 26 W27
3 ) M3 7 1 2 5 52 324032 A2 3 a5
i M160
® IMs3
32 34 W32 328 W33t 332 oted s " s
3 M210 7
322 g / M3gs w17 Wi
b % oo 293, oprass 206

291 292 29 296 7 ™

et A 289100129 203

9 0 > m

25 260
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1 257
(a) Three-dimensional images (b) Planar images

Fig. 8. The 1/8 structure system
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of the upper chord plane, is the highest. Bar 296 is the
most important among the diagonal webs. It can also be
concluded from Table 8§ that the lower chords are more
important than the upper chords and the diagonal webs.
When the distance between upper chords and the support
side is farther, their importance indexes larger.

3.2. Effects of load distributions

In practice, the load of a space truss is very complex. In
this subsection, four loading patterns are given as shown
in Figure 9 to investigate the effects of load patterns on
the element importance index: Loading pattern I is a ver-
tical symmetric uniform load, Loading patter Il is a verti-
cal anti-symmetric load, Loading pattern III is the vertical
half-span load, and Loading pattern IV is a horizontal
uniform load. The load level applied at every node for the
first three loading patterns is 20.0 kN, and the nodal load
level is 5.0 kN for the fourth horizontal loading pattern.

(a) I: Vertical symmetric loads

I T T R S N

(b) II: Vertical anti-symmetric loads

S A
A VAVAVAVAVAVAVAVE

(c) II: Vertical half-span loads

> > > —_ > —>  —>  —>

(d) IV: Horizontal uniform loads

Fig. 9. Loading patterns

Table 9. Results under different loading patterns

Bar Loading | Loading Loading Loading
number | pattern I | pattern II | pattern III | pattern IV
9 0.6308 0.6300 0.6308 0.6308
18 0.7258 0.7252 0.7259 0.7259
36 0.7602 0.7596 0.7603 0.7603
100 0.7601 0.7595 0.7602 0.7602
160 0.7980 0.7974 0.7979 0.7979
166 0.8579 0.8575 0.8579 0.8579
201 0.8009 0.8004 0.8009 0.8009
257 0.5041 0.5029 0.5041 0.5040
296 0.7243 0.7236 0.7242 0.7242
360 0.7190 0.7184 0.7189 0.7190

Table 9 shows the element importance indexes of
some selected bars under different loading patterns. It can
be found that the element importance indexes are differ-
ent when the structure is subjected to different load pat-
terns. However, this effect is minor and the order of ele-
ment importance is not changed. For all loading patterns,
the importance index of bar 166 is always the highest.
Among the upper chords, the element importance index
of bar 36 is the highest. Bar 296 is the most important
among the diagonal webs.

It can be concluded from the above-mentioned
discussions that the order of element importance is not
changed under general external loads. The influence of
load levels and loading patterns on the element impor-
tance is not significant. Therefore, for simplicity, the ele-
ment importance can be estimated without considering
the external loads for the square pyramid truss studied in
this subsection.

Conclusions

Based on the consensus that elements transferring more
loads in the load path are generally more important in
the structural, the element importance index is defined as
the change in structural stiffness after removing the ele-
ment from the system. The smallest eigenvalue and the
determinant of tangent stiffness matrix are chosen as the
structural performance indexes.

A well-known truss structure was studied to com-
pare these two indexes. The results show that the index
based on determinant of tangent stiffness matrix is su-
perior to that based on the smallest eigenvalue. The ef-
fects of support conditions, bar area stiffness and external
loads on the proposed element importance index are then
investigated using the planar truss structure.

Finally, a square pyramid space truss is selected as
an illustrative example. It is found that the lower chords
are more important than the upper chords as well as the
diagonal webs. When the distance between the upper
chords and the support side is farther, the importance in-
dex becomes larger. Moreover, the element importance of
this space truss is primarily related to the linear stiffness
matrix. Therefore, the element importance index without
load effect can be used to approximately evaluate the ele-
ment importance of the square pyramid space grids.
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