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1. Introduction

The paper contains the consideration of management
(particularly — incentive) problems in hierarchical or-
ganizations. The main method of exploration is the
game-theoretical models analysis [1]; [2]), which al-
lows describing adequately the preferences of systems’
elements. Essential attention is paid to the model of
multi-level organizational system (OS). Results of
other models’ exploration are briefly discussed in the
conclusion (see [3] for the details).

2. Basic Incentive Problem in Multi-Level OS

Consider three-level OS, which consists of one meta-
principal (P) on the highest level of hierarchy, n prin-

cipals (Pj) on the middle level, j = 1,n, and N agents
(Aij) on the lowest level, i = E, n — number of
agents in j-th subsystem (subordinated to j-th princi-

- n

pal), j = Ln, 2nj = N. The set of meta-principal
j=1

and n subordinated to him principals will be referred

to as the metasystem. Each agent Ay chooses his ac-
tion y, € Al.j, receives the reward Gij(yj) € M, from
Jj-th principal and bears costs cl.j(yl.j),'where Y = Oy

nj
Vajs weos ynjj) € Aj = il:[lAij — a vector of j-th subsys-

tem agents' actions. Thus the goal function of Aij takes
the form:

S0 =0,0) e, i=Lnj, j=1n (1)

P, is characterized by the income I-[/.(y].), bears incen-
nj

tive costs ZGij(yj) and receives the reward
i=1

Gj(Yf) € M, from meta-principal, where Y = Q)€ A{'

is the aggregated output of j-th subsystem, Qj: Aj — A,

i.e. his goal function is:

nj -
Q(y) = H(y) - Z,lo,-j(yj) + oY), j=Ln. (2)

Meta-principal is characterized by his income H(Y),

where Y=(Y, Y2 .., Y")e 4 = [1A’, and bears in-
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n
centive costs .o j(Yj) i.e. his goal function is:
j=1
n .
®(1) = H(Y) ~ 20, ®
j=
The sequence of OS functioning is as following: meta-
principal chooses the reward functions {GJ(W)} and
reveals it to principals, then each principal chooses
incentive functions {Gij(yj)} for his subordinates, then
the latter choose their actions. Assume that all the
elements of the OS (meta-principal, principals and
agents) choose their strategies independently (coali-
tions are not considered) to maximize corresponding
goal functions. The presence of aggregation (of sub-
system outputs and principals’ preferences) is essen-
tial, so from meta-principal’s point of view P’s goal
function is:

OY) = h(¥) ~¢(¥) + o(¥),j =Ln,  (4)

h (W) A — R, CJ(W) A/ — Rlare such that VY e 4:

vyeA QW)=Y  h(Y)=H(y),
nj
c(¥)= glc,j(y . (5)

The difference between (2) and (4) is explained by the
fact that the meta-principal generally has aggregated
conception about the models of subsystems, coordi-
nated with their “detailed”” models in the sense of (5).

Denote P({c,}) < 4; — a set of Nash equilibriums for
the agents of Jj-th subsystem (the set of actions, im-
plemented by the incentive functions {Gl.j}).

P({o,)) = {yed, | Vi =Ln; VieA; 0,0 v, -
Gi0) = Oyt V) 1) ), (6)

V= (ylj, Yajp - Yiap Visrp = ynjj) — 1S a situation
for i-th agent in j-th subsystem. If the hypothesis of
independent behavior (HIB) is valid (there are no joint
restrictions on the collection of agents’ choices), then

nj
P({oyh) = I1Py(oy),
i=1
P(c,) = Arg max f;(y;) (7)

Vi€ Ajj

Denote Rj(Gj) — the set of j-th subsystem equilibriums
in the framework of the meta-system:
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R(c)={Ved |V ied h¥)-

cj(W) + Gj(ﬂ) > hj(t/) — cj(tf) + Gj(tf)}, ®)
n
R({Gj}) = JI Rj(oj) — the set of principals’
j=1
equilibriums.

In two-level OS an incentive problem is formulated
as following ([2]; [4]): find a feasible incentive func-
tion, which maximizes principal’s goal function on the
set of agents’ equilibriums. When truing to general-
ize this problem to the multi-level OS, one meets some
difficulties. Despite that the operator of aggregation
Q() is defined such that 4/ = Q(A) ie. V V€ 4;
EIWG A and ¥V Ye 4 Ely eA W Q(y) restrlc-
tions M on the incentive functlons may turn out to be
such that for some j and/or for some ¥ € R.(cj) there
exists no incentive {o, € M_}, which implement the re-
quired actions (3 yje‘Pj({Gij}): Qj(yj) = Y). In other
words, choosing some incentive function, the meta-
principal could not be sure that the implemented out-
put of subsystem (ones, which maximize goal func-
tion of the principal) may be attained by some
implementable in the framework of the subsystem
combination of agents actions.

Ur;{oyb) R=

G €M jj

Denote P, = U R({o;})
OjEM j

and introduce the following assumption (once intro-
duced the assumption is considered to be valid here-
after), which guarantee the coordinatability of the
model’s restrictions.

AL VYeR Vj=1n3 y eP : ¥V=00)
Under the assumption A.1 the incentive problem for
the metasystem is:

H(Y") - ZG](Y )= max )
j=1 (oM j}
Yie R(G), j=1n, (10)

Assumption A.1 guarantees that the aggregates, defined
in (10) may be implemented by the principals as the
results of the following incentive problems solving:

H(y}) - ch,,(y] )+ 0(Y¥) > max , (11)
i= GZJEMU

vie P, = Ln. (12)
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Denote ¢ = {(Sj} and define the efficiency of manage-
ment in metasystem (efficiency of incentive mecha-
nism) as

K(©) = yer(o) M. (13)

Denote 0/ = {Gij}, then the efficiency of management
in j-th subsystem is:

K (o )= max D) (14)
yfEPjc)) -

Note, that (13) and (14) imply that the hypothesis of
benevolence (HB) is valid, i.e. principals and agents
choose from the set of the corresponding goal func-
tion maximums the strategy, which is the most pref-
erable by the upper level authority (in multi-level OS
the HB makes the sense only under assumption A.1).

Introduce the following assumptions about goal func-
tions and feasible sets.

A2.A; = A =A=][0, +c0).

A3. ¢, (y,). ¢(y) — nondecreasing, bounded below functions.
A3'. A3, c,.j(yij), cj(yj) are continuos, monotone increasing and
¢, (0)=c(0)=0.

A3". A3, cl_.,.(yij), cj(yj) are convex, continuos differentiable
and c'l.j(O) = c'j(O) =0.

Ad. M, =M, are the sets of non-negative valued piece-wise
continuos functions.

Ad.M={c |V yeA 0sc(y)<C};

)

M,; {cjl VYV Ye A OSG,.(YJ')SCJ.};

Ad” (M) ={c,| V ye A ¥0;(y;)SChiM,): =
i

n
{61V YeA sz(yf) <c}.

j=l1
Constants {Cl.j}, {cj}, ¢ are upper restrictions of the
corresponding incentive functions.

Lemma 1. If the assumptions A.2, A.3 and A.4 are
valid, then the assumption A.1 is also valid.

Define the two-level analog of the considered multi-
level OS. If: i) the number of principals equals to the
number of agents (i.e. that one agent is subordinated
to one and only one principal: » = N; such an OS may
be called trivial); ii) the aggregation does not occur
(4 = Aj, Qj(yj) = yj,) and iii) principals are passive
(they are not interested in the results of agents’ activ-
ity and play the role of the ideal information transmit-
ters), then one obtain two-level OS with the efficiency
of management the same as in the original three-level

OS with H(y)=0, j = Ln.

3. Incentives in Multi-Level OS Without
Aggregation of Information

In this section the case of no aggregation is consid-
ered (the principal is assumed having full information).
Results are presented inductively — from the simplest
one-agent two-level OS to multi-agent multi-level OS.

Consider OS, which consists of one principal and one
agent (if n =1 and/or N = 1, then indexes are omitted).
Goal functions of the principal and the agent are:
O(y) = H(y) — o(»), fy) = o(y) — c(»). It is well-known
([4]; [5]), that under assumptions A.2 and A.3' mini-
mal incentive costs of the principal to implement an
action y“ e 4 equals c(y"). Hence, the efficiency of
management is:

K, (€) = max [H(y) - c(»)], 5)

yeP(C)

P(C)= {yed| c(y) — minc(y) <C}. (16)
A

ye

Introduce one intermediate principal with the follow-
ing goal function

©,» = H,(y) + 6,0) - o). (17

Principal’s goal function will change to: ®(y) = H(»)
— 6,(»). The set of implementable actions of the agent
will remain the same (see (16), while the set of ac-
tions, implementable in the metasystem is:

R(e)={ye | c(y) — minc(y) - H(y)<c}. (I8)

yeA

It is obvious that minimum of incentive costs is
achieved when the restrictions on incentives are co-
ordinated: P(C) = R(c), hence

C-c= Hl(y*), (19)

where y*=arg max [H(y) + H,(y) — c()]. The ef-

- yeP(C) o .
ficiency of management under the condition (19) is

K (€)= max [H(y) + H()—c()].  (20)

yeP(C)

Comparing (15) and (20), one can see that the corre-
spondence between the efficiencies of incentives de-
pend on the sign of principal’s income function. If
V yed H,(y)20, then V C20 K,(C) 2K,(C). If
V yed H,(y)<0, then V C20 K,(C) <K (C). If
H (") is an alternating function, then additional explo-
ration is required.

Thus if some intermediate level (principal) is added
to the two-level OS, then if the additional income of
this principal is positive, then the efficiency of man-
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agement increases, in the opposite case — decreases (it
is worth noting that the restrictions on information
processing were not considered). So, adding one pas-
sive principal (without taking into account informa-
tion processing) does not change the efficiency of
management.

Consider multi-agent system with N agents. If this
agents do not interact, then under assumptions A.4 or
A 4" all the results, presented above, still will be valid
(the problem may be decomposed on the set of N sin-
gle-agent incentive problems). The efficiency of man-
agement in the OS with homogenous agents will be
NK(C) or NK,(C), where C is a restriction on indi-
vidual incentives.

General results on multi-agent OS management prob-
lems are presented in [6]. Below the case of weakly-
connected agents is considered (i.e. incentives and
costs of each agents depend on his own action, while
there exists general restriction on the total reward —
see assumption A.4").

In the absence of aggregation under the assumption
A.4"” the set of actions, implementable in two-level
0OS, is:

N
P(C)=1{ye 4| 2ci(yD< ), (21)
i=l1
and the efficiency of management is:

max [ HY) — Zc,<y)] (22)

yeP(C)

K, (O) =

Introduce » intermediate principals, then the goal func-
tions will take the form:

O(y) = H(y) - _210 i), (23)
=

nj
D(y) = H(y) - 6, — glozﬂyip (24)

Let the total incentive fund of the meta-principal is
limited by positive constant ¢. Suppose, that he has
fixed some distribution {C.} of this fund between th

subsystems: C =0, ZC j = c. Then the set of the
=1
actions, 1mp1ementable in j-th subsystem, is
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nj
P.(C)=1{y € 4] iglcij(yij)-flj(yi) <C}). (26)

The efficiency of management in three-level OS un-
der the HB is

max  max
Kj(c) = 2¢j=C yepPi(Cp[HYy) + Z {H(y) -
j

nj
%cij(y,-j) 1 (27)

Suppose that C =c. IfH(y) 0, then V C20 K,
(O=<KL(C), 1e. if the pr1nc1pals are passive, then the
efficiency of management in multi-level OS with
weakly-connected agents is less or equals to the effi-
ciency of management in the corresponding two-level
OS. If H{(y) <0, then the efficiency is strictly lower;
if H/(yj) > 0, then the efficiency may be strictly higher.

Note, that, when defining K,(c), principles of incen-
tive fund allocation between the subsystems was not
fixed (the first maximum in (27) corresponds to the
solution of this allocation problem). If the allocation
principles are fixed a’priori, then the efficiency may
only decrease.

4. Incentives in Multi-Level OS With
Aggregation of Information

Define for any ¥ € 4/ the following set:
AW =yl 00) =T 08)

Let yglin (Y) is a solution of the following problem:
nj
ZCU()’U)% min (29)
i=1 y €AY

yglax (Y) is a solution of the following problem:

nj
() - max . (30)
i=1 yEAY))
Denote
M (¥)= Zc,,(ym‘“(Yf)), 31)
< max j
W)= Xy X)), (32)
i=1
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Obviously, (31) and (32) satisfy (5), i.e. the real model
of the subsystem corresponds to the model of this
subsystem, operated by the principal. Moreover, for
any Y e A any principal’s costs function cj(W) satis-
fies:

T (V) < () < (). (33)
min
J
minimizes his incentive costs to implement the aggre-
gated output ¥/ and corresponds to the “ideal” aggre-
gation. Interval of costs, defined by (33) reflects in-
complete information of the meta-principal about the
models of subsystems. Hence the following statements
are valid.

Aggregated costs function ¢ (¥) of the principal

Theorem 1. Under assumptions A.1 and A.4 maximal
guaranteed efficiency of management in multi-level
OS equals

K?ax - I}I}Gaj [H(Y) — El cl}m (¥)]. (34)

Theorem 2. Under assumptions A.1 and A.4 maximal
efficiency of management in multi-level OS equals
corresponds to the full information of the meta-prin-
cipal and equals

n
K™ = max [H(Y) - Y, ¢} (V)] (35)
YeA j=1

Theorem 3. 1) “Ideal” aggregation takes place iff the
aggregated principals’ costs satisfy (31); i1) Without
taking into account information traffic and informa-
tion processing limits of the management authorities,
the aggregation of information in incentive problems
does not increase the efficiency of management.

Qualitatevely, the diffenence between (35) and (34),
on one hand, characterizes losses of the meta-princi-
pal, caused by his uninforativeness, and, on the other
hand, joint profit of principals, gained due to the fact
that they are better informed, then the meta-principal.

5. Conclusion

Limits, imposed on this paper, allowed to describe in
some details only the incentive problems in multi-level
OS with aggregation of information. Detailed analy-
sis of other, specific for multilevel OS, management
models may be found in [3]; [6]; [7]. The results of
the game theoretical models’ exploration allow to
claim the principle of rational centralization (RC)

of management, which states that the rational degree
of centralization is achieved if the following factors
are taken into account.

The factor of aggregation results in the aggregation
of information about system’s element, subsystems,
etc., with the increase of the level of hierarchy.

The economic factor comprises changes in the re-
sources (financial, material, organizational and so on),
caused by the changes of staff under centralization or/
and decentralization.

The factor of uncertainty reflects the dependence of
the information, possessed by the elements of the or-
ganization from the mechanisms of management.

The organizational factor corresponds to the author-
ity relations, i.e. to the institutional ability of certain
elements to establish “the rules” for other elements.

The informational factor embraces the changes of the
traffic values and elements’ limits of information
processing.

Application of the RC principle to certain organiza-
tional systems allows to formulate conditions, suffi-
cient for arbitrary decomposition of such management
mechanisms as resource allocation mechanisms, incen-
tive problems [5]; [8] expert decision-making mecha-
nisms, etc.
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