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Abstract. Resources selection and allocation at the project planning stage is an important issue for reducing project cost, 
duration and risk. Existing planning and scheduling methods overlook aspects of limited production capacity of construc-
tion companies (contractors) due to the fact that they are simultaneously engaged in realization of some projects. This paper 
presents a new methodology for project scheduling with repetitive processes using Petri nets based approach. The paper starts 
with an overview of current developments in the Petri nets theory. We then propose an effi cient computational method based 
on simulation of Petri net model for construction project planning and subcontractor agreement analysis. An example of 
construction project simulation research is presented to illustrate the method of project planning and resources allocation.

Keywords: project planning, construction project scheduling, repetitive processes scheduling, resources allocation, Petri 
nets, simulation modelling.

1. Introduction

Petri nets are an effective tool for modelling discrete 
event systems. Their essential advantage is the possi-
bility of mapping concurrency, asynchronism, hierar-
chism of modelled systems. Due to these advantages 
Petri nets are used for modelling and analysing complex 
discrete event dynamic systems such as manufacturing, 
operational systems, distributed data bases, and also for 
complex construction processes; see Körner and Franz 
(1989), Sawhney, Mund, and Marble (1999), Sawhney, 
Abudayych, and Chaitavatputtiporn (1999), Sawhney 
(1997), Wakefi eld and Sears (1997) for examples.

The classic methodology of CPM/PERT, used for con-
struction project scheduling is based on Berg’s class 
graphs, which are a subclass of Petri nets called marked 
graphs, or, to be more specifi c, event graphs. Contrary 
to CPM/PERT method, Petri nets can include cycles 
what simplifi es the manner of repetitive processes 
modelling. Application of different probabilistic rules 
to resources allocation (FIFO, LIFO etc.) and the pos-
sibility of using different logic conditions to start some 
tasks make Petri nets a powerful tool, similar to queu-
ing networks. The dynamics of systems modelled by 

Petri nets is described by a state vector variable in time 
(variable number of tokens in particular places). State 
vector represents the temporary lengths of queues. The 
same features enable modelling systems of probabilis-
tic structure (like in Generalized Activity Networks).

Petri nets properties such as safeness, boundedness, 
conservativeness, liveness, reachability and methods 
of their study have been discussed e.g. by DiCesare 
et al. (1993) and Reisig (1982). 

2. Nets in construction

The legible graphic representation of Petri nets com-
prising few symbols make the method a useful tool for 
mapping complex conditions in construction. It facili-
tates modelling and designing construction processes 
of different complexity level (either particular proc-
esses or whole construction projects). The type of Petri 
nets (e.g. Condition/Event–systems, Place/Transition–
nets (P/T–nets), nets with individual tokens: Predicate/
Transition nets (PrT–nets) and Coloured Petri nets – 
CP–nets used for modelling are usually chosen accord-
ing to the character of the analysed problem. 
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Wakefi eld and Sears (1997) applied P/T–nets to model 
a concrete placement operation. The same problem was 
analysed before by Halpin and Riggs (1992), who used 
Microcyclone method. Simulation results of both mod-
els were comparable. Wakefi eld and Sears claim that 
Petri nets are a more universal tool for modelling cycli-
cal processes than Microcyclone method.

Sawhney, Mund, and Marble (1999) applied hierarchi-
cal modelling methodology to mapping a steel erection 
process. This approach has been developed and also 
used by Sawhney et al. (1999) to analyse a concrete 
production plant. The model consists, among others, of 
modules like: the control room process, the mixing and 
transportation process and the cement ordering process. 
The research aim was to determine daily plant produc-
tivity versus the number of concrete trucks. The authors 
used Jensen’s concept (see Jensen 1994, 1997) of fusion 
places to represent shared resources by a number of 
work tasks, e.g. one crane is used for unloading precast 
elements, structure assembly and concrete placement. 

Mapping of large and complex systems by means of 
P/T–nets is complicated, which  impedes qualitative and 
quantitative analysis. Therefore, large systems with a 
great number of logical dependences between processes 
are modelled using Nets with Individual Tokens. These 
are Predicate/Transition nets (PrT–nets), described by 
DiCesare et al. (1993), Genrich (1991) and Reisig 
(1982), and nets with coloured tokens (CP–nets) pre-
sented by DiCesare (1993), Jensen (1991), Lin and Lee 
(1997). Transition fi ring causes a change of the number 
of tokens and (or) their type (colour). Predicates attrib-
uted to transitions, together with arc conditions, decide 
whether transition is enabled to fi re and determine the 
change of  net marking after fi ring this transition. Chang 
and Luh (1997) and Lin and Lee (1997) argue that net 
models with individual tokens are useful especially for 
modelling different types of resources involved.

Coloured Petri nets have been used, among others, by 
Wakefi eld and Sears (1997) to model earthworks at 
an airport construction site in Hong Kong. The use of 

various transporting routes and various kinds of trucks 
persuaded the authors to apply nets with individual to-
kens, probabilistic transition and queuing priorities in 
order to simplify the numerical model. The simulation 
experiment facilitated the choice of a set of machines 
optimal in terms of effi ciency.

Predicate/Transitions nets of hierarchical structure 
have been used by Körner and Franz (1989) to analyse 
a concrete placement process. The model was analysed 
by a computer simulation method at multiple change of 
initial marking net (boundary conditions). As a result 
of the simulation experiment, productivity and utili-
sation ratio of particular construction machines were 
calculated. Simulation research was aimed at determi-
nation of bottlenecks of the production system and cost 
optimisation. 

3. Place / Transition nets overview

Each PrT–net and CP–net used for modelling very 
complex systems with a large number of constraints 
and logical dependences among system elements can 
be translated to P/T net. Each net created according to 
a classical CPM/PERT method can be also presented 
in the form of P/T Petri net (see Fig. 1). Due to that 
fact, the same system (construction project) can be ana-
lysed using both methods. Horns (1989) and Magott 
and Skudlarski (1989) used CPM/PERT analysis for 
initial system assessment and Petri net was automati-
cally generated and analysed afterwards.

The graphic representation of Petri net is a weighted-
bipartite directed graph with two types of nodes. Ele-
ments p∈P called places are drawn as circles. They 
represent conditions (completion of preceding activi-
ties and resources availability) necessary to start an 
activity. Elements t∈T called transitions are shown as 
boxes or bars. They represent activities, which may 
consume time. Places  and transitions are connected by 
directed arcs. Arcs can be labelled by a number called 
arcs weight. Places, transitions and arcs create a static 
net structure. Petri net is defi ned as a quadruple: 

Fig. 1. Project network model:  a) in CPM-PERT method,  b) Petri net
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                        N = 〈 P, T, Pre, Post 〉,                    (1)

where: P and T are disjoint, fi nite, non-empty sets of 
places and transitions respectively,
Pre: P × T → N  is input function,
Post : T × P → N  is output function.

There is an arc going from the pi  place to the  tj transi-
tion iff Pre (pi ,tj) > 0. Similarly, there is an arc going 
from tk place to the pi transition iff Post (tk , pi) > 0.

The pre- and post-sets of transition t ∈ T are defi ned 
respectively as *t = {p |Pre(p, t) > 0} and t* = {p |Post(t, 
p) > 0}.

The practical way, in a computer analysis, of represent-
ing a net structure is pre- and post-incidence matrices 
of  n × m dimensions; n = ⏐P⏐, m = ⏐T⏐. These ma-
trices have the following elements:

     
(2)

                
                                                                           

(3)

where W (pi , tj ) and W (tk , pi ) are weights of cor-
responding arcs.   

The dynamics of Petri net is defi ned by its marking 
(drawn as black dots). To introduce the marking, the 
following conditions must be fulfi lled:
a) K : P → N + each place creates capacity (capacity 

may be unlimited),
b) M :P → N + is net marking, i.e. shows current 

number of tokens present in each place,
c) M0 : P → N + is the initial marking respecting the 

places’ capacity, i.e. M0(p) ≤ K(p) for all p ∈ P, 
N +  – positive whole number set.

Change of state M(p) proceeds during transition fi r-
ing (see Fig. 2). Firing enabled transition removes a 
number of tokens (equal to the input arcs’ weights) 
from each input place and adds a number of tokens 
(equal to the output arcs’ weights) to output places.  

A transition is enabled to fi re if:
1) each input place has at least as many tokens as the 

weight of arc joining them, i.e.

                                    (4)
2) after fi ring t transition the capacity of output places 

cannot be exceeded, i.e.

                 (5)

Apart from classical nets that consist of places and 
transitions (P/T nets), the following concepts are ap-
plied in practice:

•  Timed net systems
If Petri net is to be applied to quantitative analyses, 
it often needs to take account of time fl ow. Sequence 
of transitions in time can be achieved by defi ning a 
function:
          Z : T → R +,                (6)

which assigns each place of a token representing a 
delay z1 = Z ( t1 ) (tokens in input places disappear 
immediately, in output places they are available with 
delay). The delay is either deterministic or a random 
variable defi ned by any probability distribution and can 
represent the process duration.

•  Inhibiting arcs
The concept of inhibiting arcs makes it possible to con-
trol fi ring transitions according to actual place mark-
ing. In Fig. 3, transition t is connected with position 
p2 by inhibiting arc of weight l. The transition t can 
be fi ring if there is at least one token in p1, and the 
number of tokens in p2 is lower than the weight of the 
inhibitor arc l.

•  Priority nets
In the case of priority nets, a partial order in T transi-
tions set is defi ned. The priority value decides about 
the fi ring sequence of enabled transitions which have at 
least one common place in output or input. Therefore, 
priority value allows allocation of limited resources.

Fig. 2. The rules of transition fi ring

Fig. 3. Petri net with an inhibiting arc
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4. Description of a computer system / support 
tool for scheduling

To facilitate the process of construction project sched-
uling, the authors created a tool based on the Petri nets 
concept: a computer system in Borland Delphi integrated 
development environment. It comprises three modules:

Input data.1. 
Simulation programme.2. 
Analysis of simulation repetition results.3. 

 
4.1. Input data module

This module allows to defi ne the following data con-
cerning project structure and work conditions:

1. PRE and POST coincidence matrices, in which the 
project structure is defi ned and resources availability 
is assigned. The way of modelling the resources (such 
as working crew, plant and equipment) is presented in 
Fig. 4. This scheme is a so-called self-loop. Changes 
of the place marking, which represent availability of 
renewable resources variable in time (e.g., starting or 
fi nishing work of crew), together with corresponding 
dates, are recorded into simulation  outcome fi le. 

2. M0 initial and MK fi nal marking complete the net de-
scription. Initial marking vector is defi ned as follows:

                M0 =[ m01, m02, m03, ..., m0m ],     (7)

where: m0i – number of tokens in place i; i = 1, 2, ... m.

The only non-zero elements ( m0i ≠ 0 ) are those that 
represent places standing for the project start or re-
quired resources. The project completion (through 
fi ring of transition sequence) leads to the net mark-
ing change from the initial to fi nal value: Mk = [mk1, 
mk2, ..., m0m]. Similarly, only these elements of the 
vector Mk are non-zero (mki≠ 0) that represent places 
showing the end of the project or resources release.

3. Tasks’ duration: deterministic or random defi ned by 
type and parameters of distribution. In particular, the 

system allows the user to model the task duration as a 
random variable of the following distributions:

– normal distribution,
– exponential distribution,
– uniform distribution,
– user-defi ned distribution.

The user defi nes the distribution by a pair of data: dura-
tion and probability of its occurrence. Distributions are 
generated by reversing distribution function (see Björk 
and Dahlquist 1983) using generator of pseudorandom 
numbers defi ned in Object Pascal.

4. Additional conditions of fi ring of a given transition 
i, which can take the following form:

(i) N (i) ≥ k,
(ii) N (i) – N ( j) ≥ k  for N (l ) < w,
(iii) M (i) ≥ k,       (8)
(iv) N (i) – N ( j) ≤ k,
(v) Z (i) = 0,

where: 
N (i) – number of repetitions of fi red transition i (com-
pleted repetitions of the processes run);
M (i) – number of tokens in the place i;
Z (i) – binary variable: Z(i) = 0 when transition i at a given 
time is not being realised, Z(i) = 1 in the opposite case;
i, k, l, w – natural numbers.

Fig. 4. The rule of construction project 
resources modelling

Fig. 5. Confl icts that require adjusting by means 
of priority rule
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The idea of additional conditions is similar to that of 
inhibiting arcs, and facilitates the control of a construc-
tion project. It also decreases the size of the model. 
Condition (v) disables parallel realisation of two proc-
esses.

5. Priorities which allow the planner to solve confl icts 
(see Fig. 5) in case there are common input places of 
different transitions or resources are shared between a 
number of tasks.

4.2. Simulator

Fig. 6 shows the algorithm of a single replication of 
a simulation. The algorithm consists of the following 
modules:

“Start a new repetition” consists in reducing the glo-
bal clock value to zero (T:=0); the marking vector takes 
the initial value: M:=Mo.
“Does an enabled transition exist” consists in fi nd-
ing all transitions that are enabled (including check of 
additional conditions).
“Choice of transition. Change of state vector” bases 
on fi ring transition with the highest priority among en-

abled ones and leads to marking vector change: M: = 
M – e × PRE, e = [ti] = [0, ..., 1, ... 0], where ti = 1 if i 
equals the number of fi ring transitions, if not ti = 0.

For the process that corresponds with fi ring transition, 
the duration τi is random value generated according to 
the distribution defi ned. If no enabled transition exists, 
advance the global clock is necessary: 

                                 T: = T + τ,                          (9)
where: 

Ω – a set of started processes (activities) that are run-
ning at the moment T.

The value of the global clock is advanced by equiva-
lent fi nishing to duration of the shortest process among 
all that currenty proceed. It is also necessary to change 
the marking vector: M: = M + e × POST.

If the marking vector achieves the fi nal value, the rep-
etition of the algorithm is terminated (STOP). At the 
end of each repetition, the simulation counter is up-
dated (k: = k +1).

Simulation results, i.e.:
–  project completion time,
–  resource chart
are recorded in a text fi le and are the basis of further 
analyses.

The number of the replications should be stated in ad-
vance so that the relative error of mean value of the 
estimated parameter (e.g., project duration) at fi xed 
confi dence level does not exceed a required value (see 
Law and Kelton 1991).

4.3. Analysis of the results

The results of simulation replications are statistically 
analysed (mean and standard deviation of the project 
completion time and the total idle time of resources). 
The principle of resources’ idle time calculation is 
shown in Fig. 7.

Fig. 7. Illustration of outcome fi le contents

Fig. 6. Simplifi ed diagram of simulator replication
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5. Example

In many construction projects the same crews complete 
the same technological processes on the succeeding 
fl oors. Petri nets enable the planner to model repetitive 
operations in the form of cycle graphs. Fig. 8 presents 
a simplifi ed model of a twenty-storey building project. 
After earthworks and foundation are completed, a se-
ries of technological processes are to be performed on 
each storey: cast-in-place concrete walls, assembly of 
steel frame and precast fl oor slabs, brickwork of ex-
ternal and partition walls, plastering, painting, fl oor-
ing and windows installation. Some of the processes, 
i.e. earthworks, foundation work, solid fl oor roofi ng, 
backfi lling and facade cladding, are here non-recurrent 
processes.

The weight of the arc joining “foundation” transition 
with a p1 place is 20, hence after fi ring of “foundation”, 
20 tokens will appear in p1 place, so repetitive proc-
esses will be performed on each fl oor (a storey number 
can be a model parameter). 

The model assumes that the in-situ concrete walls of a 
particular fl oor can start, in relation to structural steel, 
at most two storeys in advance. Therefore, the follow-
ing additional fi ring condition has been introduced to 
the transition “in-situ concrete walls”: 

N (cast-in-place concrete walls) – 
N (structural steel) ≤ 1,                         (10)

where: N (transition) – number of completed transi-
tions.

A similar assumption has been made for the “precast 
concrete fl oor” and “structural steel” processes: so an 
additional condition has been assigned to the “struc-
tural steel” transition:

N (structural steel) – 
N (precast concrete fl oor) ≤ 1.             (11)

With the “structural steel” transition, a condition of v 
type: Z(5) = 0 has been associated, and with the “pre-
cast concrete fl oor” transition – a Z(4) = 0 condition, to 
prevent simultaneous fl oor and steel structure assembly 
for the sake of working safety conditions.

“Roofi ng” can start when there are 20 tokens in p6 
place (the value of arcs joining p6 place with “roofi ng” 
transition), so when external walls on all storeys have 
been completed. It has been assumed that the “external 
walls” of a particular storey may start no earlier than 
the completion of the fl oors of two storeys (if external 
walls on the last twentieth storey have not been com-
pleted yet). For this reason, an additional condition is 
associated with “external walls” transition:

N (precast concrete fl oor) – 
N (external walls) ≥ 3                        (12)

for N (precast concrete fl oor) < 20.

The “backfi lling” process can commence only after the 
fi rst storey fl oor has been completed. This results in the 
following condition:

                N (precast concrete fl oor) ≥ 1.  (13)

Distributions of particular operations’ duration have 
been determined according to subjective probability 
theory, which has been described, among others, by 
DeGroot (1970).

5.1. Simulation research

Let us assume that project is to be managed by a gen-
eral contractor, who needs to employ subcontractors to 
execute particular processes (“partition walls”, “plas-
tering” and “fl ooring’) and therefore has to state the 
dates when the subcontractors are to start their work. 
The simulation is used to fi nd the optimal dates.

The fi rst stage of the simulation research is determin-
ing the distribution of the project duration (random 
variable) assuming the full availability of resources 

Fig. 8. Petri net model of 20-storey building construction
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(crew) and without the analysis of their utilization 
ratio (see Fig. 9). The project duration of 468 days 
is planned with 60% probability and accepted by the 
project participants.

The second stage of the simulation research leads to 
determination of optimal date of employing the brick-
layers to build external walls. It has been assumed that 
the date they start should be set so that working place is 
provided for them, idle time is kept to minimum and, at 
the same time, the date will not reduce the probability 
of the project fi nishing on time. 

The dependences between the bricklayers’ work start 
date, the mean value of their idle days and the project 
duration (probability kept at 60%) have been modelled 
and the progress of works simulated. Fig. 10 shows the 
results of the simulation. 

In this particular case, the simulation allows the plan-
ner to fi nd the optimal date of the bricklayers’ work 
start – it is the 125th day of the project. The project du-
ration does not exceed 468 days (with 60% probability) 
and the mean standstill of the bricklayers is 9 days.

The third stage of simulation is done to fi nd the best date 
to start partition walls, and then plastering and fl oor-
ing. These works may as well be executed by the same 
subcontractor. Therefore, the subject of the analysis is to 
determine the infl uence of the number of crews (subcon-
tractors) on the duration of the project. Assuming that 
the subcontractor’s resources are fully available, project 
duration with 60% probability does not exceed:
– 569 days in the case that one subcontractor is em-

ployed, 

– 448 days when larger number of working crews will 
be employed. 

Partition walls, and then plastering and fl ooring. are 
not  critical  in this case. Considering that the increase 
of the number of subcontractors (beyond 2) has minor 
effect on the project duration, and that it is diffi cult 
to predict the (front robot) for them, a decision of the 
planner to employ 2 subcontractors is justifi ed.

In this third stage of simulation research, it has been 
assumed that working crews execute any process (par-
tition walls, plastering, fl ooring) which can be initiated 
at the earliest because of technological dependences 
(for which all predecessors have been performed). Such 
strategy of working crews allocation allows shortening 
the planned project duration to 20 days.

The agreed dates of employing crews (subcontractors) 
to execute partition walls, plastering and fl ooring are 
established on the basis of the dependence shown in 
Fig. 11, found in the repetition analysis of the results.

If these working crews start their works on the 245th 
day, the project will be completed in 448 days with 
probability of 60% (the mean number of total standstill 
days of working crews is about 5). Their work begin-
ning on the 275th day guarantees the project comple-
tion in the initially planned time and there are no stand-
stills. Indirect dates (between  day 245 and day 275) 
should be treated as comparable and effi cient solutions 
(in Pareto terms): the project duration and standstills 
are minimised. To choose the fi nal date additional pref-
erences of decision maker should be stated.

Fig. 9. Histogram of project completion time
Fig. 10. Dependences between the beginning date 
of working crew executing external walls and their 

standstill days mean number and the project duration 
(probability equals 60%)
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6. Conclusions

The Petri nets, in particular the PT nets presented in 
the paper, are a useful tool in the decision making 
process with regard to construction project planning. 
Their simple notation enables modelling the complex 
“real life” dependences and conditions, and at the same 
time facilitates programming and creation of simple 
structure computer systems, which allow carrying out 
simulations.

The Petri nets, apart from basic statistical analyses (e.g., 
determination of project duration with a set risk level), 
allow modelling resources and analysing effi ciency of 
their use. In comparison with classical PERT approach, 
the method increases the range of practical application 
and enables scheduling construction projects, where 
demand for resources is determined in terms of time. 
The example of the Petri nets application presented in 
the paper substantiates the argument that the method 
may fi nd use in the process of signing a contract with 
contractors and subcontractors in majority of construc-
tion project procurement systems.
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