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price of the underlying asset develops to a process that results in a price distri-
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1. Introduction

There is substantial empirical evidence that the valuation of European options provided by
the Black-Scholes (B&S) formula is not in accordance with the market valuation of option
premiums when we input historical or other realistically expected volatility into the formula.
Realistically expected volatility may include, for example, expectations due to volatility clus-
tering and related prediction methods.

According to Haug and Taleb (2007), in the article “Why we have never used the Black-
Scholes-Merton Option Pricing Formula?”, whose title corresponds to their view of the B&S
formula, they talk about options traders modifying the B&S formula by changing one param-
eter in the B&S formula, namely, the standard deviation, even if the change in the parameter
is contrary to the formula. This modification actually modifies the lognormal distribution to
the distribution of prices with fat tails and skewness similar to the observed historical dis-
tribution. According to Haug and Taleb (2007), options traders have been using heuristics
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and tricks since 1902 that allow for a wide choice of price distributions. Thus, from all of the
above, it is clear that without knowledge of the implied volatility, we are not able to calculate
the market price of an option using the B&S formula.

The problem, therefore, remains how a trader who does not know the implied volatility
and who cannot estimate its value or calculate it using other methods than from the B&S
formula will evaluate the option. Logically, he must evaluate the option without utilising
the implied volatility and B&S formula, and then he may possibly calculate the value of the
implied volatility. The implied volatility, therefore, looks like a side effect of the B&S formula
and seems to be relevant only as a tool for communication within the options market. This
is useful for market participants who do not value options using other instruments than the
B&S formula, as they can easily calculate the market price of the option for all strikes and
expirations using only one parameter, which is the value of the implied volatility. Also, the
use of the Geometric Brownian Motion (GBM) assumption for underlying asset price devel-
opment allowed to find an analytical solution, and so the whole situation became interesting
for mathematicians, and subsequently the analytically obtained formulas for valuation were
greatly popularised. From a certain point of view, the whole situation can be evaluated in such
a way that the authors of the B&S formula probably assumed that traders would use volatility
for valuation that corresponds to historical or some real expected volatility. Unfortunately, the
deviation of the option price from the actual market price when using historical or realistically
expected volatility is too large, in which case the B&S formula is unusable.

The research questions are: "Why does the B&S formula not provide market valuation if
historical or other reasonable volatility is used?” and: “How can European options be evalu-
ated without knowing implied volatility?”

In the financial literature, the imperfection of the model is often attributed to the as-
sumption of constant volatility in the Black-Scholes model, and this problem has also been
solved through various adjustments to the formula, which we will discuss in the Literature
Review chapter.

In our research, we will further assume that by changing the type of price distribution of
the underlying asset and by utilising a numerical approach, we can value options so that their
valuation is in line with the market price. Details will be described in the Methodology chapter.

The primary goal of this research is to develop a valuation procedure for European-style
options that results in a valuation that is closest to the current market price of the option,
without the use of implied volatility and its link to the B&S formula. The paper consists
of a literature review, methodology, and empirical research. The literature review discusses
the historical development of European option pricing models, focusing primarily on the
Black-Scholes (B&S) model. Further, the analysis addressed the limitations of the B&S model,
particularly its assumptions regarding volatility and the geometric Brownian motion (GBM)
process. The discussion also considered research on options trading behaviour and potential
alternatives to the GBM assumption. Two hypotheses dedicated to the research questions
were raised in the methodology section. To test the hypothesis, the five-step research meth-
odology is formulated. It is based on the created algorithm and uses MATLAB. In the empirical
research part, we analysed the underlying price development of the DAX index and its impli-
cations for option valuation using various pricing models. The Results and Discussion section
presents and discusses the key findings in relation to previous studies. The Conclusions sec-
tion summarises the main findings and highlights their practical implications. The Limitations
section addresses the study’'s constraints and identifies directions for future research. Finally,
the paper concludes with a References section.
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2. Literature review

Firstly, it is important to discuss about history that concerns European option pricing. The
history of the derivation of the formula, which is now well-known as Black-Scholes, is quite
dramatic. Black and Scholes (1973) obtained their solution by taking advantage of previous
research on option pricing that gave an idea of what the solution should look like. In brief,
Luis Bachelier (1964) derived a solution using Arithmetic Brownian Motion as the process
according to which the underlying asset moves. Sprenkle (1962) was the first to assume a
lognormal distribution, i.e, GBM as the process of the underlying movements, but Sprenkle
attempted to adjust for risk, which was neither necessary nor correct. In addition, he assumed
a zero-interest rate, while Boness (1964) added a non-zero interest rate but also adjusted
improperly for risk. Samuelson (1965) also attempted incorrectly to adjust for risk. Each of
these formulas resembles the correct solution found by Black and Scholes. Black and Scholes,
however, originally derived their equation by using the Capital Asset Pricing Model, which
provides the equation for the expected return on a risky asset as a function of its risk. At
approximately the same time, however, a colleague of Black’s, Robert Merton (1973), wrote
a paper developing the model with virtually the full mathematical solution. The solution fully
respects the risk neutrality concept, and GBM is the expected process behind the price de-
velopment of the underlying assets.

Many works have been published since with the aim of upgrading the formula, especially
in the field of volatility. Heston and Nandi (1997) developed a closed-form option pricing for-
mula for a spot asset whose variance follows a GARCH process. The model allows for correla-
tion between returns of the spot asset and variance and admits multiple lags in the dynamics
of the GARCH process. The single-factor (one lag) version of this model contains Heston's
(1993) stochastic volatility model as a diffusion limit and thus unifies the discrete GARCH
and continuous-time stochastic volatility literature on option pricing. The model provides the
first option formula for a random volatility model that is solely a function of observables; all
the parameters can be easily estimated from the history of asset prices observed at discrete
intervals.

Some research that deals with options trading also touches on options valuation, and
research shows that analytical valuation, based on the B&S formula, for example, does not
give optimal results when dealing with options, which indicates that some issues are not
correct. According to Abbink and Rockenbach (2006), professional traders exhibit lower per-
formance than the student-traders. They explain this with a more intuitive and less analytic
approach used by professional traders. Han-Sheng and Sabherwal (2023) draw attention to
the problem of deviations in market price and valuation in the field of the effects of option
trading behaviour and option prices. Guo and Loeper (2020), Augustin et al. (2023) focused
on strategies concerning out-of-the-money (OTM) options that require a special approach
to valuation. Carlier (2021) discussed a simple options trading strategy based on technical
indicators; Brunhuemer et al. (2021) conducted research regarding option trading strategies
based on the relation of implied and realised S&P500 volatilities.

Other significant contributions to the area of basic option research, which is widely known
among options specialists, were made by Rubinstein (1967), Black (1989), Black and Scholes
(1972), Chance (1994), Conine and Tamarkin (1984), Hull (2003, 2008), Dothan (1990), Duffie
(1988), Garven (1986), Gibson (1991), Kutner (1988), Szpiro (2011).

Empirical analysis of S&P500 index options shows the single-factor version of the GARCH
model to be a substantial improvement on the Black-Scholes (1973) model. The GARCH
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model continues to substantially outperform the Black-Scholes model even when the Black-
Scholes model is updated every period while the parameters of the GARCH model are held
constant. The improvement is due largely to the ability of the GARCH model to describe the
correlation of volatility with spot returns. This allows the GARCH model to capture the strike
price biases in the Black-Scholes model that give rise to the skew in the implied volatilities
on the index options market.

As mentioned before, the valuation of European options provided by the Black-Scholes
(B&S) formula is not in accordance with the market valuation of option premiums when we
input historical or non-implied volatility into the formula. This experience is illustrated, for
example, in Figure 1a, where there is historical volatility and implied volatility for the SP500
stock index. The implied volatility in the case of the SP500 is identical to the VIX index since
this index is calculated as implied volatility using options on the SP500. Figure 1b shows the
difference between these volatilities, where the implied volatility is, on average, +7% higher.
In the vast majority of cases, implied volatility is greater than historical volatility, but there
are also short periods when the opposite is true.

Since implied volatility is calculated as an output from the B&S formula, if we know the
market price for options, it must be true that if we replace the value of the implied volatility
in the B&S formula with another value, we receive a different option value. Also, if we put
historical volatility into the B&S formula that is lower than the implied volatility, the calculated
value of the option premium will be lower than the option market price.

a) Implied and Historical Volatility
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Figure 1. Typical implied volatility (VIX Index) versus historical volatility of SP5000, 2008-2011
(a), the difference between implied volatility (VIX Index) and historical volatility of SP5000 (b)
(source: compiled by the authors based on Thomson Reuters, n.d.)
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Figure 2. GBM simulation (a); price distribution of GBM (b) (source: compiled by the authors)

However, implied volatility is a specific value, usually without a reasonable financial inter-
pretation, and it is not actually possible to obtain its value from historical volatility or using
any forecast. A typical feature of the implied volatility of stock options, as Figure 1 indicates,
is that it is higher than the historical volatility of the underlying stocks.

In our opinion, however, it was not possible to use the GBM assumption for the develop-
ment of the price of the underlying asset in the initial derivation of the B&S formula, since
it is already visually clear that this process does not create the price distribution commonly
encountered in finance, i.e. distributions with deviations from normality such as general lep-
tokurtic features with fat tails and sharpness, also extreme values, skewing, etc. To reach this
conclusion, it is sufficient to compare Figure 2b, simply visually, with Figure 4, where the real
historical distribution is displayed.

The illustrative simulation is in Figure 2a. An important feature of the process is the in-
creasing changes in price when the value is higher, which causes the same value of changes in
yield that arise from the financial logic. The price distribution is lognormal, and it is displayed
in Figure 2b, as we have already mentioned.

In the short term, however, it seems more appropriate to use it for modelling underlying
asset development, for example, a pure Random Walk model, or preferably a process that
leads to an empirically observed distribution over a period equal to the time when the option
expires.

Another problem that may lead to a deviation of the option premium from the market
price is the inability to implement the expected drift (Eq. (1)) of the underlying assets into
the B&S formula. We discuss this issue in more depth in the chapter Drift of Underlying
Asset Issue.

3. Methodology

To answer precisely the two questions, "Why does the B&S formula not provide market
valuation if historical or other reasonable volatility is used?” and “How can European
options be evaluated without knowing implied volatility?”, we formulate two research
hypotheses:
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= Hypothesis I: We consider that the presumption of GBM, which is used for the descrip-
tion of the price development of the underlying asset in the B&S Model, is too inaccu-
rate and is the true reason why the B&S formula does not provide results comparable
with the market valuation when historical or other realistically expected volatility is
input into the formula.
= Hypothesis Il: We may calculate a value which is very close to the market valuation of
option premiums by utilising the historical or realistically expected volatility together
with the presumption that the underlying asset price development does not follow
GBM, but, rather, a different acceptable model for underlying asset price development
(mainly a process leading to the historical price distribution).
The consequent methodology could be summarised into the following steps:
1. The valuation of ODAX options using the B&S formula, using market historical volatility
instead of implied volatility. B&S formula, the analytical solution of B&S stochastic differential
equations, is represented in the following Egs. (1)—-(4) (Black & Scholes, 1973):

C(St't) = StN(d1)_Ke_r(T_t)N(d2); M

P(St) = ke "IN (~d,) - s,N(~d,): @
S o?

) _In[Kt]+(T—t)(r+2) ;

T o e

dy =d,—oT —t, )

where: C — the price of a call option of European style; P — the price of a put option of Euro-
pean style, S; — spot price of underlying asset, K — strike price, r — risk-free rate, ¢ — volatility
of the underlying asset measured by standard deviation. Term T — t represents the remaining
time to option expiration. N equals the cumulative distribution function of the standard nor-
mal distribution with mean = 0 and standard deviation = 1. In this form of the equation, we
do not assume dividend payment.

ODAX is traded on EUREX, and its underlying asset is the DAX price index. As we use the
B&S formula, the market price of the underlying is assumed to be a GBM.

GBM is described by the stochastic differential equation (Dahlen et al. 2024):

S, = uS,dt +cS,dw,, 5)

where W — a Wiener process; p — the measure of the drift of returns; and ¢ - the measure
of volatility of returns.

Finally, we compare this valuation with the market price of ODAX options.

2. The valuation of the option price, if the market price of the underlying asset is assumed
to follow a pure symmetric independent random walk (RW), and its comparison with the
market price of ODAX.

3. The valuation of the option price, if the market price is assumed to be a process according
to a dynamic financial market model analysed by Stadnik (2014a, 2014b, 2014c). The distribution
of the underlying is a leptokurtic one, and we again compare it with the market price of ODAX.

4. The valuation of the option price, if the market price is assumed to follow the ARIMA
(1,1,1) process and its comparison with the market price of ODAX.
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5. The valuation of the option price, if the market price distribution is taken from the
historical distribution and its comparison is with ODAX.

At this point, it should be noted that for greater significance of the results, a similar
procedure is realised for options (SPX) on the US stock index SP500 in the diploma thesis
of Idiatullina (2019), under the guidance of Bohumil Stadnik, one of the authors of this
article.

For valuation, instead of using the Black-Scholes formula, we have used a numerical
approach, as such tasks (steps 2-5) are hardly solvable analytically. The option premium is
determined using the market risk-neutrality principle as an equilibrium price, which ensures
zero P/L on average in the long term while opening a continuously speculative position and
holding the option until its expiration. This approach could be considered as a “fair valuation”
for both long and short option position holders. It could be described as:

0=E[P/L]0= E[MAX(S—K,)O)—premium]: E[ MAX (S -K,0)~E[ premium],  (6)

where E[] — the mean value, S is the spot price of the underlying asset at expiration, K — the
strike price, and the premium is the price of the option.
As the option premium is of a constant value E[premium} = premium , and using Equa-
tion (3), we get:
premium = E[MAX(S - K,)o)] 7)

Like the B&S formula, which does not consider a risk premium, and which is derived based
on the risk neutral principle, we also avoid any discussion about the risk premium and about
who and how much of the risk is does take on the long and short sides of the contract. If we
evaluate more precisely, we should distinguish between a long-call and a short-call option
position, as an investor in a long-call is always limited by a loss equal to the option premium,
but a short-call position is not limited (theoretically) by the size of the loss. Analogically, the
case of long and short-put positions.

Algorithm for valuation of option

The algorithm works on the above-mentioned principle of valuation using market risk neu-
trality. The code checks whether we are approaching zero P/L on average as we repeatedly
open the option’s speculative position. In the code, there is essentially a loop system that
checks which option premium value meets risk-neutral criteria.

Simulations of market price development based on the respective models are grad-
ually incorporated into the algorithm (see Appendix). The models are designated as:
“B-S” (GBM-GBM), “RW" (random walk), “ARIMA" (ARIMA (1,1,1)), “DYNAMIC" (Dynamic
financial market model), “HISTORICAL" (Use of historical distribution). The model labels
are in accordance with the designation of these models in the Methodology chapter. PL is
calculated as the difference between the strike price and the price simulation end-points
according to the above models. A risk-neutral premium is the premium that provides the
smallest difference between a PL and an option premium. Then, we repeat this procedure
for all strike prices. In the algorithm, the risk-neutral premium is marked as premium_call_
neutral (model, strike) and premium_put_neutral (model, strike). This value is then com-
pared with the actual market valuation, and the most appropriate model is the one where
the deviation is the smallest. In the algorithm, it is marked as the best_model (model).
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The algorithm is graphically illustrated in the Appendix, and it was implemented in the
MATLAB programming tool in version 2018a. The algorithm consists of a total of 4 cycles,
which are nested within each other. We compare the market price and the valuation of the
option one month (30 days) before its expiration. We consider both types of options — put
and call options. Financial data are taken from the EUREX website: http://www.eurexchange.
com/ in 2020.

4. Results

According to the Methodology, we use the DAX price index as the underlying asset. Its daily
price development is shown in Figure 3. The core question is: Does the price development
follow GBM? From Figure 3, the answer is not positive.
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Figure 3. Daily Price development of the DAX index (1/2 year back) (a), (34 years back) (b)
(source: compiled by the authors)

It seems that a typical feature of GBM, which is — with a higher value of the price, its incre-
ments are also higher in order to ensure the same increments of yield — does not work here.

This conclusion is also confirmed by the distribution shape in Figure 4, which is definitely
not lognormal-normal, as it should be. We may observe higher values of kurtosis, which is
typical for investment instruments.

0.012

0.01+

0.008

0.006 -

Density

0.004 -

0.002 +

-600 -400 -200 0 200 400
Data

Figure 4. DAX daily price distribution (34 years back), kurtosis 8.3311 (source: compiled by the
authors)
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In addition, the price distribution in Figure 4 does not support GBM as the process behind
the distribution when compared to Figure 2b.

From the above, it is clear that the prerequisite for GBM for the use of the B&S formula
is not met.

4.1. The underlying Process is GBM (step 1 according to the methodology)

The valuation of an option using the B&S formula, into which we input historical volatility,
with the market price of the option, is shown in Figure 5b.

10" Geometric Brownian M. - simulation call/put, DAX

0 20 40 60 80 100 120 140 160 180 200 127 1.275 128 1.285 129 1.295 1.3 1.305 131
. . 4
Time Strike x10
a) b)

Figure 5. Simulation of GBM on DAX (a), and DAX option prices (b) (source: compiled by the
authors)

Figure 5a represents the simulation for the next 30 days of DAX development if we as-
sume that it follows GBM according to Eq. (1). The drift and volatility are calculated according
to the historical data of DAX development (Figure 3a, half a year back). Figure 5b illustrates
the valuation of call and put options using the Black-Scholes formula (thick lines) if we input
historical volatility into the formula and market bid-ask lines (thin lines) with respect to the
strike price. In the case of call options, the charts display an increase, while in the case of put
options, the charts display a decrease.

We observe that the Black-Scholes formula significantly overvalues the market prices of
the option premium in this case.

4.2. The underlying process is a random walk (step 2 according to the
methodology)

Figure 6a represents the simulation of future DAX development if we assume that it follows
a random walk. The drift and volatility are also taken from the historical time series in Fig-
ure 3a (half a year back). Figure 6b illustrates the valuation using the algorithm implemented
in the MATLAB environment, and the option premium is found as an equilibrium price which
ensures zero P/L on average while we open a repetitively speculative option position and
hold the option till its expiration. The structure of the algorithm is described in the chapter
Algorithm for Valuation of Option.
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RANDOM WALK - simulation call/put, DAX
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Figure 6. Simulation of a random walk on DAX (a), and DAX option prices (b) (source: compiled
by the authors)

The thick lines in Figure 6b represent the valuation according to the referred model, and
the thin lines are market bid-ask lines with respect to strike price.

From the results, we may conclude that the valuation is closer to the market valuation if we
assume that the underlying follows a random walk than in the case of the GBM presumption.

4.3. The underlying process is based on a dynamic financial market model
(step 3 according to the methodology)

In Figure 7a, we assume a dynamic financial market model developed by Stadnik (2014a,
2014b, 2014c) from which future DAX development is derived.

510" Random Walk(dynamic) - simulation call/put, DAX

0 20 40 60 80 100 120 140 160 180 200 127 1.2715 1.28 1285 129 1.295 13 1306 131
. » 4
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a) b)

Figure 7. Simulation of a random walk with memory on DAX (a) and DAX option prices (b)
(source: compiled by the authors)

The dynamic financial market model is able to model the leptokurtic features of price
distribution using feedback (Figure 8), and thus, the process behind the development could
be very similar to the empirically measured distribution (Figure 4).
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Figure 8. Simulated distribution according to a dynamic financial market model, kurtosis 5.4953
(source: compiled by the authors)

A comparison of valuation using such an underlying development is in Figure 7b. The idea
of feedback processes is based on the observations that traders, investors and other market
participants do not only watch present or historical data, but based on them, they also place
orders to buy or sell, and thus influence future development. So, there is feedback on the
financial markets, which also influences future price development and causes future direc-
tional dependency. The most usual examples are traders using technical analysis, momentum
or mean-reverting trading. In the model, we work with the feedback processes regardless of
whether they really help to make a profit or not. Feedback can increase or decrease the fre-
quency of incoming buy or sell orders and, therefore, change the probability of the next price
step direction from 50 % (in the case of a pure symmetric random walk) to, for example, 51%.
We can, then, conclude that the probability of the next directional step depends on the past.

4.4. Underlying process is ARIMA (1,1,1) (step 4 according to the
methodology)

We use ARIMA (1,1,1) to simulate DAX's future development (see Figure 9a).

ARIMA (1,1,1) - simulation call/put, DAX
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Figure 9. Simulation of ARIMA (1,1,1) on DAX (a), and DAX option prices (b) (source: compiled
by authors)
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The results of the valuation are in Figure 9b. The thick lines in Figure 6b represent the
valuation according to the referred model, and the thin lines are market bid-ask lines with
respect to strike price. As we can see from Figure 9, the use of the ARIMA model, due to
the high deviations from the market price of the option, is again not a suitable model for
simulating the development of the price of the underlying asset.

4.5. Utilising historical distribution (step 5 according to the methodology)

There are basically two ways to construct a 1-month distribution based on a historical price
series, as required in the Methodology chapter:

1. To separate the monthly data from the series.

2. To take the daily data and multiply the daily deviations by 3/% under the presumption
of a random walk process and a day count convention that 1 month = 30 days.

The resulting distribution is in Figure 10a, and the resulting valuation is in Figure 10b.
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Figure 10. Monthly distribution. Valuation based on historical distribution (source: compiled by
the authors)

The thick lines in Figure 10b represent the valuation according to the referred model and
the thin lines are market bid-ask lines with respect to strike price. In this case, we see that
the valuation price and the market price are very close.

5. Results and discussion

In this financial engineering research, we explain why the valuation of European-style options
using the B&S formula, if we put historical or realistically expected volatility into the formula,
does not correspond to the market valuation of these options. A lower value of valuation, when
historical volatility is inserted into the B&S formula, comes out when the implied volatility has a
higher value than the historical one, which is generally a more common case and which is well
illustrated, for example, in Figure 1. In addition to great empirical evidence, this fact was verified
by Idiatullina (2019) on the options of the SP500 index (SPX Weekly's — SPXW), traded on CBOE.
This test of the option prices on the SP500 index was a subpart of this research.

Given the research results, it is appropriate to formulate and try to answer the following
questions. What is the B&S formula actually useful for in today’s financial world? Basically,
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it is not possible to use it for initial option valuation, but it is important as a tool for com-
munication inside the options market. It is useful for market participants who make price
options using only the B&S formula, and, in this case, they use the value of implied volatility
to calculate the option price for all strikes and expirations. The implied volatility, therefore,
looks like a side effect of the B&S formula and seems to be relevant only as a tool for com-
munication within the options market.

Also, for example, Antonakakis et al. (2020) work with implied volatility in the energy mar-
ket, where they consider it as a separate asset in a portfolio whose value evolves in a certain
way. Implied volatility can thus be used as an additional instrument, for example, for hedging.

The second arising question can be formulated as follows: how can a trader who does
not know the implied volatility evaluate the option? Logically, he must evaluate the option
without utilising the implied volatility and B&S formula. Baele et al. (2019) are engaged in
the development of a model that attempts to explain the market pricing of options using
an approach completely different from that of Black and Scholes (1972, 1973). The issue of
option prices and their valuation during trading, while it is clear that price determination does
not follow the approach of Black and Scholes, appears in the Bogousslavsky and Muravyev
(2024) research. Algorithmic trading, again with a different approach to option pricing, is the
focus of Horambe et al. (2021). Other researchers that work with the price and volatility of an
option, also distant from the classical theory of Black and Scholes, include Guo et al. (2020),
Kang et al. (2021), Kedzo and §ego (2021), Muravyev and Pearson (2020), Ryu and Yang
(2019), Shivaprasad et al. (2022), Fullwood et al. (2021). Marinelli and d'Addona (2017) try to
find the value of implied volatility by interpolation, which would result in the corresponding
market price using the B&S formula. Goswami et al. (2021) use machine learning to calculate
the market price of options using a number of input parameters. Capuozzo et al. (2021) sim-
ulate the price development of an option using a non-Gaussian process, using Markov chains.

Another interesting question is why the B&S formula is so popular among academics.
One possible answer could be that the Geometric Brownian Motion (GBM) assumption for
underlying asset price development allowed to find an analytical solution, and so the whole
situation became interesting for mathematicians, and subsequently, the analytically obtained
formulas for valuation were greatly popularised.

From a certain point of view, the whole situation can be evaluated in such a way that the
authors of the B&S formula probably assumed that traders would use volatility for valuation
that corresponds to historical or some realistically expected volatility. Unfortunately, the de-
viation of the option price from the actual market price when using historical or realistically
expected volatility is too large, and therefore, the B&S formula is difficult to apply in financial
engineering practice.

Another problem is the absence of a trend in the price development of the underlying
assets in the B&S formula. The constant that describes the drift in the price development of
the underlying asset is denoted as p in Equation (1). This constant is completely absent from
Equation (2). If, for example, there is a trend assumption based on fundamental analysis or
any other strategy, the equation does not take it into account at all. Thus, for example, a call
option has the same value in the case of the assumption of a future increase or a decline of
the underlying asset. A demonstrative example of the situation is shown in Figure 11, where
two underlying assets with a predicted completely different drift have the same price of the
option premium at point “0" calculated using the B&S formula. Option expiration is after 900
units of time.
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Figure 11. An example of two assets with a predicted different drift (thin and thick charts) but
the same price of the option premium at “0” point, calculated using the B&S formula (source:
compiled by the authors)

For example, investors who use strategies on undervalued and overvalued stocks against
the market price, followed by a “buy/sell/hold” recommendation, and want to use a call
option to speculate on the stock price growth, will evaluate the premium cheaper than a
counterparty investor who assuming no drift and entering a short call position. Therefore,
the deal will not be done.

The explanation is that the derivation of the B&S formula assumes the unpredictability
of future price development, which is consistent with the theory of efficient markets, but the
theory of efficient markets is a matter of discussion, as it is also in the case of the predicta-
bility of future price development in general.

6. Conclusions

The discrepancy between the market price and the result of the B&S formula is usually
considered to be caused by wrong volatility or even constant volatility expectations in-
putted into the formula. But, based on this research, we consider that the presumption
of GBM, which is used for a description of the price development of the underlying asset
in the B&S Model, is too inaccurate, and, it is probably the main reason why the B&S
formula does not provide results comparable with the market valuation when historical
realistically expected volatility is used. This conclusion is, of course, supported by the
shape of the observed historical distribution of the underlying asset price development,
which does not correspond to the lognormal one, as it should be in the case of the GBM
assumption. But the fundamental support of the above conclusion is supported by the
fact that if the model for the price development is changed from GBM to another process,
we may approach the market valuation using historical or realistically expected volatility
and without using the B&S formula.
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The best process in this sense is the process leading to the historical distribution of prices,
and we have recognised that this process provides a valuation which is in good accordance
with the market valuation. In our opinion, this conclusion is also conditioned by simple finan-
cial logic. The random walk model for underlying asset price development also seems to be
sufficient. We have also checked the ARIMA model and the model with a memory (Dynamic
Financial Market Model), but with problematic conclusions. Finally, we may state that we
confirm both hypotheses formulated in the Methodology.

Obviously, a trader who enters the option market and does not have an implied volatility
value to obtain a market valuation by inserting it into the B&S formula must accept some
other assumption for the development of the market price of the underlying asset than the
GBM and then value the option numerically (not by utilising the B&S formula) using the
principle of risk neutrality. For these purposes, we designed and implemented the algorithm
in our research, by means of which we also verified the above, i.e., that when changing the
assumption about the way the underlying asset develops and using historical or realistically
expected volatility, we may approach the market valuation.

7. Limitations and future research

The B&S approach provided us with a good insight into option pricing and the role of in-
dividual parameters that affect the option premium. However, if we do not have the value
of implied volatility or assume a trend in the development of the underlying asset, the B&S
formula in its original form is not applicable for determining the market price of the option.
And in practice, it is also not used without major modifications. As a continuation of the
research, we recommend a more detailed elaboration of the general framework for the valu-
ation of options, which would take into account, in particular, a different type of distribution
of the development of the underlying asset than the lognormal distribution given by GBM,
as well as the possibility of including the trend in the assumption of the development of the
price of the underlying asset.

Funding

This research has been supported by the VSE institutional grant IP 100040.

References

Abbink, K., & Rockenbach, B. (2006). Option pricing by students and professional traders: A behavioural
investigation. Managerial and Decision Economics, 27(6), 497-510. https://doi.org/10.1002/mde.1284

Antonakakis, N., Cunado, J,, Filis, G., Gabauer, D., & Perez de Gracia, F. (2020). Oil and asset classes implied
volatilities: Investment strategies and hedging effectiveness. Energy Economics, 91, Article 104762.
https://doi.org/10.1016/j.eneco.2020.104762.

Augustin, P, Brenner, M., Grass, G., Ortowski, P., & Subrahmanyam, M. G. (2023). Informed options strat-
egies before corporate events. Journal of Financial Markets, 63, Article 100766.
https://doi.org/10.1016/j.finmar.2022.100766

Bachelier, L. (1964). Theory of Speculation. English translation by A. J. Boness. In P. Cootner (Ed.), The
random character of stock market prices (pp. 17-78). The M.L.T. Press.

Baele, L., Driessen, J,, Ebert, S., Londono, J. M., & Spalt, O. (2019). Cumulative prospect theory, option
returns, and the variance premium. Review of Financial Studies, 32, 3667-3723.
https://doi.org/10.1093/rfs/hhy127


https://doi.org/10.1002/mde.1284
https://doi.org/10.1016/j.eneco.2020.104762
https://doi.org/10.1016/j.finmar.2022.100766
https://doi.org/10.1093/rfs/hhy127

Journal of Business Economics and Management, 2026, 27(4), 822-839 837

Black, F. (1989). How we came up with the option formula. Journal of Portfolio Management, 15, 4-8.
https://doi.org/10.3905/jpm.1989.409198

Black, F., & Scholes, M. (1973). The pricing of options and corporate liabilities. Journal of Political Econ-
omy, 81, 637-654. https://doi.org/10.1086/260062

Black, F., & Scholes, M. (1972). The valuation of option contracts and a test of market efficiency. The
Journal of Finance, 27, 399-417. https://doi.org/10.1111/j.1540-6261.1972.tb00969.x

Bogousslavsky, V., & Muravyev, D. (2024). An anatomy of retail option trading. SSRN.
https://doi.org/10.2139/ssrn.4682388

Boness, A. J. (1964). Elements of a Theory of Stock-Option Value. Journal of Political Economy, 72, 163—
175. https://doi.org/10.1086/258885

Brunhuemer, A, Larcher, G., & Larcher L. (2021). Analysis of option trading strategies based on the rela-
tion of implied and realized S&P500 volatilities. ACRN Journal of Finance and Risk Perspectives, 10(1),
166-203. https://doi.org/10.35944/jofrp.2021.10.1.010

Capuozzo, P., Panella, E., Gherardini, T. S., & Vvedensky, D. D. (2021). Path integral Monte Carlo method
for option pricing. Physica A: Statistical Mechanics and its Applications, 581, Article 126231.
https://doi.org/10.1016/j.physa.2021.126231

Carlier, F. (2021). A simple options trading strategy based on technical indicators. International Journal of
Economics and Financial Issues, 11(2), 88-91. https://doi.org/10.32479/ijefi.11144

Chance, D. M. (1994). Translating the Greek: An alternative interpretation of call option derivatives. Fi-
nancial Analysts Journal, 50, 43-49. https://doi.org/10.2469/faj.v50.n4.43

Conine, T. E, Jr., & Tamarkin, M. (1984). A pedagogic note on the derivation of the comparative statics
of the option pricing model. The Financial Review, 19(4), 397-400.
https://doi.org/10.1111/j.1540-6288.1984.tb00661.x

Dahlen, N., Fehrenkétter, R., & Schreiter, M. (2024). The new bond on the block — Designing a car-
bon-linked bond for sustainable investment projects. The Quarterly Review of Economics and Finance,
95, 316-325. https://doi.org/10.1016/j.qref.2024.04.010

Dothan, M. U. (1990). Prices in financial markets. Oxford University Press.

Duffie, D. (1988). Security markets: Stochastic models. Academic Press.

Fullwood, J.,, James, J., & Marsh, I, W. (2021). Volatility and the cross-section of returns on FX options.
Journal of Financial Economics, 141(3), 1262-1284. https://doi.org/10.1016/j.jfineco.2021.04.030

Heston, S. L. (1993). A closed-form solution for options with stochastic volatility, with applications to bond
and currency options. Review of Financial Studies, 6(2), 327-343. https://doi.org/10.1093/rfs/6.2.327

Heston, S. L, & Nandi, S. (1997). A closed-form GARCH option pricing model. SSRN.
https://doi.org/10.2139/ssrn.96651

Horambe, S., Khanolkar K., Dixit, D., Shaikh, H., & Kulkarni, M. U. (2021). Algorithmic approach to options
trading. International Research Journal of Engineering and Technology (IRJET), 8(5).

Garven, J. R. (1986). A pedagogic note on the derivation of the black-scholes option pricing formula. The
Financial Review, 21, 337-344. https://doi.org/10.1111/j.1540-6288.1986.tb01128.x

Gibson, R. (1991). Option valuation: Analyzing and pricing standardized option contracts. McGraw-Hill.

Goswami, A, Rajani, S., & Tanksale, A. (2021). Data-driven option pricing using single and multi-asset
supervised learning. International Journal of Financial Engineering, 8(2), Article 2141001.
https://doi.org/10.1142/S2424786321410012

Guo, I, & Loeper, G. (2020). Designing all-weather overlays — A study on optionbased systematic strategies
(Monash CQFIS Working Paper 202). Centre for Quantitative Finance and Investment Strategies, School
of Mathematics, Monash University Clayton Campus, VIC, 3800, Australia.

Guo, B, Shi, Y., & Xu, Y. (2020). Volatility information difference between CDS, options, and the cross
section of options returns. Quantitative Finance, 20(12), 2025-2036.
https://doi.org/10.1080/14697688.2020.1814018

Han-Sheng, Ch., & Sabherwal, S. (2023). The effects of option trading behavior on option prices. Journal
of Risk and Financial Management, 16(7), Article 337. https://doi.org/10.3390/jrfm16070337

Haug, E., & Taleb, N. N. (2007). Why we have never used the Black-Scholes-Merton option pricing formula.
https://files.haiguinet.com/newupload/1274028679_159y_not_bs.pdf


https://doi.org/10.3905/jpm.1989.409198
https://doi.org/10.1086/260062
https://doi.org/10.1111/j.1540-6261.1972.tb00969.x
https://doi.org/10.2139/ssrn.4682388
https://doi.org/10.1086/258885
https://doi.org/10.35944/jofrp.2021.10.1.010
https://doi.org/10.1016/j.physa.2021.126231
https://doi.org/10.32479/ijefi.11144
https://doi.org/10.2469/faj.v50.n4.43
https://doi.org/10.1111/j.1540-6288.1984.tb00661.x
https://doi.org/10.1016/j.qref.2024.04.010
https://doi.org/10.1016/j.jfineco.2021.04.030
https://doi.org/10.1093/rfs/6.2.327
https://doi.org/10.2139/ssrn.96651
https://doi.org/10.1111/j.1540-6288.1986.tb01128.x
https://doi.org/10.1142/S2424786321410012
https://doi.org/10.1080/14697688.2020.1814018
https://doi.org/10.3390/jrfm16070337
https://files.haiguinet.com/newupload/1274028679_159y_not_bs.pdf

838 B. Stddnik, A. Miecinskiené. Why does the Black-Scholes formula not work for historical volatility or expected drift?

Hull, J. C. (2008). Options, futures and other derivatives (7th ed.). Prentice Hall.

Hull, J. (2003). Options, futures and other derivatives. Prentice Hall.
https://doi.org/10.1093/gao0/9781884446054.article.T039373

Idiatullina, D. (2019). Pricing of European-style options [Master Thesis]. University of Economics, Prague.

Kutner, G. W. (1988). Black-Scholes revisited: Some important details. The Financial Review, 23, 95-104.
https://doi.org/10.1111/j.1540-6288.1988.tb00777.x

Kang, B. J., Eom, C,, Lee, W. B., Chang, U., & Park, J. W. (2021). A study of the performance of option strat-
egy bench-mark index in global option markets. Korean Journal of Financial Studies, 50(4), 439-472.
https://doi.org/10.26845/KJFS.2021.08.50.4.439

Kedzo, M. G., & Sego, B. (2021). The relative efficiency of option hedging strategies using the third-order
stochastic dominance. Computational Management Science, 18(4), 477-504.
https://doi.org/10.1007/5s10287-021-00401-z

Marinelli, C., & d'Addona, S. (2017). Nonparametric estimates of pricing functionals. Journal of Empirical
Finance, 44, 19-35. https://doi.org/10.1016/j.jempfin.2017.07.005

Merton, R. C. (1973). Theory of Rational Option Pricing. Bell Journal of Economics and Management Sci-
ence, 4(1), 141-183. https://doi.org/10.2307/3003143

Muravyev, D., & Pearson, N. D. (2020). Options trading costs are lower than you think. The Review of
Financial Studies, 33(11), 4973-5014. https://doi.org/10.1093/rfs/hhaa010

Rubinstein, M. E. (1967). The valuation of uncertain income streams and the pricing of options. Bell
Journal of Economics, 7(2), 407-425. https://doi.org/10.2307/3003264

Ryu, D., & Yang, H. (2019). Who has volatility information in the index options market? Finance Research
Letters, 30, 266-270. https://doi.org/10.1016/j.fr.2018.10.008

Samuelson, P. (1965). Proof that properly anticipated prices fluctuate randomly. Industrial Management
Review, 6, 41-49.

Shivaprasad, S. P., Geetha, E., Raghavendra, A, Vidya, B. G, & Matha, R. (2022). Are options trading
strategies really effective for hedging in the Indian derivatives market? Cogent Economics & Finance,
10(1), Article 2111783. https://doi.org/10.1080/23322039.2022.2111783

Sprenkle, C. M. (1962). Warrant prices as indicators of expectations and preferences. Yale Economic Essays,
1, 172-231.

Stadnik, B. (2014a). Spring oscillations within financial markets. Procedia — Social and Behavioral Sciences,
170(24), 1176-1184. https://doi.org/10.1016/j.sbspro.2013.12.964

Stadnik, B. (2014b). The riddle of volatility clusters. Business: Theory and Practice, 15(2), 140-148.
https://doi.org/10.3846/btp.2014.14

Stadnik, B. (2014c). The puzzle of financial market distributions. Ekonomicky C‘asopis, 7, 709-728.
https://www.sav.sk/journals/uploads/0620140807%2014%20Stadnik+RS.pdf

Szpiro, G. G. (2011). Pricing the future: Finance, physics, and the 300-year journey to the Black-Scholes
equation. Basic Books.

Thomson Reuters. (n.d.). https://www.thomsonreuters.com/


https://doi.org/10.1093/gao/9781884446054.article.T039373
https://doi.org/10.1111/j.1540-6288.1988.tb00777.x
https://doi.org/10.26845/KJFS.2021.08.50.4.439
https://doi.org/10.1007/s10287-021-00401-z
https://doi.org/10.1016/j.jempfin.2017.07.005
https://doi.org/10.2307/3003143
https://doi.org/10.1093/rfs/hhaa010
https://doi.org/10.2307/3003264
https://doi.org/10.1016/j.frl.2018.10.008
https://doi.org/10.1080/23322039.2022.2111783
https://doi.org/10.1016/j.sbspro.2013.12.964
https://doi.org/10.3846/btp.2014.14
https://www.sav.sk/journals/uploads/0620140807 14 Stadnik+RS.pdf
https://www.thomsonreuters.com/

Journal of Business Economics and Management, 2026, 27(4), 822-839 839

APPENDIX

call_option=[option_parameters]
put_option=[option_parameters]

>[ model=[B-S, RW, ARIMA, DYNAMIC, HISTORICAL] ]

v

strike_call=[strike_call(1),... strike call(n1)]

strike_put=[strike_put(1),... strike put(n;)]

0

premium_call=[premium_call(1),... premium_call(n3)]
premium_put=[premium_put(1),... premium_put(na)]

3{ path_last_point(model)=[model(index), path_last_point(1),... path_last_point(ns)]

{

PL_call(model, strike, premium)=-premium_call(index)+path_last_point(index)-strike_call(index)

PL_put(model, strike, premium)=-premium_put(index)-path_last_point(index)+strike_put(index)

last item reached

premium_call_neutral(model, strike)=premium_call | avg(PL_call(model, strike, premium))=min

premium_put_neutral(model, strike)=premium_put | avg(PL_put(model, strike, premium))=min

{

e

best_model(model)=model | abs(premium_neutral(model, strike)-market_premium(strike)))=min




