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Abstract. Based on the Computing with Words (CW), double hierarchy hesitant fuzzy linguistic term set (DHHFLTS) can
be used to express complex linguistic information accurately with two simple linguistic hierarchies. This paper proposes a
group decision making (GDM) model based on multiplicative consistency and consensus with double hierarchy hesitant
fuzzy linguistic preference relations (DHHFLPRs). Firstly, a correlation coefficient of DHHFLTSs is defined based on the
distance measures of double hierarchy hesitant fuzzy linguistic elements (DHHFLEs). Then, a multiplicative consistency
property of DHHFLPRs is investigated, and a consistency checking method and a feedback mechanism-based repairing
algorithm are developed to ensure all DHHFLPRs with acceptable multiplicative consistency. Furthermore, a correlation
measure for DHHFLPRs based on the correlation coefficient of DHHFLTSs is proposed, and a new consensus reaching
method on the basis of the correlation measure is developed, which can be used to fully obtain the consensus degree from
both positive and negative angles. Finally, we make some comparative analyses with other existing consistency checking
and repairing method as well as the consensus reaching approach to illustrate the effectiveness of the proposed method
by a case study concerning the assessment of the venture capital project about real estate market in some cities of China.

Keywords: double hierarchy hesitant fuzzy linguistic preference relations, group decision making, multiplicative consist-
ency, consensus, venture capital, real estate market.

Introduction _ . N
jects of computation are words, phrases and propositions

Group decision making (GDM), ranking a finite set of al- drawn from a natural language. Motivated by CW, and as

ternatives based on the evaluations of a group of decision
makers (DMs), has attracted many scholars’ attention in
recent years. In general, a complete GDM process mainly
consists of three aspects: a) evaluation process; b) con-
sensus reaching process; ¢) alternatives ranking process.
In evaluation process, natural languages can reflect DMs’
original evaluation information better when they provide
preferences. For instance, when evaluating a car, there’s a
high probability that the first thing we tend to do is to say
some words like “the performance is very good” and “the
price is cheap” rather than some quantitative expressions.
Therefore, fuzzy linguistic approach was proposed by
Zadeh (1975) to deal with natural languages and he also
gave the concept of Computing with Words (CW) (Za-
deh, 2012) that is a system of computation where the ob-

a cognitive complex linguistic information representation
tool, the Double Hierarchy Linguistic Term Set (DHLTYS)
(Gou, Liao, Xu, & Herrera, 2017) not only can be used
to express cognitive complex linguistic information accu-
rately with two simple linguistic hierarchies, but also can
be more clear to express the semantics of original natural
languages because all elements in a DHLTS are expressed
by linguistic labels without any numerical scales. In ad-
dition, to represent some hesitant linguistic information,
Gou et al. (2017) extended DHLTS into hesitant fuzzy en-
vironment and defined the concept of double hierarchy
hesitant fuzzy linguistic term set (DHHFLTS). Because of
the flexibility and comprehensiveness of the DHLTS and
DHHFLTS, they have attracted more and more attention
including decision making methodologies (Gou et al.,
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2017; Montserrat-Adell, Xu, Gou, & Agell, 2019; Kris-
hankumar, Subrajaa, Ravichandran, Kar, & Saeid, 2019),
preference relations (Gou, Liao, Xu, Min, & Herrera, 2019;
Gou, Xu, & Herrera, 2018a) and measure methodologies
(Gou, Xu, Liao, & Herrera, 2018b).

In recent years, the pairwise comparison methods are
more accurate than non-pairwise methods (Millet, 1997),
and the main advantage of pairwise comparison is that
DMs only need to focus exclusively on two alternatives
at a time when expressing their preferences (Chiclana,
Herrera-Viedma, Alonso, & Herrera, 2009). Then a large
number of preference relations have been developed on
the basis of different information representation forms,
including fuzzy preference relations (Orlorski, 1978; Chi-
clana, Herrera-Viedma, Herrera, & Alonso, 2007), mul-
tiplicative preference relations (Saaty, 1980), linguistic
preference relations (Herrera, Herrera-Viedma, & Verde-
gay, 1996), intuitionistic fuzzy preference relations (Xu,
2007, 2008), probabilistic linguistic preference relations
(Zhang, Xu, Wang, & Liao, 2016; Luo, Zhang, Wang, &
Li, 2019; Zhou & Xu, 2018), hesitant fuzzy preference re-
lations (Zhu, Z. S. Xu, & J. P. Xu, 2014), hesitant fuzzy
linguistic preference relations (Wu & Xu, 2016; Zhu &
Xu, 2014), and 2-tuple fuzzy linguistic preference relation
(X. Y. Zhang, H. Y. Zhang, & Wang, 2019), among oth-
ers. Considering that the DHHFLTS can reflect the real
thought of DMs more completely and the advantage of the
preferences discussed above, Gou et al. (2018a) defined
the concept of double hierarchy hesitant fuzzy linguistic
preference relation (DHHFLPR) and used it to express the
assessments of DMs in large-scale group decision making.

However, this way of providing preferences limits DMs
in their global perception of the alternatives, generates
lots of unnecessary information, and, as a consequence,
the provided preferences could be inconsistent (Chiclana
et al., 2009). Therefore, measuring consistency is an im-
portant step in decision making with each kind of prefer-
ence relation to ensure that the preferences of DMs are
neither random nor illogical. In most preference relations,
the research of consistency is usually associated with the
notion of transitivity. Take fuzzy preference relation as an
example, it mainly has six transitivity conditions including
weak transitivity, max-min transitivity, max-max transi-
tivity, restricted max-min transitivity, restricted max-max
transitivity, multiplicative transitivity and additive transi-
tivity (Chiclana et al., 2007; Li, Wang, & Hu, 2019). In
existing research, scholars are more inclined to utilize
multiplicative transitivity considering that it is a spe-
cial case of the cycle transitivity property (Baets, Meyer,
Schuymer, & Jenei, 2006). In addition, amounts of scholars
have proved that the multiplicative transitivity is the most
appropriate property for modeling cardinal consistency of
preference relations because it can avoid some gaps such
as the conflict with the given range used for providing
the preference values (Chiclana et al., 2009). Therefore,
the multiplicative consistency has been studied in differ-
ent preferences such as the multiplicative consistent intui-
tionistic preference relation (Xu, Cai, & Szmidt, 2011), the

multiplicative consistent fuzzy preference relations (Xia,
Xu, & Chen, 2013), the perfect multiplicative consistent
interval reciprocal relation (Xia & Xu, 2011), the multipli-
cative consistent linguistic preference relation (Xia, Xu, &
Wang, 2014), the multiplicative consistent hesitant fuzzy
preference relation (Zhu et al.,, 2014; Li et al.,, 2019), and
multiplicative consistent probabilistic hesitant fuzzy pref-
erence relation (Li & Wang, 2018).

As the discussion in Gou et al. (2017), the DHLTS
and DHHFLTS can be regarded as the extensions of fuzzy
set in linguistic environment and the transformations be-
tween each other are equivalent (Yu, Xu, & Wang, 2018).
Therefore, the advantages of the multiplicative consist-
ency of fuzzy preference relations even other preference
relations also work for DHHFLPRs. Based on this, the
first contribution of this paper is to focus on investigat-
ing the multiplicative consistency of DHHFLPRs. As we
mentioned above, it is unrealistic that the DHHFLPRs
provided by DMs are perfectly multiplicative consistent.
To solve this defect, this paper develops a concept of ac-
ceptable multiplicative consistent DHHFLPR, and pro-
poses a consistency checking method to judge whether a
DHHFLPR is of acceptable consistency. Additionally, to
fully respect and consider the opinions of DMs, a feed-
back mechanism-based repairing method is developed to
improve the consistency of a DHHFLPR.

After ensuring that all DHHFLPRs are of acceptable
consistencies, we cannot overlook another important
step: the consensus reaching process, which is an essen-
tial process in GDM for enabling sufficient communica-
tions among all DMs and obtaining an accepted decision
result. Therefore, the second contribution is to manage
the consensus reaching process and ensure that all DMs
reach consensus. In existing research, Gou et al. (2018a)
developed a consensus reaching method for large-scale
group decision-making problems with DHHFLPRs based
on similarity measures. In most research, the similarity
and distance measures between individual evaluations
and group opinions have been used widely to measure
the consensus degrees in GDM problems (Liao, Xu, Zeng,
& Xu, 2015; Wu & Xu, 2016). However, these two kinds
of measures can only obtain the positive values which is
regarded as the positive correlation coefficients. However,
one most important defect of them is that they cannot be
used to fully reflect the real relationships between indi-
vidual evaluations and group opinions by considering only
the positive correlation coefficients. Therefore, we dedicate
to developing a novel correlation measure for DHHFLPRs
by considering the positive correlation and negative corre-
lation coefficients simultaneously from the statistical point
of view, and then use it to measure the consensus degrees
between individuals and collective opinions.

At the theoretical level, we highlight this paper by the
following innovative work:

- This paper proposes a multiplicative consistency
property of DHHFLPR, and develops a feedback
mechanism-based repairing method to improve the
consistency of DHHFLPR.
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— This paper develops a novel correlation measure for
DHHFLPRs, which contains both positive correlation
and negative correlation coeflicients simultaneously.

- A new consensus reaching method on the basis of the
correlation measure is developed, which makes the
consensus reaching process reasonable.

- We make some comparative analyses with other con-
sistency checking and repairing method, and the ex-
isting consensus reaching approach.

Additionally, in the opening ceremony of the 2016
World Economic Forum, Premier Li emphasized that it
is urgent to make comprehensively deepen reform to pro-
mote transformation and upgrading of China’s economy.
As emphasized by Schumpeter (1934) in innovation the-
ory that innovation is the dynamic of economy, and more
importantly, innovation promotes the transformation of
economy as well and the venture capital (VC) played an
important role in such transformation through innova-
tion (Zhang, Du, & Tian, 2018). Dutta and Folta (2016)
explained that the most important reason why VC is so
popular is that projects with VC-backed can get a higher
rate of commercialization and are more efficient in in-
novation than those with non-VC-backed. However, it is
clear that the VC firms are facing great risks when they
are making huge profits. Therefore, finding a promising
project is the first and crucial step for the success of VC.
In recent decades, more and more scholars are interested
in behavioral decision-making model when dealing with
practical VCs. For instance, Gomes and Gonzalez (2012)
and Zhang, Du, and Tian (2018) applied TODIM meth-
od into behavioral decision. Zacharakis, Mcmullen, and
Shepherd (2007) explained that VCs also plays a primar-
ily role in investment decision. Under uncertain environ-
ment, Yazdipour (2011) proved that risk aversion for gains
and risk seeking for losses were the appeared risk attitudes
of almost all the VCs.

As we mentioned above, as a cognitive complex lin-
guistic information representation tool, DHHFLPR is very
useful in GDM under uncertain linguistic environment.
Therefore, it can be used as a powerful evaluation carrier
to deal with some VC problems in practical. In addition,
considering the important degree of both consistency and
consensus reaching process, this paper focuses on assess-

ing a practical VC project about real estate market in some
cities of China with DHHFLPRs by researching the con-
sensus model based on multiplicative consistency.

This paper is organized as follows: Section 1 reviews
some basic concepts of DHHFLTS and DHHFLPR. Sec-
tion 2 develops the multiplicative consistency property of
DHHFLPR, and then introduces a feedback mechanism-
based consistency repairing method. Section 3 discusses
the consensus reaching process based on the correlation
measure between DHHFLPRs. Section 4 illustrates a
practical GDM problem to show the effectiveness of the
proposed method and makes some comparative analyses.
Final concluding remarks are provided in last section.
A flow chart can be drawn to show the main work of this
paper in Figure 1.

1. Preliminaries

In this section, we mainly review some existing linguistic
models and discuss the concepts of DHHFLTS and DH-
HFLPR.

1.1. The concepts of DHLTS and DHHFLTS

Natural languages are always around our human being
and they can be used to reflect the most real thought of
people and so they are the essential tools for communica-
tions. In the process of GDM, how to represent and deal
with natural languages is one of the most important steps.
Therefore, Zadeh (2012) introduced a concept of Comput-
ing with Words (CW) and explained it with “Computing
with words is a system of computation in which the objects
of computation are words, phrases and propositions drawn
from a natural language. The carriers of information are
propositions. It is important to note that Computing with
words is the only system of computation which offers a ca-
pability to compute with information described in a natural
language.” Clearly, CW is one of the most effective ways
to process natural languages. Motivated by CW, lots of
linguistic models have been developed to represent nat-
ural languages such as hesitant fuzzy linguistic term set
(HFLTS) (Rodriguez, Martinez, & Herrera, 2012), 2-tu-
ple linguistic model (Herrera & Martinez, 2000), virtual
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Figure 1. The main work of this paper
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linguistic term model (Xu, 2005), and type-2 fuzzy sets
(Mendel, 2007; Qin, Liu, & Pedrycz, 2017), etc. And most
of them are based on symmetrical linguistic term set (LTS)
S= {sa |oc = —r,...,—l,O,l,...,r} (Xu, 2005) or asymmetri-
cal LTS S= {sa |0L =12,.. .,21} (Herrera, Herrera-Viedma,
& Verdegay, 1995). For example, HFLTS (Rodriguez et al.,

2012) mainly uses several linguistic terms included in a
LTS S to express hesitant linguistic information, and
2-tuple linguistic model utilizes both linguistic term and
real number to represent linguistic information. However,
sometimes the existing linguistic models have many short-
comings. (1) Some linguistic models can be only used to
represent one or more basic linguistic terms. For example,
let S= {5_2 =very low,s_, =low,s, = medium,s, = high,
s, =very high} be a LTS, if we want to express some
linguistic information simultaneously as “a little high, just
right high, much high”, we can only use the basic linguistic
term s, to represent it based on S and the modifiers “a
little”, “just right” and “much” are neglected. Therefore, it is
a very important task to enrich each basic linguistic terms
of LTS §. (2) Some linguistic models have no clear mean-
ings. For example, we cannot explain the real meaning of a
virtual linguistic term s, ,< . Therefore, another important
task is to develop method to express this kind of linguistic
information clearly. (3) Some linguistic models utilize real
numbers to express linguistic information such as 2-tuple
linguistic model and type-2 fuzzy set. As we know, quan-
titative information tends to change the meaning of the
original linguistic information.

Apart from above shortcomings, some existing lin-
guistic models provide inspirations and motivations for
scholars to create new complex linguistic model. Based on
the 2-tuple linguistic structure of 2-tuple linguistic model
and type-2 fuzzy set, we can transform all real numbers of
2-tuple linguistic model or type-2 fuzzy sets into linguis-
tic labels and give them real semantics. And then we can
obtain a 2-tuple linguistic structure as “adverbs+adjective”,
as well as utilize the 2-tuple linguistic structure to express
linguistic information instead of real numbers. Based on
this motivation, Wang, Xu, and Zeng (2018) proposed a
concept of linguistic terms with weakened hedges, which
regards the “adverbs” as a few weakened hedges expressed

by other linguistic labels. However, this linguistic model
has two gaps. One is that all weakened hedges are included
in a set, which will be inconvenient if different linguistic
terms need different sets of weakened hedges. The other
one is that a weakened hedge may have different mean-
ings when embellishing different basic linguistic terms but
it cannot be expressed clearly. To overcome the gaps of
the linguistic terms with weakened hedges and improve
2-tuple linguistic structure, Gou et al. (2017) defined the
new concept of DHLTS, which is one of the most typical
representatives and it is used to express the 2-tuple lin-
guistic structure based on two hierarchy LTSs, and can be
used to express cognitive complex linguistic information
accurately with two simple linguistic hierarchies. The first
hierarchy LTS is the main linguistic hierarchy and the sec-
ond hierarchy LTS is the linguistic feature or detailed sup-
plementary of each linguistic term included in the first hi-
erarchy LTS. Let S= {St |t =-1,..,-10,L.. .,r} be the first

hierarchy LTS and Of = {o,i |k = —g,...,—l,O,l,...,g} be the
second hierarchy LTS of s, . Then, we call

Sp = {St<012> =1 =10, LT k= —g,...,—l,o,l,...,g},
(1)

the DHLTS, where Sicots 18 called double hierar-
k

chy linguistic term (DHLT). For convenience, we use
O={ok|k=—g,...,—1,0,1,...,g} and St<o,> (O represent

the second hierarchy LTS and DHLT, respectively.

One figure can be drawn to show the DHLTS:

Remark 1. In Figure 2, it is shown that the linguistic
term s, has a second hierarchy LTS O!. Some advantages
of DHLTS can be summarized: 1) All elements in DHLTS
are expressed by linguistic labels without any numerical
scales, which reflect the semantics of original natural lan-
guages to a greater extent; 2) The second hierarchy LTS
is necessary when the set of adverbs of a first hierarchy
linguistic term is large. Otherwise, we can add them into
the first hierarchy LTS directly. 3) Each second hierarchy
LTS can be regarded as a set of adverbs and extends the
linguistic representations (richer vocabularies). 4) Each
linguistic term in the first hierarchy LTS has its own sec-
ond hierarchy LTS, and all of them are usually different.

Especially, considering that these two endpoints s__ and

|
none very low low medium

Sy S, s, K

Just right

o=

perfect |q-| First hierarchy
linguistic terms

Semantic rule

high very high

A

Linguistic labels

Second hierarchy

i
I
I
|
I
I
I
I
I
I
I
|
5] T, sy

much very much

( ar from a little

- o 0. O,

- linguistic terms
and labels

0, 0. —

Figure 2. The second hierarchy LTS of a linguistic term in the first hierarchy LTS
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s, of the first hierarchy LTS only contain a half of area
compared to other linguistic terms, so we can only use
0= {ok |k =O,1,...,g} and O= {ok |k = —g,...,—l,O} to be
the second hierarchy LTS of them, respectively. More de-
tails about DHLT'Ss can be referred to (Gou et al., 2017).

In addition, to express several complex linguistic terms
in a set simultaneously, Gou et al. (2017) extended DHLTS
into hesitant fuzzy environment and defined the concept
of DHHFLTS, which on X, denoted as H 5> 18 in math-
ematical form of

Hg, —{<x hy |x eX} (2)

where hs ( ) is a set of some linguistic terms in S, and
can be expressed as

hs, (%)=

S¢l<0 5 €8051=1,2,...,L;

Sty<o, o (x)|¢ €=t 0 LO LT (3)
¢ €{~G-.,-1,0,1,...,¢}

with sy <00 > being the DHLT in S,, and L being the

number of the DHLTs in hs (x ) For convenience, we
call h O( ) double hlerarchy hesitant fuzzy linguistic
element (DHHFLE).

Remark 2. For understanding the DHHFLTS better, its
syntax rule was given by establishing a context-free gram-
mar Npyy —{VN,VT,I P} as (Gou et al., 2017):

<doub1e hierarchy primary term),
Vy = <double hierarchy composite term),

(unary relation),(binary relation),(conjunction)

.,oo,...,og_l,og}
I=Vy.

For the context-free grammar Ny, the production
rules P can be defined as:

. {lessthan; morethan; between; and;
T =

S_psSigre 280 S 138130 501 o

I:= <double hierarchy primary term>
<double hierarchy composite term>
ouble hierarchy composite term> n=
unary relat10n><double hierarchy primary term) |
binary relatlon><double hierarchy primary term>
con]unct1on><double hierarchy primary term>
s

1<0._;> |5r<o >

—T<0_ >| —1<0 l>| .

—G+

unary relat10n> = less than | more than

binary relat10n> =Dbetween

|
(d
<
<
<
<d0uble hierarchy primary term>
s
<
<
<

con]unct10n> :=and

1.2. The operational laws of DHHFLTSs and the
concept of DHHFLPR

By adding the second hierarchy LTS as the auxiliary lin-
guistic hierarchy, complex linguistic information can
be described more clearly. However, some scholars may
doubt that whether the calculations among DHHFLTSs
is complicated. Here we can explain it and develop some
methods to make the calculations simpler.

Motivated by the monotonic function of Dubois
(2011) and virtual linguistic terms (Xu, 2005, 2007, 2008),
two functions for mutual transformations between DHLT
and numerical scale were developed when extending the
DHLT to continuous form (Gou et al., 2017). The com-
plexity of the calculation is greatly reduced because of the
monotonic function provides convenience for using the
mathematical expressions to make the operations among
DHLTs. These two functions are shown as follows:
Definition 1 (Gou et al., 2017).

Let S, = {st<0k> |t € [—r,r]; ke [—g,g]} be a continuous

DHLTS, hg, :{s¢l <0 > [Sby<0g > € Sos

[=1,2,...,L; ¢, e[—r,r]; ¢ € [—g,g]} be an DHHFLE

with L being the number of DHLTS in hso . Then, the real
number v, E|:0,1:| and the subscript (d)l,(pl) of DHLT
Sg<0q,> AN be transformed to each other equivalently by
two functions f and f!:

fi[—etlx[-sc] > [01] f(4ror) :%Z%

Frfor]>[—vrx[-ec] 7 (n)=
|:2TYI - T:| < Og(ZT'yI—‘C—[Z‘E’YI—‘E]) >= ®)

[21y,-1]+1< Og((ZWI_T—[Zm—T])_I) g

Based on the transformation function f, the expected
and variance values of an DHHFLE h can be defined
respectively as:

#hg

1 (0}
i )= 2 o) ®
o 1=
#hs 2
1 (0]
v(hso):—#hs IZ; (f(s¢l<%l>)—E(hSO )j /)
o 1=
For two DHHFLEs h¢ and p , if E(hs )>E(hS ),
0; 0, 0, 0,

then hSO1 >hsoz. If E(hsol)=E(hsoz), then (1) if

v(hsol ) > v(hsoz ) hg, =g s )i v(hso1 ) - v(hsoz ) ,
then hsol ~ hSoz .

Suppose that

hSO = {S¢l<%z >

So<0q> € So31=12,....#hg } and
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he =15, s
So; ¢}<oq}i >
I

(i =12 #hl =#h2 ) are three DHHFLES, and x(o <A<1)
(0] (0]

€Spsl=12,....#h; }
(0]

i<o . >
[ ol

is a real number. Some operational laws of DHHFLEs are
developed as follows (Gou et al., 2018a):

(1) Addition:
hsol @ hSOZ = {54)%*4’12 <oq); +(p’2 > };

s ehg s €
¢; <O(p} > SOI (blz <Oq>12 > SOZ
; 1 2 1 2 .
if o +¢1 ST+ <G
(2) Multiplication:

Mg, = |

s, eh
¢1<o(pl >="So

{57“¢l<ok(pl >}; OS}\.SI 5

(3) Complementary operation:

= U {f(l—f(q)n}

S¢Z<aq,l >€hso

In the process of GDM, considering that the pairwise
comparison methods are more accurate than non-pair-
wise methods (Millet, 1997), and the main advantage of
pairwise comparison is that of focusing exclusively on two
alternatives at a time that facilitates DMs when expressing
their preferences (Chiclana et al., 2009). Therefore, under
double hierarchy hesitant fuzzy linguistic environment,
based on the function f mentioned above, the concept of
DHHFLPR is defined as follows:
Definition 2 (Gou et al. 2018a). An DHHFLPR Hj_

is represented by a matrix HSO =| hs, , where
1]
hg = hgl) ‘121,2,... } (#h s the number of
Ojj 0jj Ojj ij

DHLTs in hs hgl is the I-th DHLT in hs ) is an
0jj

DHHEFLE, 1nd1cat1ng the hesitant degree of A, over Aj.

For all i,j=1,2,...,m, hSo.. (z < ]) satisfies the following
ij
conditions:
() () |2 -
f[hsoij ©f hsoji =b hSOii B {SO<00>} ’
- (1) . pUD) (1) S ()
#hso,] #hs hSo,] <hg o and hSOji >hSOﬁ . (8)

Additionally, the complement of an DHHFLPR

z ORI
H, = (hs%j m_({hso,-j I=12.8h,
mx mxm

can be denoted as
I=L2.ths, }J ,
mxm

7 | 1 _ C(Z)
5, = [hs‘)if jmxm B [{hs%‘

2. Multiplicative consistency of DHHFLPR

This section mainly discusses the multiplicative consist-
ency of DHHFLPR. Firstly, as the basic tool, a normaliza-
tion method of DHHFLTS is developed, the multiplica-
tive consistency property of DHHFLPRs is defined, and a
consistency index of DHHFLPRSs is proposed. In addition,
a consistency checking method is given to judge whether
a DHHFLPR is of acceptable multiplicative consistency.
Finally, a feedback mechanism-based method is developed
to repair the DHHFLPR with unacceptable multiplicative
consistency.

2.1. The normalization method of DHHFLPR

To introduce the consistency measure of DHHFLPR, the
first step is to normalize DHHFLPR and make sure that all
DHHFLEs have the same length. Zhu and Xu (2014) de-
veloped two normalization methods, i.e., o.-normalization
and B-normalization. The former is to remove some ele-
ments and the latter is to add some elements. Consider-
ing the a-normalization may result in more the loss of
original information, this paper mainly develops a nor-
malization method for DHHFLPR on the basis of the
B-normalization method.

Let Hy :(hs j bea DHHFLPR, k5 and h{
0 0j (o 0;
mxm
be the minimum and maximum DHLT obtained by the
above comparative method, respectively, 8(0 <e< 1) be an
=eh! +(l1-¢)hg
ij Soij ( ) Soij
to hsoij

optimized parameter. Adding hgo

and héo (1 s)hJr +8hs

spectively, then the normahzed DHHFLPR can be defined
as follows:
Definition 3.

7 _[ 10
Let HSO —[hsoij jm N _[{hs o, 1=12,. #hSOij be
X mxm

an DHHFLPR, 8(0 <e< 1) be an optimized parameter, and
hg, ~ be the DHHFLE with the largest number of DHLTS.
i

The normalized DHHFLPR (NDHHFLPR), denoted as
= (hé\’ J , can be established by utilizing & and
0;:
Y Jmxm

and hso , re-
Jji

(1-¢) to add the DHLTs to hs,, (i<j) and s, (i<j),

respectively, and we can obtain that the number of DHLTs

in all DHHFLEs is equal to #ﬁs e, #hY  =#hY

O11 O12
=.=#hN  =...=#hN =...=gpN =#hN —#he -
=emhy =ty T

2.2. Multiplicative consistency of DHHFLPR

As we mentioned in Section 1, by making pairwise com-
parison on two alternatives at a time, the opinions of DMs
can be represented by the form of preferences. However,
this way limits DMs in their global perception of the al-
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ternatives, and the provided preferences may not be ra-
tional (Chiclana et al., 2009). In general, the rationality is
related to consistency which is associated with the tran-
sitivity property. An example can be given to show the
transitivity: if alternative A, is preferred to A,, and A,
is preferred to A;, then A; should be preferred to A,
through the common sense. Therefore, the lack of consist-
ency in decision making can lead to inconsistent conclu-
sions (Saaty, 1980).

In some research on the consistency, scholars are more
inclined to use multiplicative transitivity considering that
it is a special case of the cycle transitivity property (Baets
et al., 2006). Therefore, for some other preference rela-
tions, multiplicative transitivity property is characterized
as the most appropriate property to model and measure
consistency (Chiclana et al., 2009). In what follows, the
multiplicative consistency of DHHFLPRs is defined:

Definition 4. Given an DHHFLPR Hg_ :(hso )
i mxm

So;;

and its NDHHFLPR HY —(hN j with the param-
¥ Jmxm

etera <g< ) If, for any i,j,k=1,2,...,m,

S [ j [ J:f(h;\](l)jf[h;"(l)jf(hg\’(l)j,
)

where hg N | is the I-th DHLT in the DHHFLE A, , then
O,] i
H s, is called a multiplicative consistent DHHFLPR with

g(0<e<1).
Next, two theorems are developed and the proofs of

them are provided in Appendix.
Theorem 1. Given an DHHFLPR Hs —(hso j
mxm

and its NDHHFLPR H §\r = hé\] with the param-
0 0

ij mxm
eter £(0<g<1), the following statements are equivalent:

I Hg,

I f( ()]

is multiplicative consistent.

Based on Eq. (10), it can be easily proven that
N(z) ( Nm]
)
f( s[4

Sokj

Therefore, f ( ) is an increasing function about

f(hN(l)) and f(hé\;(l)] , and we can obtain

0< 1/ |1+ -1 -1||<1, (12)
) A0

which means that Eq. (10) produces a reasonable result

0;

because the result of f (hé\](l)j is included in [0,1].
Theorem 2. Given an DHHFLPR H S = (hSo,. j and
U mxm

its NDHHFLPR I:Iév —(hN j with the parameter
% ) mxm

g(0<e<1), for i,jk=12,...,m, let

I (20 () |
SO ) =TT )= (120

(13)
Then, H So =(h§lo _ J is a multiplicative consistent
DHHFLPR with &, "™

Remark 3. The Theorem 1 mainly discusses some
properties of the multiplicative consistency of DHHFLPR
and the Theorem 2 gives a method to calculate the mul-
tiplicative consistent DHHFLPR. Therefore, based on the
normalization method and Theorem 2, it is easy to obtain
the multiplicative consistent DHHFLPR from an original
DHHFLPR. And then we can check and repair the DH-
HFLPR with unacceptable consistency, which will be dis-
cussed in Subsections 2.3 and 2.4.

s,, =/

2.3. Consistency index for DHHFLPR

Under most circumstances, the consistency of the DH-
HFLPR provided by the DM may be unacceptable. Thus,
it is important to check and repair the DHHFLPR with
unacceptable consistency. Here, we define an acceptably
consistent DHHFLPR. To do so, a consistency index for
DHHFLPRs is defined. Firstly, the distance between two
DHHFLPRs is defined as follows:

Definition 5. Let
k —
1_12 S }] (k=1.2)
v mxm
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be two DHHFLPRs, and HgNz[thj =
0 ”
mxm

o

responding NDHHFLPRs with 8(0 <e< 1) , where

l:1,2,...,#h§CN }J (k:l,z) be their cor-
O..
mxm

Yy

#hé\’ :#héN :#héN . Then the distance between ﬁé
Oij Oij Otj (0]

and H ; is defined as:
(0]

#h
m

%0y 2
1o ) 2 1 g IN() | [ 2N(1) .
d(Héo)Héo)— m(m_l)z #hé\f, — [f(hSO,j J f(hso,-] J]

i<j

o (14)
Obviously, d (H}QO ,H§O ) satisfies:

(1) o=d(fy 2 <15 @) d A} 2 }=0 ifand
(0] (0] (0] (0]
el 2. 71 o2 Va2 M
only if HSo —HSO ; (3) d(HsO’HsO)_d(HSO’HSO)'
Based on the distance measure of DHHFLPRs, the
consistency index of DHHFLPR is defined as follows:

Definition 6. Given a DHHFLPR

~ 1 .
HSo =(hso,~ J =[{hgo)~ l=1’2""’#h50i- }J , its
T mxm El 70 ) xm

NDHHFLPR AN =| pN = hN(l)|l:1,2,...,L
So So. So,
mxm mxm

)

with £(0<e<1) (Lzmax{(#hso lij=12,....,m5i =,
i

and its multiplicative consistent DHHFLPR

A N, .
Hy, _[hé\;ﬁj _[{hs% |l—1,2,...,L}j with &.
mxm mxm

Then, the consistency index (CI) of H s, 1s obtained by

cifig, ) -1-a{ Y i, )-

, mfL 0 Y 12 (15)
N(! ~N(I
I-|———=) | — h —flh
1) %(f s ( B
CI (I:I S ) can be taken as a similarity measure between

Hg  and its multiplicative consistent DHHFLPR H So -
Therefore, the larger the value of CI (ﬁ So) is, the more

consistent H S will be. Especially, CI (ﬁ So)zl if and

only if H s, s a complete multiplicative consistent DH-
HFLPR.
From Definition 6, it is obvious that the value of

CI(HSO) is decided by 8(0 < SSI) , which reflects the
DM’s risk preferences. Considering that the consistent

DHHFLPR will be helpful to obtain meaningful results, a
nonlinear optimization model is developed to obtain the

optimal CI (FI So ) and the corresponding optimal param-
eter €:

Model 1.
max Cl(ﬁso):l—d(ﬁé‘(’),ﬁlso)

d(Hé‘;,HS ):
5 1/2
_ 2 ¥t (ij_ (,;ij '
sit. m(m—l)g]:. Lz; f hso,j f So,
0<e<l

Solving Model 1, we can obtain the optimal param-
eter ¢, the unique multiplicative consistent DHHFLPR
Hg and the unique consistency index CI (I:I So) with
theohighest consistency level.

Example 1. Let S, :{ t=—4,...

5t<ok>|

Yy

an DHLTS, Hy_ = (hso., ) be an DHHFLPR as:
4x4

{50caqs) {rcamrsosicos ] {f0ca,5rSicoys | {53205}

(1o m9051c05) {Socops {52605 {5100 15
{50{51}} {{52}} { {50200} } {s,Z<o‘,>{,s4<,,,>},SO<n,>}

Based on the normalization method with €=1, we
obtziin CI|H s )= 0.8127 . However, the consistent index
of H s, may be different based on different optimized pa-
rameter. Therefore, based on Mgdel 1, the variation of the
distances between H S and H S associated to the pa-
rameter & can be shown in Figure 3. Then we obtain the
maximum consistent index of H s, 38 CI|H s )= 0.8127
with ¢=1.

on =

As the calculation results obtained in Example 1, it is
common that some DHHFLPRs may be with unaccepta-
ble multiplicative consistencies. Then, an acceptably con-
sistent DHHFLPR is developed:

0.202

02

0.198

(=]
-
[{a]
(2]

0.194

[=]
iy
@
N

The consistent indices

0.19

0.188

0.186 N L . L
0 0.2 0.4 0.6 08 1
The values of €

Figure 3. The distances between H So and H So
with respect to €



International Journal of Strategic Property Management, 2020, 24(1): 1-23

Table 1. The values of consistency thresholds a( H S ) for different values of m and T

m=3 m=4 m=5 m=06 m=7 m=38

=5 0.8793 0.6970 0.6512 0.6226 0.6030 0.5888
T=9 0.8897 0.8485 0.8256 0.8113 0.8015 0.7944
T=17 0.9448 0.9242 0.9128 0.9056 0.9007 0.8972

Definition 7. Let H, :(hso.j be an DHHFLPR.
mxm

y

Given a threshold value CI ,if
CI(ﬁso)zﬁ, (16)

then we call H S the DHHFLPR with acceptable multi-
plicative consistency.

The value of CI can be determined based on the
DHLTS and the number of the alternatives in GDM. Let
So = {st<0k> [t=—1 L0 L., T k= —g,...,—1,0,1,...,g}
be an DHLTS, and T =2t+1. Gou et al. (2019) proposed
the admissible bounds based on the values of T and m for
checking the consistency of CI. However, the threshold
values developed by Gou et al. (2019) are based on the
distance measure. So, we need to transform them into rea-
sonable values with similarity measure and they are listed
in Table 1.

In Example 1, we obtain that CI(H )=0.8127.
Considering that T=9 and m=4 we can get
CI(Hy, )=0.8127 <CI(Hj )=0.8485 . Therefore, the

DHHFLPR discussed in Example 1 is an DHHFLPR with
unacceptable multiplicative consistency.

2.4. The feedback mechanism-based consistency
repairing method
As we mentioned above, it is common that a DHHFLPR

Hso = (hso._

U Jmxm

is of unacceptably consistency, i.e.,

CI(I:ISO ) < E(HSO ) . In this case, we need to repair I:ISO

until it reaches the given threshold. In existing methods,
two methods are very popular to improve the consistency
of preference relation, i.e., the automatic optimization
method (Zhu & Xu, 2014) and the feedback mechanism
(Herrera-Viedma, Alonso, Chiclana, & Herrera, 2007; Zhu
& Xu, 2014). The automatic optimization method may
lead to unreasonable result because it does not adequately
consider the opinions of DMs, and the feedback mecha-
nism can avoid this gap very well. Therefore, this paper
develops a feedback mechanism-based consistency repair-
ing method, which can feedback suggestions to DMs and
help them to improve their preferences. Before introduc-
ing this method, a concept of interval-valued DHHFLTS
(IV-DHHFLTS) (Gou et al., 2019) is given:

Definition 8 (Gou et al,, 2019). Let S, be a DHLTS. An
IV-DHHFLTS on X, Hg ,isin mathematical form of
)

H% :{<xi,h§6 (xi)>|xi eX}, (17)

where hg@ :{hgl)
0j

interval-valued DHHFLE (IV-DHHFLE), and call

l:1,2,...,#hso}. We call hga the

h(—l) the interval-valued DHLT (IV-DHLT), where

S,
Oij

L U L v
hg) = (hg)] ’[hgl)“J satisfies (hg}} S(hgg)

Based on the IV-DHHFLTS, an IV-DHHFLPR is de-
veloped as follows: 3
Definition 9 (Gou et al,, 2019). An IV-DHHFLPR, Hga ,

is presented by a matrix ﬁ% :[hso J CAxA,
ij mxm

where hg = h(J)
O‘j Saij

HFLE and hg’ s the I-th IV-DHLT in hg_ .
O..

Oyj ij
- (i< .
For all i4,j=12,..,m, hs@-j (z _]) should satisfy

L U U L
(0 ol | (] @) ] <se

1+1)

l=1,2,...,#hso} is an IV-DH-

y

5. = - —#he (1) <l
hS@i _{50<00>} > #hsaij _#hséj,- > hgaij Shgaij N and
hgfl) gh@ .

O 0.

Jt Jt
Then, the feedback mechanism-based consistency re-
pairing method is developed as follows:
Algorithm 1. The feedback mechanism-based consist-
ency repairing method (2) (z)
~ Stel; 1. Let (HSO ) =((hsoij ijmj (Z=0,
HSO express the Z-th power of HSO , indicat-

ing the number of iterations) be a DHHFLPR. Based on
Definition 3 and Theorem 2, calculate the NDHHFLPR

(z)
() )|

)@y (s ()
sistent DHHFLPR (HSO) =[[h§‘] J J , respec-
tively. i) mxm

and the multiplicative con-

Ojj
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Step 2. Obtain consistency threshold 6(151 S ) based
on Table 1. - \(2)
Step 3. Calculate consistency index CI ((H So) J

based on Eq. (17). If CI[(I:ISO )(Z)j > CI(I:ISO ) , then go

to Step 6; otherwise, go to Step 4.
Step 4. Construct an IV-DHHFLPR

(z) (z)
HS—[(hS__] ] —{[{hg’)__1—1,2,...,#1150“8 J ,

where (h(l) J(Z) =

Soij
(z) | (),
min [hgl) j ,hé\[(l) ,max [hgl) j ,hé\[(l) . Take
0;j 0; 0;j 0;
H

5, asa reference and feedback it to the DM, then the

DM provide preference information again, and then go
to Step 5.

Step 5. Collect all new preference informa-
tion and then form the repaired DHHFLPR

(Hso )(ZH) = [(hso., j ](ZH) . Let Z=7Z+1. Go back

ij
to Step 3. R _ \(2)
Step 6. Let *Hg :(HSO) . Output the repaired

normalized DHHFLPR *H s, and end the algorithm.

Considering that the consistency index of the repaired
DHHFLPR should be superior to the original DHHFLPR,
then an important property about the repaired DHHFLPR
can be obtained:

Theorem 3. Given an DHHFLPR HSO , *I:ISO is the

repaired DHHFLPR obtained by Algorithm 1. Then,
CI *HSO)ZCIgHSO).
e proof of Theorem 3 is provided in Appendix. =

3. A consensus-based decision-making method
for GDM with DHHFLPRs

A general GDM problem mainly consists of a set of al-
ternatives AZ{AI,AZ,...,Am}(mZZ), and a group of

DMs E:{EI,EZ,...,EQ}(QZZ) with the weight vector

W:(wl,wz,...,wn )T. The linguistic preference of DM

E7 on the degree of the alternative A; being superior

to A; is converted to a DHHFLE hgq) . Then all linguis-
0;:

ij

tic preferences of E4 establish an individual DHHFLPR

I:ng) = (hgq) (q =12,.. .,Q) . When all the individual
U mxm

DHHFLPRs are of multiplicative consistent, the other im-

portant step is to make sure that all DMs reach consensus.

In this section, firstly the correlation coefficient between

any two DHHFLTSs is defined. And then a consensus-

based decision-making method is developed with the
evaluations expressed by DHHFLPRs. Finally, a decision
making method for GDM with DHHFLPRS is established.

3.1. The correlation coefficient between DHHFLTSs

Distance measure can reflect the degree of the specific dif-
ferences between evaluations, and Gou et al. (2018b) intro-
duced some distance measures between DHHFLEs. Sup-

pose that hSO. ={s¢§-<0 N €So; l=1,2,...,#hsov}
1 (p% 1

(i=12) are two DHHFLEs with #hs =#hs =#hg
1 2

Sy
<0 ;>
o p

The distance between hSo and hSo is defined as:
1 2

#h 2
1 o
d(hSo1 ’hSo2 ): #hSO Z [f(stbkow% >J_f[s¢lz<o(pl2 >Jj :

I=1
(18)
Then the correlation coefficient between two DHH-

FLTSs Hg :{hé NSNS 1 }(izl,z) is defined as:
Oj 0;  V0; 0;
1 1 d(hgoz 'hlsoz J 1& d(h;oz 'hlsoz J
1 % Ly
s s, J d[h;m 5o, J " d(h;m 5o, J
2 Pl
h{ ki d| bt K d| bt K
501, SO|) & ( 502, SOZ) < ( Soz, Soz)
X
kg
So, " S0y

1
d(hs*oz s, ) it d(hs*oz s, )
where m is the number of DHHFLESs in each DHHFLTS;

(19)
h¢ and hg  are the biggest and smallest DHHFLEs in
0; Oj

H So. respectively, i=1,2. d is the distance measure by

Eq. (18).
Theorem 4. The double hierarchy hesitant fuzzy linguis-
tic correlation coefficient satisfies the property of the Pear-

son correlation coeflicient that C(H S JH So )e [—1,1] .
1 2

The proof of Theorem 4 is provided in Appendix. =
Remark 4. Since C(HS ,Hy )e[—l,l], there ex-
0 0,

ists three situations: (1) If C(Hso ,Hg, )>0, then
1 2

HsOl and HS02 have a positive correlation; (2) If

C|H; ,H; |<0, then they have a negative correla-
So,>"" S0,

tion; (3) If C(HSO Hg, ):0, then they have no any
1 2

correlation. In conclusion, the bigger the absolute value of

C(HSOl H, )

Hg, and H S should be. Considering that the correlation
1 2

is, the stronger the correlation between

coefficient reflects the relation of two DHHFLPRs from both
positive and negative angles. It can be regarded as a useful
tool to represent the consensus degree of DMs in GDM.
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3.2. Consensus reaching process

The consensus reaching process mainly consists of two
aspects: consensus checking process and consensus im-
proving process.

(a) Consensus checking process

In the GDM process, the consensus measures can be
used to depict the closeness degree among the DM’ pret-
erences. The most popular method for measuring the con-
sensus degree is to calculate the deviation degree between
each individual preference and aggregated opinion (Dong,
Xu, Li, & Feng, 2010). Additionally, distance measure is
very important to depict the deviations between the DMs’
preferences, and it has been utilized to measure the con-
sensus degree in GDM (Gou et al,, 2018a). However, the
consensus degree measured by distance cannot reflect the
relationship between the individual preference and aggre-
gated opinion from both of positive and negative angles,
and may lead to some unreasonable consensus results.
Motivated by (Wu & Liao, 2019), and considering that the
correlation coefficient of DHHFLTSs discussed in Eq. (19)
can overcome this gap. Therefore, this subsection devel-
ops a method to obtain the consensus degree of each DM
based on the correlation coefficient of DHHFLTSs. Firstly,
a double hierarchy hesitant fuzzy linguistic weighted aver-
age (DHHFLWA) operator is developed to aggregate all
DHHFLPRs into a group DHHFLPR.

Definition 10 (Gou et al.,

p_ ) pl)
hsoij _{hsoi]_

DHHFLEs. We call

2018a). Let

Ojj

l=1,2,...,#h£ }(p=1,2,...,P) be a set of

DHHFLWA(hé 2 hE J:{hg(l)lzl,z,...,#hsc }

(om (07 0;; 0:: 0;:

ij ij ij ij ij
(20)

the DHHFLWA operator, where
P
6(1) _ p(f ;2 G - T
hy =Y wohg V| 1=1,2,.,#hG w=(wp, Wy, w,)
i pol ij i
is the weight vector of the DHHFLEs and satisfies

P
OSWPSI and przl.
p=1
Based on Eq.

(20), the group DHHFLPR

HS =|hS can be established, and we call h¢
So Sog So,
mxm
a group preference element. Then, motivated by Eq. (19),
the consensus degree between each DHHFLPR and the
group DHHFLPR is developed as follows:

Definition 11. Let ﬁgz) :[hgq) j be the individual
mxm

Oij
DHHFLPR of the DM E4, and HSG :(hSG j be the
o R -

group DHHFLPR. Then the consensus degree of E9 is
defined as:

CD(FIgZ)j =%JZZ®§. ) , where
4\

~

where dlf) = d(h(q”,hgz_). j 49 d(h

j i 0

ij

G _ G G G _ G+ 1,G— (a)+ _ (4)
dj —d[hsoj,hsoﬁj, d _d(hsoj,hsojj, hg," =maxhg

hgq)_ =minhgq) , hSG+ :mathG and hSG‘ :minhg .
0j i 0 0j i 0 0j i 0

According to Theorem 4, it is obvious that ®§q) € [—1,1] .
Then, CD ng) e[—l,l]. If CD I:ng) >0, then, there
(¢ O
exists consensus’ with different strengths. The larger the
value of CD(FI gq)j is, the stronger the correlation con-
(%

sensus degree of the DM E4 to the group will be. How-

ever, if CD(I:I gq)j <0, which means negative correlation,
(0)

so there exists no consensus of DM E1 with respect to the
remaining DMs. Based on Karplus and Diederichs, (2012),
the strength of consensus degree can be defined in Table 2.

Table 2. The consensus degree of two DHHFLPRs based on the
ranges of correlation strength

= ~(q) The correlation strength of two
e range of CD (H So ) variables
(0.8,1] Extremely strong consensus
(0.6,0.8] Strong consensus
(0.4,0.6] Moderate degree consensus
(0.2,0.4] Weak consensus
(0,0.2] Extremely weak consensus or no
consensus
[-1,0] No consensus

(b) Consensus modifying process

After obtaining the consensus degrees of all DMs,
there may be some preferences with low consensus de-
grees. Therefore, it is necessary to improve the group con-
sensus degree by a consensus modifying process before
making decision. In this regard, two processes should be
handled: one is to detect the individual DHHFLPR that
with the lowest consensus degree, and the other is to ad-
just the corresponding element of it. Considering that the



12 X. Gou et al. Consensus based on multiplicative consistent double hierarchy linguistic preferences: Venture capital...

automatic modification is a low cost but effective tech-
nique (Dong & Cooper, 2016; Ma, 2016), this subsection
develops an automatic modification method to modify the
group consensus degree:

Definition 12. Let the minimum consensus degree
of the group be CD'=CD FI((P) =minCD I:I(q)

So g So

(q = 1,2,...,Q) , & be the given consensus threshold, and
© be the given correlation threshold. If CD" <&, then

the corresponding individual DHHFLPR H gj;) with the
minimum consensus degree CD(I:I gi)j should be adjust-

ed as I:Ié(‘P) = (hé(q))) , where
© mxm

Ojj

l(hg"’)@hg J ifol” <o
hé((p) A Ojj (22)
KA ifel?) >0
0jj J

If the consensus degrees of all DMs are larger than or
equal to the given consensus threshold &, then the final

group DHHFLPR Hg_ :(hgou j is obtained by ag-
y

mxm

gregating all the individual DHHFLPRs.

Remark 5. Based on the strength of consensus degree
given in Definition 11, the values of the thresholds & and
©® can be determined as &,0®¢ [0.4,0.8]. Additionally,
according to the practical situation of GDM, the values of
the thresholds & and ©® can be adjusted. If the demand
for consensus is strict, then the threshold should be given
a higher value; Otherwise, a lower threshold value should
be provided.

3.3. The decision-making method for GDM with
DHHFLPRs

In the process of GDM, when all DHHFLPRs are of ac-
ceptable consistencies and the consensus degrees of all
DHHFLPRs reach the given consensus threshold, the next
step is to make a decision.

Firstly, based on the transformation function
f, we transform all DHHFLEs of the final group DH-

HFLPR H; =|h; into the real numbers Y.
So So; y i
mxm

(i,j=1,2,...,m) by the following formula:

‘;O”
1 0
. ACEE 23
Ty #hs, g‘ f( Soiij >

The final group DHHFLPR can be transformed into
. Then,

mxm
sum up all elements in each row and obtain the overall

value of each alternative by

m
Yi= ZY;'J' (24)
j=1

a complementary preference relation Y = (y,])

Finally, the alternatives can be ranked in descending
order according to the values of v; (i =12,.. .,m) .

To clarify the proposed multiplicative consistency and
consensus-based decision-making method, we summarize
the procedure as Algorithm 2 and illustrate it by Figure 4.

Algorithm 2. The multiplicative consistency and con-
sensus-based decision-making method

Step 1. Collect the linguistic preferences of DMs and

establish their individual DHHFLPRs Hg‘” = (h(q) J
(0]
mxm

So,
(q = 1,2,...,Q) . Go to Step 2. '
Step 2. Calculate the consistency index of each DHH-

FLPR CI (I:Igz)j , and determine the threshold CI based
on Table 1. If CI(HgZ))ZCI (qzl,Z,...,Q) , then go to
Step 4; otherwise, go to Step 3.

Step 3. Find the DHHFLPR H gz) with unacceptable
consistency. Utilize Algorithm 1 to Tepair the unaccept-
ably consistent DHHFLPR. Go back to Step 2.

Step 4. Obtain the group DHHFLPR HS = [hSG j
O Oij mxm

by Eq. (20). Let T =1. Go to Step 5.
Step 5. Determine the consensus threshold & and the
correlation threshold ®, and calculate the consensus de-

gree CD(FIgZ)j by Eq. (21). If CD(I:IgZ)j > ¢, then go to

Step 7; Otherwise, go to Step 6.

Step 6. Find out the DHHFLPR CD" with
CD(HES)) :minCD(I:Igz)j. Derive its adjusted DHH-

q
Gij

Step 7. Obtain the final group DHHFLPR
ﬁ;o = (hgo by Eq. (20). Go to Step 8.
i mxm

Step 8. Obtain the ranking of all alternatives based on
Eqs (23) and (24) and end the algorithm.

‘ Individual DHHFLPRs ‘

(]

Consistency index

FLPR Hé(oq)) = (hé((p)] .Let T=T +1, go back to Step 2.
mxm

Repairing

Adjusting

‘ Group DHHFLPR ‘

The overall value of each
alternative

¥

Figure 4. The flowchart of the multiplicative consistency and
consensus-based decision-making method
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4. Case study: finding a VC project about real
estate market

In recent years, especially since 2016, with the imple-
mentation of talent introduction policy and real estate
destocking, housing prices have exploded in many Chi-
nese cities such as Nanjing, Chengdu, Xi’an, etc., as well as
more and more people believe that property speculation is
a huge business opportunity. Meanwhile, lots of real estate
developers have sprung up such as Evergrande Real Estate
Group, Country Garden Holdings, China Vanke, Green-
land, etc. As we know, the real estate market is not only a
key part of the Chinese economy but also an integral com-
ponent of China’s financial system. In 2017, housing sales
totaled 13.37 trillion RMB, equivalent to 16.4% of China’s
GDP (Liu & Xiong, 2018). However, property speculation
has had a huge impact on the real economy. Therefore,
holding on to the idea that “house is for living, not for
property speculation”, each city has given corresponding
policies to regulate the housing price. For example, lots
of cities’ residents cannot buy a house until they meet the
requirements of household registration or social security,
the central government has adopted steps from raising
mortgage rates and down-payments to making buyers
pay property tax for the first time. Now, China’s economy
is also slowing after the government succeeded in rein-
ing in credit growth, investment spending and property
speculation.

In China, the real estate market can be regarded as a
typical VC. In the face of the current real estate market

situation, many real estate developers need to consider
various factors when making venture investment. For in-
stance, the government’s economic regulation and control
policy will greatly affect the development direction of the
real estate market. In addition, the markets for residential
properties and commercial real estate are crucially tied to
land sale policies and strategies of local governments (Liu
& Xiong, 2018; Chen, Liu, Xiong, & Zhou, 2018), so the
land prices are also the important factors for the VC in
real estate market. Moreover, the households’ down pay-
ment, the income and price-to-income ratio of mortgage
borrowers, and households’ housing market expectations.
Finally, Firms in China are also heavily exposed to risks of
the real estate market. There are at least two key channels
that expose firms to the real estate market. One is that
the real estate assets are the most widely used collateral
for firms to borrow from banks, and the other one is that
there is also another speculative channel through which
firms actively seek real estate exposure during China’s on-
going real estate boom (Liu & Xiong, 2018; Chen et al,,
2018).

Based on these factors, suppose that a firm wants to
find a VC project about real estate market in a city of Chi-
na, and four famous cities are the alternatives as Chengdu
(A;), Nanjing (A, ), Xian (A;) and Zhengzhou (A,).
To do so, four DMs {El,Ez,E3,E4 with the same im-
portance are invited to form a group ?I’jd to provide their
evaluations. Then, the DHHFLPR H¢!/ of each DM can
be established based on an DHLTS S, , where the first and
second LTSs in S, are respectively denoted as:

S= {5_4 = extremely bad,s_s = very bad,s_, =bad,s_, = slightly bad,s, = equal,s, = slightly good,s, = good, s; = very good,s, = extremely good}

O= {0_4 = far from,o_s = scarcely,o_, = only a littlle,o_, = a little,0, = just right,o; = much,o0, = very much,o; = extremely much,o, = entirely}

{SO<00 > }

~(1) {$1<u_1>’50<o_1>}

{5—1<02>’5—1<072> }

{s—1<ol>’50<ol>} {sl<oiz>’sl<oz>} {50<u,1>’50<01>} {50<00>}
{50<00>} {50<00>} {50<01>} (2) _ {50<oz>’50<o,l>}
So
50<00> S0<oD> S3<o,3>

{SO<O,I>} {573<03>} {SO<00>}

{50<a,2>’50<01>} {sl<o,2> ’sl<ul>} {SO<072> ’sl<01>}

{SO<00>}

{571<02> ’571<o,1>} {Sl<o,3> >50<o‘)> }

1

{5—1<o3>’50<00>} {SO<01>’51<072>}

{SO<0">} {53<o,3>}
{573<03>} {50<00>}

So

{SO<0‘ > ’SO<"—1>} {SO<02>’571<071>} {SO<”—1> ,S,1<02> }

{SO<90 > }

{51<o,l>’50<o,l>}

{3—1<ul>'50<al>} {51<u,2> ’32<o,2>} {30<a,1>’50<a3>}
{SO<”0>} {SO<00>}
{50<00>} {SO<00>}

{50<01>’S0<073>} {$0<00>’S0<o,1>} {S—3<a,l> >573<o,2>}

{50<00>} {571<u,2> ’50<03>} {Sl<o,2> ’51<al >} {S()<o,1 > ’SO<00>}

H(S) _ {51<oz>’50<o,3>} {30<au>} {30<al>} 1:1(4)

S
0
{s—1<oz>’s—1<o,1>} {SO<DZ> ’5—l<ol>} {S3<al>’53<02>}

{s0ce.1>) {s0cop>)

{30<a,2>’51<o,l>} {50<00>’SO<01>}

{SO<00>}

{53@—1 >3 53<a,2 > }

{53<oI >’53<02>}

{S0<"0>}

{5—l<oz>’572<02>}

{50<o, >’SO<00>}

Clearly, this is a GDM problem under double hierarchy hesitant fuzzy linguistic environment. Based on the Al-
gorithm 2, this GDM problem can be solved in Subsection 4.1.
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4.1. Solving the case by Algorithm 2

Since Step 1 has been given above, we start to handle this
case from Step 2.

Step 2. Calculate the consistency index CI (H gz)) of
each DHHFLPR and show them in Table 3.

Table 3. The consistency index of each DHHFLPR CI (H gq)]
)

(1) 7(2) +7(3) 7(4)
HSo HSO HSo Hso
cr 08967  [09003  [0.8393  |0.8502

Based on Table 1, the threshold value is CI=0.8485 .
Because CI (ﬁg”) < C_'I , then it is necessary to repair the
(0]

unacceptably consistent DHHFLPR H gz) .
(3)

Step 3. Utilize Algorithm 1 to repair H S

obtain the IV-DHHFLPR AY) as:

§O
{50<o0 > }

~(3) {[51@,137 >>S1<0,> } ’[So<a,3 >250<0_, 79> J}
aY =

. Firstly, we

{50<u0> }

o
0
{I:S’K"z > ’51<ul>61 > ]’ S71<o,l> ’SO<°1.31 > }} {[50<02> ’SU<‘73.17> J’[kaol > ’50<o3_07> }}

{[50<u,3_17>’50<ul>]’[571<073_17>>50<%>]} {l:sfl<a,l_61>’50<o,l>]’[Sfl<u,l_56>>50<o,l>]} {I:kao,p>572<04_u>]’[573<u,2>’5—2<07018>]}

Feed back ﬁg to DM E3 and ask him to provide
(©]
preference again based on the suggestions. Then we obtain

the new DHHFLPR ﬁéf) as:

{SO<Dn > }

I:I’(S)— {Sl<00>’50<072>}
N

{S’K"n > >50<oz > } {571<02 > ’50<oz > } {30<u] > >50<oz > }

{50<uU > }

51<a,2 > ’50<o,z> } {SO<03 > ’50<a,l > }

SO<0—3>’50<01>} {SO<03>’51<01>}

{50<u0 > }

S0<u,l>’50<o,z> {50<o,3>’571<u,1>} {573<u1>’373<o,1>}

{53<o,1> > S3<ul> }
{So<uo > }

Go back to Step 2, and we obtain

cz(ﬁg(;)j =0.9029>CI .
Step 4. Aggregate all DHHFLPRs into a group

DHHFLPR HY =[h§? j based on Eq. (20):
(0 O;;
mxm

K

{SD<00>}

{50.75<a0 11>50<0_, “>} S0<0y>

{S70,75<n,“ 1>250<0, 6> } {50v75<n,\ 34521250 4 43> } {50@,‘, s0>>50<0, 5> }
{5—0.25«;4, 64> 50<0p 45 >} {50@, 28>°50.5<0_g 3, >}
{S°<ﬂ»>}

{573<a“2>>573<n4,%>} {S()<uo>}

G —
HY =

0
{‘—o.7s<o, _,4>v5—1.25<o(,4_,>} {50.25<aw>v50<o M>} {53@ m>:53<.;m>}

{St)<ao 59>°50<0_, ,p} S0<0_; 5>25-0.5<00 3>

Step 5. Suppose that the consensus threshold & =0.9
and the correlation threshold ®=0.6 . Calculate the cor-
relation coefficients and consensus degrees of all DMs

{[S—Kn 2>’571<01_37> :|’|:50<al 79> ’SO<03> J}

based on Eq. (21), and the results are listed in Table 4.
Clearly, the consensus degree of DM E* is lower than the
consensus threshold, and the correlation coefficient ®, of
E* is lower than the correlation threshold. Therefore, it is
necessary to adjust the preference information of E* with
respect to the second alternative A, .

Table 4. The correlation coefficients and consensus degrees of

each DHHFLPR CI (ng)j
(0

Correlation coeficients
DMs Consensus
0, o, 0, 0, degree
E! 0.9700 0.8803 0.9948 0.9970 0.9605
E? 0.9224 0.9981 0.9969 0.9653 0.9707
E? 0.9135 0.9917 0.9862 0.9543 0.9614
E4 0.9998 | -0.5766 | 0.9992 0.9863 0.6022

{[S—Ko 1vm>’51<0 2>J’|:50<a 1_3,>’Sl<al>}} {|:SO<0 l>’S(]<0317>:|’|:50<au>’Sl<a3vl7>}}
{[SO<073‘17>’SO<072>:I’[SU<D,3>G7>’SI<G,1>:|} {[SO<01>’SI<01‘61>}’I:SO<01>’SI<01‘66>:|}

{50<00>} {I:Sko“l > ’S3<ol> J’[Skaa 18> ’53<o2 > ]}
{50<uo>}

Step 6. Based on Eq. (22), the adjusted DHHFLPR
H é(;) of E* is obtained as follows:

{50<00>}

5 >
ca {o.as<a,m,3> u<a,,2>}

SU -
{571<oz> ’572<02>}

{570488@%9 >S0<o; 2>} {51<o,2> :52<u,2>} {SD<AL\>’SO<0}>}

{50<09> }

{50.13<o“5>v50<g “>}

{5—0.13@,9 45>>50<05,> } {50<a,, 75>>50.25<0) 45> }

{Sﬂ<uu>}

{50<n,0 75>5-025<0_ 45 >} {5—3<u,, >S-3<0., >}

{53«», >253<0,> }

{SO<0\>’SO<(L3> {SO<00>

Go back to Step 2. H é(o4) is an DHHFLPR with the ac-
ceptable consistency. Additionally, the consensus degree of
flé(4) is CD(I:Ié(4)j =0.9570> 0.9 . Therefore, the group

() ()

preference information reaches the consensus. Therefore,

H éG is the final group DHHFLPR denoted as I:Ig .
o 0

Step 7. Based on Egs (23) and (24), the ranking of all
alternatives is obtained and shown in Table 5. Therefore,
the optimal alternative is to invest a VC project about real
estate market in Xian.

In this subsection, we have checked the corls(i3s)tency of
all DHHFLPRs and repaired the DHHFLPR H S Then,
we have also obtained that the consensus degree of DM
E* is lower than the consensus threshold, and have im-
proved it. Especially, the multiplicative consistency and

Table 5. The complementary preference relation and the rank of alternatives

The complementary preference relation Overall values Rank
0.5 0.4809 0.5984 0.5266 2.1059
0.5191 0.5 0.4734 0.5723 2.0648
0.4016 0.5266 0.5 0.8609 2.2891 Ay = A= Ay - Ay
0.4734 0.4277 0.1391 0.5 1.5402




International Journal of Strategic Property Management, 2020, 24(1): 1-23 15

consensus-based decision-making method proposed in
this paper can deal with this case successfully and effec-
tively.

4.2. Solving the case by additive consistency-based
method

Steps 1-2. Based on the method of Gou et al. (2019), the
consistency index of each DM by the additive consistency-
based method can be obtained and shown in Table 6.

Table 6. The consistency index of each DHHFLPR CI (ng)j
s . o
based on the additive consistent

71) 7(2) 7(3) 7(4)
HSO HSO HSO Hso
cr | 08975 0.9011 0.8618 0.8619

In Table 6, the preference of each DM is the DHH-
FLPR with acceptable consistency. Therefore, it is not nec-
essary to make any adjustment.

Step 3. Calculate the group DHHFLPR and the
synthetical value of each alternative is obtained as

{2.0860,2.0469,2.25,1.6172}. Then, the ranking of all

alternatives is A; > A} = A, = A,. Similarly, Xian is also
the optimal alternative to invest a VC project about real
estate market.

4.3. Solving the case by the existing consensus
reaching method

Gou et al. (2018a) proposed a consensus reaching method
for large-scale GDM with DHHFLPRs. Considering that
this method mainly classifies all DMs into several groups
and then makes decisions, so each DM discussed in this
case can be regarded as a group in (Gou et al., 2018a).
Thus, we can use the consensus reaching method pro-
posed in (Gou et al., 2018a) to solve the case.

Steps 1-4. Similar as the Steps1-4 in Section 4.1.

Step 5. Obtain the consensus degrees of the pair of
alternatives, the consensus degrees of alternatives and the
overall consensus degree of preference relations, and show
them in Table 7.

Step 6. Since all DMs reach group consensus, then
the synthetical value of each alternative is obtained as
{2.0860,2.0630,2.2507,1.6004} . We can obtain the rank-
ing of all alternatives as A; = A, = A, = A, . Xian is still
the optimal alternative to invest a VC project about real
estate market.

4.4. Comparative analysis

All the above three methods show that the ranking of all
alternatives are A; = A; = A, = A, which verifies the
effectiveness of the proposed method. However, the syn-
thetical value of each alternative, the process of consist-
ency checking and repairing, and the consensus reaching
process are different.

(1) The comparative analyses of different consistency
properties

In Sections 4.1 and 4.2, we check and repair the con-
sistencies of all DHHFLPRs on the basis of multiplicative
consistency and additive consistency, respectively. How-
ever, the consistency index of each DHHFLPR obtained
by different consistency checking method is different. Es-
pecially, by the multiplicative consistency, we can find that

ng) is an DHHFLPR with unacceptable multiplicative

consistency, but all the DHHFLPRs are with acceptable
additive consistency. Therefore, the multiplicative consist-
ency property is much more precise to measure the con-
sistency of DHHFLPR in some degree.

Additionally, we can further use the MATLAB Drawing
toolbar to produce the “Figure of area” to give a visible de-
scription of the unacceptable consistent DHHFLPRS, the ac-
ceptably consistent DHHFLPRs, the multiplicative consistent
DHHFLPRs, and the additive consistent DHHFLPRs, which
are shown in Figures 5-8. Clearly, both the multiplicative
consistent and additive consistent DHHFLPRs are more reg-
ular than the original DHHFLPRs. We can also find that the
every pair acceptably multiplicative consistent DHHFLPR
and the acceptably additive consistent DHHFLPR are very
similar, and the multiplicative consistent DHHFLPR has a
larger variation range than the additive consistent DHHFL-

PR in Figures (7-8). Furthermore, the repaired DHHFLPR
H éo3 with acceptable consistency is also more regular than
the original DHHFLPR H §3 with unacceptable consistency.

(2) Sections 4.1 and 4.3 utilize different consensus
reaching methods to deal with the GDM problem. All
DMs reach consensus based on Gou’s et al. method (Gou
et al., 2018a). However, Gou’s et al. method only consid-
ers the positive consensus degree and ignores the negative
consensus degree. Therefore, it cannot reflect the correct
result in some degree. In addition, using the proposed
method in this paper, we can find that the consensus de-
gree of E* is lower than the consensus threshold, and the
correlation coefficient ®, of E* is lower than the correla-
tion threshold. Considering the correlation coefficient ®,

Table 7. Different kinds of consensus degrees

the consensus
The consensus degrees of the pair of alternatives degrees of Overall consensus degree
alternatives
1 0.9607 0.9547 0.9591 0.9582
0.9607 1 0.9666 0.9639 0.9637
0.9442
0.9547 0.9666 1 0.9112 0.9442
0.9591 0.9639 0.9112 1 0.9447
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of E* is smaller than 0, so there exists no consensus by
Table 2 and DM E* needs to repair his preference again.
To sum up the above discussion, the correlation coefficient
proposed in this paper is within the interval [-1,1], which
can be used to depict the strength of consensus degree
from the angles of both positive and negative consensus
degrees. Therefore, the consensus degree of DHHFLPR
based on correlation coeflicient is more reasonable than
the consensus degree of DHHFLPR based on similarity
measure (Gou et al., 2018a).

Conclusions

This paper has proposed a multiplicative consistency and
consensus-based method to solve the GDM problems with
DHHFLPRs. We have introduced a multiplicative consist-
ency property of DHHFLPRs, and developed a consist-
ency checking and repairing algorithm to ensure that each
DHHFLPR is of acceptable consistency. In addition, a cor-
relation coeflicient between DHHFLTSs has been defined
based on the distance measure of DHHFLESs, and a new
consensus reaching method has also been developed on
the basis of the correlation measure for DHHFLPRs. Fi-
nally, we have made some comparative analyses with other
consistency checking and repairing method, and the exist-
ing consensus reaching approach to illustrate the effective-
ness of the proposed method by a case study concerning
the assessment of the venture capital (VC) projects about
real estate market in some cities of China.

In general, the multiplicative consistency and consen-
sus-based model proposed in this paper has the following
advantages over the existing methods:

— The correlation coefficient of DHHFLTSs can reflect
the positive correlation and negative correlation si-
multaneously. It is more correct to measure the cor-
relation between two DHHFLTSs than distance and
similarity measures.

— The consensus reaching method based on correlation
coeflicient between DHHFLPRs is more reasonable
than some existing information entropy-based meas-
ures.

- The multiplicative consistency property is much
more precise to measure the consistency of DHH-
FLPR in some degree.

As future study, based on the multiplicative consist-
ency of DHHFLPR, some other multiplicative consistency
repairing methods can be developed to improve the ex-
isting method. Moreover, utilizing the proposed correla-
tion coeflicient-based consensus reaching method to solve
the problems with other types of preference information
would be worthy of study. Additionally, it would be also
interesting to implement the proposed multiplicative con-
sistency and consensus-based model to solve other practi-
cal GDM problems.
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Multiplying Eqs (25)-(27), we obtain
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which indicates that H 5, 1 multiplicative consistent. This completes the proof of Theorem 1. =

Proof of Theorem 2: For i,j,k=1,2,...,m, we have
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(1) When i=1, C(HSOl Hg, )=1e[—1,1].



International Journal of Strategic Property Management, 2020, 24(1): 1-23 23
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According to the above proof, we get C (H 5o, Hs, )e [—1,1] for all i. This completes the proof. =
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