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of 4E  is smaller than 0, so there exists no consensus by 
Table 2 and DM 4E  needs to repair his preference again. 
To sum up the above discussion, the correlation coefficient 
proposed in this paper is within the interval [–1,1], which 
can be used to depict the strength of consensus degree 
from the angles of both positive and negative consensus 
degrees. Therefore, the consensus degree of DHHFLPR 
based on correlation coefficient is more reasonable than 
the consensus degree of DHHFLPR based on similarity 
measure (Gou et al., 2018a).

Conclusions

This paper has proposed a multiplicative consistency and 
consensus-based method to solve the GDM problems with 
DHHFLPRs. We have introduced a multiplicative consist-
ency property of DHHFLPRs, and developed a consist-
ency checking and repairing algorithm to ensure that each 
DHHFLPR is of acceptable consistency. In addition, a cor-
relation coefficient between DHHFLTSs has been defined 
based on the distance measure of DHHFLEs, and a new 
consensus reaching method has also been developed on 
the basis of the correlation measure for DHHFLPRs. Fi-
nally, we have made some comparative analyses with other 
consistency checking and repairing method, and the exist-
ing consensus reaching approach to illustrate the effective-
ness of the proposed method by a case study concerning 
the assessment of the venture capital (VC) projects about 
real estate market in some cities of China.

In general, the multiplicative consistency and consen-
sus-based model proposed in this paper has the following 
advantages over the existing methods:

	– The correlation coefficient of DHHFLTSs can reflect 
the positive correlation and negative correlation si-
multaneously. It is more correct to measure the cor-
relation between two DHHFLTSs than distance and 
similarity measures.

	– The consensus reaching method based on correlation 
coefficient between DHHFLPRs is more reasonable 
than some existing information entropy-based meas-
ures.

	– The multiplicative consistency property is much 
more precise to measure the consistency of DHH-
FLPR in some degree.

As future study, based on the multiplicative consist-
ency of DHHFLPR, some other multiplicative consistency 
repairing methods can be developed to improve the ex-
isting method. Moreover, utilizing the proposed correla-
tion coefficient-based consensus reaching method to solve 
the problems with other types of preference information 
would be worthy of study. Additionally, it would be also 
interesting to implement the proposed multiplicative con-
sistency and consensus-based model to solve other practi-
cal GDM problems.
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Proof of Theorem 1: I⇔ II. Based on Eq. (9), we obtain
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Multiplying Eqs (25)–(27), we obtain

( ) ( ) ( ) ( ) ( ) ( )

1 1
, , 1,2, ,

O O O O O Oji ik kj ij ki jk

m mm mN l N l N l N l N l N l
S S S S S S

k k
f h f h f h f h f h f h i j m

= =

             = =                          
∏ ∏ 

( ) ( ) ( ) ( ) ( ) ( )

1 1
1 , , 1,2, ,

O O O O O Oij ik kj ij ki jk

m mN l N l N l N l N l N l
m mS S S S S S

k k
f h f h f h f h f h f h i j m

= =

           ⇒ − = =                       
∏ ∏ 

( )

( ) ( )

( ) ( ) ( ) ( )

1

1 1

, , 1,2, ,

1 1

O Oik kj

Oij

O O O Oik kj ik kj

m N l N l
m S S

N l k
S m mN l N l N l N l

m mS S S S
k k

f h f h

f h i j m

f h f h f h f h

=

= =

  
       

⇒ = = 
          + − −                

∏

∏ ∏


III⇔ I. Eq. (11) is equal to

( ) ( ) ( ) ( ) ( ) ( )

1 1
, , 1,2, ,

O O O O O Oji iz zj ij zi jz

m mm mN l N l N l N l N l N l
S S S S S S

z z
f h f h f h f h f h f h i j m

= =

             = =                          
∏ ∏   	 (28)

The following equations can be got:

( ) ( ) ( ) ( ) ( ) ( )

1 1
, , 1,2, ,

O O O O O Oki iz zk ik zi kz

m mm mN l N l N l N l N l N l
S S S S S S

z z
f h f h f h f h f h f h i k m

= =

              = =                            
∏ ∏   	 (29)

( ) ( ) ( ) ( ) ( ) ( )

1 1
, , 1,2, ,

O O O O O Ojk kz zj kj zk jz

m mm mN l N l N l N l N l N l
S S S S S S

z z
f h f h f h f h f h f h k j m

= =

             = =                          
∏ ∏   	 (30)

Multiplying Eqs (29) and (30):

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1
, , 1,2, ,

O O O O O O O Oki jk iz zj ik kj zi jz

m mm mm mN l N l N l N l N l N l N l N l
S S S S S S S S

z z
f h f h f h f h f h f h f h f h i j m

= =

                    = =                                        
∏ ∏   

(31)
Dividing Eq. (28) by Eq. (31),

( ) ( )

( )

( ) ( )

( )
, , , 1,2, ,

O O O Oki jk ik kj

O Oji ij

m mm m
N l N l N l N l
S S S S

m m
N l N l
S S

f h f h f h f h
i j k m

f h f h

            
                        = =

      
      

      

  	 (32)

That is,

( ) ( ) ( ) ( ) ( ) ( ) , , , 1,2, ,
O O O O O Oki jk ij ik kj ji

m m m mm m
N l N l N l N l N l N l
S S S S S Sf h f h f h f h f h f h i j k m

                    = =                                        
  	 (33)

which indicates that 
OS

H  is multiplicative consistent. This completes the proof of Theorem 1. ■

Proof of Theorem 2: For , , 1,2, ,i j k m=  , we have

( )

( ) ( )

( ) ( ) ( ) ( )

1

1 1

ˆ

1 1

O Oiz zk

Oik

O O O Oiz zk iz zk

m N l N l
m S S

N l z
S m mN l N l N l N l

m mS S S S
z z

f h f h

f h

f h f h f h f h

=

= =

   
   
     = 

           + − −                  

∏

∏ ∏

( )

( ) ( )

( ) ( ) ( ) ( )

1

1 1

ˆ

1 1

O Okz zj

Okj

O O O Okz zj kz zj

m N l N l
m S S

N l z
S m mN l N l N l N l

m mS S S S
z z

f h f h

f h

f h f h f h f h

=

= =

  
       

= 
          + − −                

∏

∏ ∏
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Let

( ) ( ) ( ) ( )

1 1
1 1

O O O Oiz zk iz zk

m mN l N l N l N l
m mik S S S S

z z
f h f h f h f h

= =

         = + − −                  
∏ ∏

( ) ( ) ( ) ( )

1 1
1 1

O O O Okz zj kz zj

m mN l N l N l N l
m mkj S S S S

z z
f h f h f h f h

= =

        = + − −                
∏ ∏

Then, 

( ) ( )

( ) ( ) ( ) ( )

1ˆ ˆ
O O O Oiz zk kz zj

O Oik kj

m N l N l N l N l
m S S S S

N l N l z
S S

ik kj

f h f h f h f h

f h f h =

      
                 =      

∏
 

and

( ) ( ) ( ) ( )ˆ ˆ ˆ ˆ1 1
O O O Oik kj ik kj

N l N l N l N l
S S S Sf h f h f h f h

        + − −                
=

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1 11 1
O O O O O O O Oiz zk kz zj iz zk kz zj

m m mN l N l N l N l N l N l N l N l
m m mS S S S S S S S

z z z

ik kj ik kj

f h f h f h f h f h f h f h f h
= = =

                                                
= + − −  

  
    
  

∏ ∏ ∏
   

=

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1
1 1 1 1

O O O O O O O Oiz zk kz zj iz zk kz zj

m mN l N l N l N l N l N l N l N l
m mS S S S S S S S

z z

ik kj

f h f h f h f h f h f h f h f h
= =

                  + − − − −                                    =
∏ ∏

 

=

( ) ( ) ( ) ( ) ( ) ( )

1 1 1
1 1 1 1

O O O O O Ozk kz kz zk zk kz

m m mN l N l N l N l N l N l
S S S S S S

z z z
f h f h f h f h f h f h

= = =

                = − − = − −                                
∏ ∏ ∏

Therefore, 

( ) ( )

( ) ( ) ( ) ( )

ˆ ˆ

ˆ ˆ ˆ ˆ1 1

O Oik kj

O O O Oik kj ik kj

N l N l
S S

N l N l N l N l
S S S S

f h f h

f h f h f h f h

  
      

        + − −                

=

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

1

1
1 1 1 1

O O O Oiz zk kz zj

O O O O O O O Oiz zk kz zj iz zk kz zj

m N l N l N l N l
m S S S S

z

m N l N l N l N l N l N l N l
m S S S S S S S S

z

f h f h f h f h

f h f h f h f h f h f h f h f h

=

=

      
              

=
                + − − − −                               

∏

∏ ( )

1

m N l
m

z=

  
  

  
∏

=

( ) ( )

( ) ( ) ( ) ( )

( )1

1 1

ˆ

1 1

O Oiz zj

Oij

O O O Oiz zj iz zj

m N l N l
m S S

N lz
Sm mN l N l N l N l

m mS S S S
z z

f h f h

f h

f h f h f h f h

=

= =

  
        

= =  
         + − −                

∏

∏ ∏

Additionally, ( ) ( )ˆ ˆ
O Oij ji

N l N l
S Sf h f h   

+   
   
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( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

1 1

1 1 1
1 1 1

O O O Oik kj jk ki

O O O O O O Oik kj ik kj jk ki jk

m mN l N l N l N l
m mS S S S

k k

m m mN l N l N l N l N l N l N l
m mmS S S S S S S

k k k

f h f h f h f h

f h f h f h f h f h f h f h

= =

= = =

      
            

= +
            + − − + −                        

∏ ∏

∏ ∏ ∏ ( )

1
1

Oki

m N l
m S

k
f h

=

     −          
∏ =

( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( )

11

1 1

1 1

1 1 1 1

O OO O ik kjik kj

O O O O O Oik kj ik kj ik k

mm N l N lN l N l
mm S SS S

kk

m mN l N l N l N l N l
m mS S S S S S

k k

f h f hf h f h

f h f h f h f h f h f h

==

= =

        − −                 = +
            + − − − −                        

∏∏

∏ ∏ ( ) ( ) ( )

1 1

1

O Oj ik kj

m mN l N l N l
mm S S

k k
f h f h

= =

=
     +           

∏ ∏

The proof of Theorem 2 is completed. ■

Proof of Theorem 3: Since the repaired DHHFLPR ( )( ) ( )
( )

( )
1,2, ,#

OO O O ijij ij

l
SS S S

m m m m

H h h l h
× ×

        = = =               









  is 

constructed by the DMs’ preferences with an IV-DHHFLPR, 
( )

O Oij
S S

m m

H h
×

  
 =     



 . Then we have

( )
( )

( )
( )

( ) ( )
( )

( )
1

ˆ ˆmin , ,max ,
O O O O Oij ij ij ij ij

l l N l l N l
S S S S Sh h h h h

+              ∈                      

  

	 (34)

Thus,

( )
( )

( ) ( )
( )

( )
1

ˆ ˆ
O O O Oij ij ij ij

l N l l N l
S S S Sf h f h f h f h

+             − ≤ −                    

 

	 (35)

Based on Eqs (34) and (35), and Eq. (15), we have
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( )

( )
( )

( )
( )
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1 2 1 2
2 2
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1 1
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+

< = < =

                               − − ≥ − −                   − −                            

∑ ∑ ∑ ∑
 

Then, we get ( )( ) ( )( )1

O OS SCI H CI H
+   

≥   
   

 

  , i.e., ( ) ( )O OS SCI H CI H∗ ≥  . This completes the proof of Theorem 3. ■

Proof of Theorem 4: Since max
O Oq q

i
S Si
h h+ =  and min

O Oq q

i
S Si
h h− = , then we have 

OO O Oqq q q

i
SS S SE h E h E h E h+ − +      − ≥ −            
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Thus, we can obtain , ,
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. Let
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Then 1,1i
q∆ ∈ −   . Eq. (18) can be transformed to
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(1) When 1i = , ( )
1 2
, 1 1,1

O OS SC H H = ∈ −   .
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(2) When 2i = , ( ) ( ) ( ) ( ) ( )
1 2

2 2 2 21 1 2 2 1 2 1 2
1 2 1 2 1 1 2 2,

O OS SC H H
 
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   

According to average value inequality, we get
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2 , 1
O OS SC H H ≤ , namely, ( )

1 2
, 1,1

O OS SC H H ∈ −   .

(3) Suppose that ( )
1 2
, 1,1

O OS SC H H ∈ −    when i m= .

(4) When 1i m= + , we have
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=
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=
= ∆∑ , and ( )22

1

m
i

i
c

=
= ∆∑ , where 1,1 ; , 0,1a b c∈ − ∈       . Clearly, we have 2b c a+ ≥  and 

2bc a≥ .

Then, ( ) ( ) ( ) ( ) ( )
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, and
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Therefore, ( )
1 2

2 , 1
O OS SC H H ≤ , namely, ( )

1 2
, 1,1

O OS SC H H ∈ −   .

According to the above proof, we get ( )
1 2
, 1,1

O OS SC H H ∈ −    for all i . This completes the proof. ■


