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were studied. For this purpose, the most common in-
dicative, structural and probabilistic and Zipf ’s distri-
bution laws were used. It was found that the extreme 
types of asymmetric distribution are characterized by 
rather complex pattern including exponential and hy-
perbolic nature of probability frequencies formation 
development. Based on these features, a leading con-
cept used with regard to the extremely asymmetric dis-
tribution types was that of providing their structural 
empirical parameters as theoretical parameters of the 
desired distribution function.

The main structural parameters of the extremely 
asymmetric distribution – median and modal relati-
ve frequency were involved as theoretical parameters 
at parameterizing of the recommended distribution 
model. The structure of the distribution function was 
constructed with the help of new theoretical parame-
ters, formulas determining the statistical parameters 
were derived, testing of the distribution model was 
conducted on the example of a number of geofeature 
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Abstract. Statistical and geometric patterns were disclosed that are inherent to extremely asymmetric types 
of formation of stochastic frequencies of geofeatures values with the help of the exponential, probabilistic, 
structural, and Zipf distribution laws, which are most often used to describe them. A sophisticated pattern 
with exponential and hyperbolic nature of the probabilistic frequencies formation development was found. 
Based on these features, a leading concept of using major structure-forming characteristics of the distribu-
tion of variable parameters as desired theoretical distribution function was used for parameterization of an 
extremely asymmetric distribution model.

A median and modal frequency of geofeatures distribution were defined as the theoretical parameters of 
the desired distribution model. A structure was constructed and formulas were derived for determination of 
the statistical characteristics of the recommended distribution model. Approbation of the distribution model 
was conducted on an example of morphometric signs empirical distributions among the localities of varying 
complexity and qualitative indicators of a number of gold and rare metal deposits; inhesion of its approxi-
mating power and flexibility of use was revealed. 
Keywords: model, extremely-asymmetric distribution, evaluation, parameter, georesourse.

Introduction 

Substantiation of a rational distribution model was 
carried out by generalizing the properties of extremely 
asymmetric types of geofeatures’ distribution among 
the objects of georesources of varying complexity.

According to the analysis of extremely asymme-
tric types of empirical distributions assessment practi-
ces it was found that the distribution of maximum re-
lief and heights of evenly spaced points in the upland 
and foothill areas, as well as the distribution of quality 
indicators of gold and rare metal deposits often cor-
respond to these types of distributions; that the the-
oretical distributions favorably describing these types 
of distributions are scarce due to the diversity of their 
frequencies formation. There are highly sophisticated 
types of extremely asymmetric types of georesources 
distribution signs with totally unknown theoretical 
distribution convergence.

The statistical geometric regularities inherent to 
extremely asymmetric distributions of geofeatures 
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sempirical distributions. Density of the distribution 
function varies depending on its parameters and thus 
its curve may take the form ranging from extremely to 
moderately asymmetric type. 

Use of sustainable median unbiasedness property 
and its consistency in the assessment  allowed to in-
crease the approximation power and flexibility of the 
recommended distribution, which were strengthened 
by parametric conversion of the  feature in the median 
lobes, thereby allowing us to obtain more reliable re-
sults and reduce the risk in the case of small values  
and uncertainties of statistical sampling that is parti-
cularly important in the assessment of the extremely 
asymmetric types of empirical distributions.

1. Parametrization of the distribution model

Diversity of the types of extremely asymmetric em-
pirical distributions of geological and morphometric 
signs specifies the need in a reasonable distribution 
model that would most reliably take into account a 
wide range of frequencies fluctuation typical for  these 
types of distributions. To parameterize the structure 
of the desired distribution model the principle of the 
use of positive properties of the basic probability dis-
tributions was adopted, often describing these types of 
geofeature sempirical distributions. As is obvious from 
the analysis of evaluation practices of the extremely 
asymmetric geofeatures distributions, the exponential, 
probabilistic and structural distribution and Zipf ’s 
law can be referred to these types of distributions. In 
this connection, various statistical and geometrical 
properties inherent in these probability distributions 
were studied. Exponential distribution to date is most 
frequently used to describe the extremely asymmet-
ric types of empirical distributions. Basic theoretical 
stochastic distributions describing the types of mod-
erately asymmetric distributions for specific values of 
its parameters converge with exponential distribution 
since exponential distribution coincide with gamma 
distribution (when p = 1), the Weibull’s distribution 
(when m = 1, V = 100%), Pearson distribution (when 
b = b2 = 0 , μ3 = 0). Equally important is the stochas-
tic structural c distribution, which for certain values 
converge with exponential, gamma and Weibull’s dis-
tributions.

Basic regularities of probabilistic frequencies de-
velopment inherent in the extreme types of asymmet-
ric geofeatures frequencies formation were identified 
on the basis of assessment of the approximation prop-
erties of these theoretical distributions:

 – development of probabilistic frequencies for-
mation at extremely asymmetric types of dis-
tributions are often described with the help of 
exponential hyperbolic regularities;

 – development of frequencies formation at extre-
mely asymmetric – type distributions is some-
times described only by hyperbolic regularity.

In the above mentioned known theoretical dis-
tributions the patterns of exponential and hyperbolic 
development of probabilistic frequencies are used sep-
arately and thus the important properties arising from 
a complex combination of these regularities remain 
unused.

Parameterization of the developed distribution 
model was implemented by way of generalizing the 
features of the extreme types of asymmetric distribu-
tions signs among the georesources objects of varying 
complexity; it was taken into account that the theo-
retical descriptions for these types of distributions are 
few in number due to the diversity of formation of the 
frequencies, distribution of quality indicators of the 
deposits of gold  and rare metals, maximum elevations 
and heights of evenly spaced points in the upland ar-
eas, as well as the distribution of heights and minimum 
altitudes common to these areas often correspond to 
the extreme asymmetric types and variety of different 
geometry of curves.

The patterns inherent to extremely asymmetric – 
empirical distributions of the signs on georesources 
objects were assessed involving exponential, probabi-
listic and structural and Zipf ’s distribution. According 
to the results of the statistical-geometric evaluation of 
the properties of these distributions, patterns of expo-
nential and hyperbolic character are inherent to the 
development of probabilistic frequencies formation for 
the extremely asymmetric types of distribution. These 
laws are often reflected in the form of е–λх under the 
exponential distribution, sometimes  0m x xe 

 un-
der – probabilistic structural distribution, and rarely 
in the form of 

 
–A

x  
– under the Zipf ’s distribution.

Developmental pattern of probabilistic frequen-
cies in the form of е–λx, according to the exponential 
distribution, depends on only one theoretical param-
eter λ. This creates an approximation limit with regard 
to the statistical range of frequency formation distribu-
tion, and whatever the value of the parameter λ, this 
limitation is not eliminated. Pattern of probabilistic 
frequencies development in the form of  0m x xe 

 
is a two-parameter and are rigidly connected to the 
property modal value. However, the property modal 
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values in highly asymmetric types of frequencies for-
mation are usually close to zero, and it loses its useful 
properties. Developmental pattern of probabilistic fre-
quencies in the form of 

A
x

 according to the Zipf ’s dis-

tribution law has a significant disadvantage due tousa-
geofonly one parameter A and the hyperbolic function 
that lacks high elasticity as the exponential function.

The theory of analytical structure of the distribu-
tion model is based on the concept of using the main 
structure forming parameters of the extremely asym-
metric types of distributions as theoretical parameters 
of the desired distribution function (Kurmankozhaev  
1990; Kurmankozhaev, Zhumanov 2012). The median 
and modal relative frequency with a multiplier were 
chosen as theoretical parameters of a recommended 
distribution model.

The median was chosen as adistribution model 
parameter thanks to its positive properties which were 
much more valuable in comparison with properties of 
other indicators- parameters. The median as the main 
structural and statistical characteristic of distribution 
replaces a role an arithmetic-mean deviation value and 
dispersion as the main well-founded assessment. It is 
known that the median is that value of a random vari-
able which divides a distribution to two equal parts, 
and is on the probability curve of probabilities distri-
bution at Pm = 0.5; respectively, the median is closely 
connected with a form of a distribution curve.

The median has significant advantages in compar-
ison with the arithmetic mean (Smyslov et al. 1979):

 – the median value remains unchanged under its 
assessment both by a definite value and accor-
ding to its functions; this property simplifies the 
computational procedures and facilitates the 
random variables statistic s evaluation;

 – the median value is more stable in the statisti-
cal samples with greater excess than that of a 
normal distribution law; as far as the median 

divides the area of the probability distribution 
into two equal parts, its value remains stable for 
different distribution curve changes caused by 
changes in the magnitude of excess;

 – the median value is slightly affected by errors 
compared with the arithmetic mean value, i.e. 
with systematic errors and feature values close 
to the threshold of sensitivity; this property is 
important for the evaluation distribution laws 
of geofeatureswith their specific natural com-
plexities;

 – the most important property of the median is 
that its value can be calculated with sufficient 
reliability in the presence of a statistical popu-
lation of uncertain or approximate numerical 
values of the quantities, and in the presence of 
various abnormal (hurricane, weak etc.) values.

It follows from the analysis that the median of 
random variables can be used instead of other features 
in order to obtain consistent results when the source 
data have significant analytical error.

The second parameter of the distribution - modal 
relative frequency of feature distribution of the stud-
ied object as the most informative value is of theoreti-
cal and practical importance and serves as the pivotal 
frame for frequencies formation of a variable y; it plays 
a crucial role in justifying the forecast estimates and 
probabilistic approaches. The combination of the me-
dian and modal properties of the relative frequency 
distribution is aimed at improving the reliability of es-
timates of spatial and statistical regularities of geofea-
tures with their distinguishing natural specific features.

2. Analitical basis of a model of the extremely 
asymmetric type of geofeatures distribution

Density of static distribution function for the recom-
mended new “median” model looks as follows:

 

  0
0

xc
Mef x f e

x

 
    


 
 

,  (1)

where f0 is a relative modal distribution frequency 
of the feature under consideration; с is a statistical 
parameter; x

Me  
– value of feature (х) in the median 

shares (Ме).
The distribution function is shown in Figure 1:
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Fig. 1. A curve of distribution function F(x)



134 A. Kurmankozhayev et al. Evaluation of extremely asymmetric types of distributions of geofeatures values

The density of distribution function depends on 
the values of a statistical parameter, thereby takes diffe-
rent forms (Fig. 2).

Basic statistical characteristics of the recommend-
ed distribution

Mathematical expectation:

 Mo
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1f

C
 .    (3)

Average value:

 xср 0
1f
C

 .   (4)

Dispersion:

  
 

0 2
1 3 2

3 2

D f x
C

D Mo x


  

  

.    (5)

The standard:

 
 

 
0

1 3 2 ,

3 2

f x
C

x Mo


 

 

.    (6)

The median:
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The formula off inding the statistical exponent с 
was derived from the main property of the probabili-
ties sum and is as follows:

 0c f Me , with 0 < x < ∞; 

 3
2
Mec
a


 
with 0 < x < a. (8)

It was found that the recommended distribu-
tion model for specific values of the feature median 

converges with the exponential and probabilistic and 
structural distributions, and is associated with the dis-
tribution laws by Pareto, Erlang and geometric distri-
bution.

Calculation formulas for determining the values 
of the median for the extreme asymmetric and asym-
metrical types of the main probability distributions are 
given in Table 1.

3. Comparative analysis of acceptability of  
the recommended model of extremely  
asymmetric type of distribution

A comparative evaluation of the acceptability of the 
distribution model was conducted with a wide variety 
of highly-asymmetric types of empirical distributions 
of geofeatures on actual statistical aggregate quali-
tative indicators of gold, rare metal, as well as com-
plex morphometric features (heights, slopes, areas) of 
different localities in the regions of Kazakhstan. The 

Fig. 2. The character of changes in the density of distribution 
function depending on parameter с

Table 1. Analytical assessment of the median calculation for the main highly asymmetric and asymmetric types of distributions

Highly asymmetric types  
of distributions

The median calculation 
formula

Asymmetric types  
of distribution

The median calculation 
formula

Exponential distribution 
1 ln2Me =
λ

Weibull’s distribution
1

cpMe x
k

=

к = φ(v, p)

Structural probability distribution 00 mxMe e
m
Φ

= Gamma distribution
Me = β∙ln2

1x
x

a
β =

+

Zipf ’s distribution max

min

1 ln
2

x
Me

x
= Logarithmic normal distribution ln 10 xMe =

Recommended median 
distribution

2 
3

Me ac=

a = xmax

Pearson’s
Distribution (type VII) moMe X a= =
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convergence analysis of these highly asymmetric types 
of empirical distributions with known the oretical dis-
tribution laws was carried out involving the exponen-
tial and structural probability distribution, Zipf ’s law 
and the recommended median distribution. Values of 
average ( cpx ), and standard deviation (σ), amplitude 
variability (d) and the Pearson criterion were calcu-
lated.

The comparative evaluation showed that in the 
shares of the considered amount of these sets of em-
pirical distributions of geofeatures, more than 70% 
of their types are favourably and more accurately 
described by the recommended model, 20% – by 
the exponential distribution, and the rest 10% – by 

the structural probability distribution and Zipf ’s law 
(Table 2). This confirms the validity of using the me-
dian and modal frequency values of the geofeatures as 
theoretical parameters of the new distribution model, 
which provides the approximation power and flexibil-
ity of description of various kinds of highly-asymmet-
ric distributions of geofeatures. 

Convergence of this model with different kinds 
of extremely asymmetric types of empirical distribu-
tions of the geofeatures shows the feasibility of its use 
instead of the recognised exponential structural prob-
ability and Zipf ’s laws often used to evaluate the highly 
asymmetric distributions.

Table 2. Results of the natural-experimental convergence analysis of the main distributions acceptable for the evaluation  
of highly asymmetric distribution of the geofeatures

Natural-experimental 
varieties of comparative 

evaluation

Results of comparative evaluation of distributions

Exponential 
distribution 
  xf x e

Stochastic structural 
distribution

   0
0

m x xx e 

Zipf ’s distribution 
law

  Af x
x



Recommended median 
distribution

  0

xc
Mef x f e




Distribution of the 
heights (topographic plan 
М:1:5000) N = 1600;  
σ = 4.1; d = 4.7;  
= 4.033x

4.033X 
λ = 0.10

0 1.5x 
0 138 

m = 0.0122
N = 630

Me = 2.4
f0 = 0.401
с = 1.25

Distribution of the 
elementary areas 
of terrestrial sites 
(topographic plan 
М:1:1000, Zhambyl 
region) N = 1445; σ = 4.4; 
d = 5.0; 18.9x 

=1.514X
λ = 0.661

0 6.0x 

m = 0.0021
0 360 

N = 930

А = 0.25
1.2X 

Me = 4.3
f0 = 0.501
с = 2.88

Distribution of underlay 
values (topographic 
plan М:1:10000, Almaty 
region) N = 445; σ = 7.8; 
d = 4.5; 20.0x 

12.2X 
λ = 0.09

0 0.5x 
0 360 

m = 0.155

А = 0.527
12.2X 

Me = 0.529
f0 = 0.584
с = 2.40

Distribution of gold in 
Maikaiyng old ore deposit
N = 767; σ = 2.12; 
x  = 2.4

2.4X 
λ = 0.171

0 447 

m = 0.49

А = 0.495 Me = 1.6
f0 = 0.59
с = 2.1

Distribution of gold 
in Bakyrchik gold ore 
deposit N = 532;  
σ = 1.434;  x = 1.9

λ = 0.105
0 189 

m = 0.620

Me = 1.43
f0 = 0.36

Distribution of silver in 
Maikaiyn gold ore deposit 
N = 339; σ = 1.97;  

 x = 29.5

30.1X 
λ = 0.020

0 70 

m = 0.035

Me = 28.9
f0 = 0.23

Lead distribution in the 
Karagalinsky polymetallic 
field N = 293; σ = 0.17; 

 x = 0.17

0.169X 
λ = 0.022

0 168 

m = 3.72

Me = 0.25
f0 = 0.53
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Conclusions 

Distributions used to describe the extremely asymme-
tric distributions of quality indicators of the gold and 
rare metal mineral deposits, and morphometric featu-
res of complex relief areas are scarce, due to the variety 
of their forms, the exponential and other distributions 
often used to describe them do not cover a wide range 
of highly-varying types of asymmetric distributions of 
the geofeatures. Such empirical extremely asymmetric 
distributions can be come across which require a spe-
cial approach for finding their convergence with any 
known theoretical distribution.

The validity of the concept is confirmed of using 
structure-forming parameters of the empirical distri-
bution of a variable as theoretical parameters of the 
distribution function for the effective evaluation and 
use of the geofeatures distribution with sufficient re-
liability. This conceptual approach seems to be scienti-
fically sound, especially for the extreme conditions of 
complex extremely asymmetric types of the geofeatu-
res distributions for which to date any proper theoreti-
cal justification has been developed.

According to the results of a comparative eva-
luation, it is confirmed that the new distribution model 
has an approximate power and flexibility, which provi-
de its convergence with highly-sophisticated asymme-
tric types of empirical distributions of the geofeatures. 
Its use in highly variable values   of the geofeature sal-
lows to obtain more reliable results and reduce the risk 
allowed for small values   and considerable uncertainty 
of statistical sampling.
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