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Abstract. In this paper, a new two-stage approach, involving an integral treatement of all quasi-random effects limit-
ing the accuracy of relative GPS positioning and the method of moments to obtain final variance components regarding
the effects of short-term (“far-field”) multipath (factor B), joint action of long-term (“near-field”) multipath and receiver
antenna phase center offset and variations (factor al), as well as joint action of tropospheric and ionospheric refraction
(factor a2), is presented. In the study, GPS data collected on five baselines were used. Variance components of the quasi-
random effects were obtained for the three relative GPS coordinates (e, n and ) using individually monthly datsets includ-
ing daytime- and those including nighttime-wise ambiguity-fixed baseline solutions. The related results show that statisti-
cally significant inequality exists when comparing corresponding variances obtained for daytime and nighttime periods. It
turned out that the following standard deviation estimates intervals are present (by the coordinates e, n and u, respectively):
(a) daytime period: 3.3-6.9, 4.6-9.0 and 9.1-20.3 mm (factor f); 1.5-4.7, 1.9-7.0 and 3.4-21.9 mm (factor al); 0.0116-
0.3282, 0.0103-0.2365 and 0.1222-0.7818 mm/km (factor o2); (b) nighttime period: 3.2-4.9, 4.7-7.3 and 8.4-15.4 mm
(factor B); 0.8-3.8, 2.1-5.0 and 3.1-15.8 mm (factor oul); 0.0118-0.2734, 0.0097-0.2289 and 0.0752-0.6315 mm/km (fac-
tor a2).

Keywords: relative GPS positioning, quasi-random effects, variance components, ANOVA estimates, method of moments,

sub-daily impacts, statistical hypotheses testing.

Introduction

Many studies have been conducted with an aim to con-
sider and represent statistical behaviour of unmodelled,
i.e. residual effects arising in the relative GPS positioning.
But, in each of them these effects were treated individu-
ally and a reader can be referred to the recent ones, such
as, e.g. Hu et al. (2015), Deng et al. (2016), Elsobeiey and
El-Diasty (2016), Jadvis¢ok et al. (2016), Klos et al. (2018),
Zhou et al. (2018), Andié, (2019b), Han et al. (2019), Juni
and Roézsa (2019), Kallio et al. (2019).

Herein, however, the author uses a linear model in-
volving effects limiting relative GPS positioning accuarcy
at once. Namely, the effects, such as short- (“far-field”
multipath - FF MP) and long-term (“near-field” mul-
tipath — NF MP, receiver antenna phase center offset and
variations - RAPCOV, tropospheric and ionospheric re-
fraction — TI) unmodelled effects, are the only ones that
must not be neglected when making a choice of baselines
as in this study (each of them is of less than 300 km in

length). So, in this regard, only the previously mentioned
effects are being considered in this study.

In the previous work, related to the use of the two-
way nested classification in GPS positioning, published by
Andi¢ (2016, 2019a), only a baseline of 40 km in length
was considered, and only ANOVA estimates obtained on
the basis of daily datasets were presented. Herein, a further
analysis, dealing with ANOVA estimates obtained by using
sub-daily (daytime and nighttime) datasets is performed.
In addition, one more method (method of moments, as a
tool which the second stage of the approach applied here
is based on), as well as GPS data collected at ten ending
stations two of which belong to MontePos (Montenegrin
Permanent Network) (PODG and BAR), and remaining
eight that have been integrated in EPN (EUREF Perma-
nent Network) infrastructure (TORI, IENG, IGMI, PRAT,
BOR1, WROC, BACA and BAIA). These stations establish
five baselines, ranging from 5.6 to 281.9 km in length. All
of the ten stations have been equipped with high-quality
antennas, mounted in different way and surrounded with
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potential reflectors of different characteristics, some of
which were in the near vicinity while others were far away
from an antenna. More detailed information related to the
two MontePos stations can be found at the following link:
http://www.nekretnine.co.me/me/Djelatnosti5.asp. On
the other side, information regarding eight EPN stations
are provided at the following address: http://epncb.oma.
be/_networkdata/stationmaps.php.

It should be noted that no paper dealing with the pre-
viously mentioned effects in the way presented in this
study has been published so far. That is where the moti-
vation for writing this paper came from.

1. Data and methods

1.1. Input data

For the purpose of the study, a total number of 38548930
true errors (corresponding to the relative coordinates e, n
and u) remained after outliers removal, were used. These
solutions were obtained by using Trimble Total Control
software in processing 0.033-Hz GPS data, collected, as
previously said, at ending stations of five baselines. The
baselines are located in Italy (TORI-IENG and IGMI-
PRAT, being 5.6 and 13.6 km long, respectively), in Mon-
tenegro (BAR-PODG, 40 km long), in Poland (BORI1-
WROC, 129.5 km long) and in Romania (BACA-BAIA,
of 281.9 km in length).

In data processing, the processing interval of 30 s, pre-
cise orbits, elevation cutoff of 10°, ionosphere-free linear
combination, default calibration model, Saastamoinen tro-
pospheric model, MSIS meteorological model and OTF
processing mode (as an auxiliary one) were used. Such
settings allowed all unmodelled effects to be expressed in
each ambiguity-fixed solution.

1.2. The two-stage method used in the study

In the first stage of the study, the two-way nested ANOVA
was applied individually on monthly datasets of daytime-
and nighttime-wise true errors for all of the three relative
coordinates (e, n and u), whereby variance components

2

: 2 _
estimates mg =G>

mé)c :(5[23)6 and m2  =cZ ., with
c €{e,n,u}, were calculated. Herein, the following deno-

tations were introduced: o - the nesting factor (related

to the unmodelled joint long-term effect, including NF
MP, RAPCOV, T1); B - the nested factor, nested within o
(related to the unmodelled short-term effect, i.e. FF MP);
€ — the purely random error, nested within P. It should
also be mentioned that the 3-minute constancy of the
short-term effect (i.e. FF MP - the nested factor §) and
the 90-minute constancy of all long-term effects (i.e. NF
MP, RAPCOV, TI - the nesting factor o) were assumed
in the calculations.

The concept of the first-stage-related method is shown
in Figure 1.

Namely, here we introduce the true error model equa-
tion of an individual coordinate ¢ as follows:

AC,ijk:ac,i—‘rBC,]'(l') +8C,k(ij)’ (1)
whereby the accompanying stochastic model is based on the

assumptions below:
o ; ~N(0,62 ), with i€{1,2,....,a}, a>2, (2a)
Be,iy ~N(0,05 ), with je{l,2,...b}, b;22, (2b)
Ec k(i) ~N(0,6%,), with ke {L.2,..m}, my=2,(20)
COV(Sc,k(ij)’Bc,j(i)) = COV(SC’k(ij);ac’i =
Cov(B, j(i)»e,i) = 05 (2d)

Cov(sc’k(ij),sc’r(pq))zo , where iz pv j#£qvk#r. (2e)
On the basis of (1) and (2a—e), one writes:
Var(ACij)EczA =cl + G%,C +ol,, (3)

whereby cé,c , cé, . and cic represent the variance com-
ponents that are to be estimated in the ANOVA estimation
procedure. With of an aim to avoid unnecessary transcrip-
tion of the corresponding formulas, that procedure is not
shown herein, so, for details, a reader is reffered to Andi¢
(2016).

In the second stage, with the aim of calculation of final
variance components, an iterative method of moments was
used. Namelly, as assumptions regarding unmodelled and
purely random effects are (i€{l,2,...,a}, je{l2,....b;},
kefl,2,.. .,nij} ):

{(XCJ- Bc,j(i) sc,k(ij)}T ~N(O3X1,diag{cé’c GE,C G%,C})’(Al)
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Figure 1. The concept of the method applied herein (adapted from Figure 6.3.1 in Andi¢, 2019b)
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then one can establish the second and the fourth &_ mo-

ment for those effects as follows (& € {a.,B,¢}, s€1{1,2,...,g},
g2k):

2 V12 — 2 2 .
M{Fvc,s}_c o Gl;é,ch,c,ss +ot Gk;g,ch,c,ss’ (5)

D{E? }= 622

2 2 ; )
where Ofig,co -0k, Are the unknown variance compo

= ch’c;s, (6)

nents that are estimated.

For that purpose in this study, considering, in addi-
tion, that M{éf)s}:M{mé,c;s}, one establishes the linear
and stochastic model of the standard least squares as fol-
lows:

Vouess =Otoe T 030, D2 (k] = me (7a)
Vpooss :Giﬁ’c - mé)c;s; (7b)
Voess =Ohgc ~ My ois (7¢)
M{v, . }=0, P, . =N,.. /@204 ) (8a)
M{vg . }=0, By =Ng ./ (253,6;5); (8b)
M{v, . }=0, P, . =N, . /Qo¢.), (8¢)

where Ve s Pres Nes and D, (§ e{a,B,€}, cefen,ul,

s €{1,2,3,4,5} ) are denotations for corrections, weights, num-
bers of daytime- or nighttime-wise true errors within a
monthly dataset based on which ANOVA estimates mé s
were obtained, and baseline lengths, respectively.

The unknown variance components G7, ., 63, .,
GiB) . and o} , regarding, respectively, the joint effect of
NF MP and RAPCOV, the joint effect TI, the effect of FF
MP and the purely random error, are estimated through
the following iterative procedure:

Step 1. Adopting initial weight matrices:

PO =p{0) —p(©) =1 ©)

a,c TP €, ~ T5X5°

Step 2. Calculating initial estimates of variance com-
ponents:

—

cf (0) mll (0)

0L | _ 30,6 [ _ (ATP(0) AY-1 A Tp(0) .

== (ATPOA)TATPOL, 5 (10)
S2a.c 20uc

20)_,2(0 0 - 0

Gl;f(),c) = ml;é,c) = (lgxl P[S),c) 15><1) ! lgxl P[g,c)lﬁ,c ; (1 1)
20)_,2(0 -

csl;é,c) = ml;s(,c) = (lgxl Pé,oc) 15><1) ! 1rsrxl Ps(,oc)ls,c > (12)

whereby, besides the vector of ones (1, ), we have the
following matrix and vectors (& € {a,B,¢€}):

A= [15X1 dj; (13)
_ 2 2 2 2 2 T.
d=1AD} (11 D3 tkomy D5 (k) D% (ko) D5 (o} 5 (14)
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_ T
1§,C _{mé,c;l mé,c;Z mé,c;Zw mé,c;él mé,c;S} . (15)

Step 3. Calculating weight matrices using variance
components estimates obtained in Step 2:

P() =diagiN,, .. / (m; ) +m3.0)D2 D25 (16)

,C38 1;a,c 2;0,c s
Pélg =diag{Ng . / mfﬁ(‘? b (17)
P =diag(N, .. /m 9}, (18)

Step 4. Calculating new (final) estimates of variance
components:

G% 1) m12 1

30L,C | 50LC | T - T .

Phoc | | " |- (AT AY AR, 5 (19)
Gz;&)c m2;a,c

SW_. 20 1 _ Dy .

orgl=m = L P01, ) Pl 5 (20)
2M_, 20 -

Gl;a(,c =m1;a(,c = (lgxl Ps(,lc) 15><1) llgxlps(,lc)ls,c . (21)

Step 5. Repeating steps 3 and 4 until the following con-
ditions are met (t denotes an iteration number):

2 (t+1) 2 (1) -1.
‘ml;aEB)(s),c — My e |[S1075 (22)
s - ma <107, 3

Step 6. Adopting final estimates mlz;a)c, m%;a,c, mfﬁ .
and m{_ ., with the corresponding degrees of free-

5
dom, calculated as fu;a,c = E fa,c;s (for the first two),

s=1
5 5
fl;ﬁ’c = E fﬁ,c;s and f.. .= E fo.c.s Degrees of freedom
s=1 s=1

fé,c;s’ & e{o,P,e}, are calculated as shown in Andic
(2016, 2019a).

2. Results

In Tables 1 to 6, the results of ANOVA estimation per-
formed for the daytime and nighttime within the four-
year period considered (2008-2011), are given. The results
are square roots of epoch-wise variance components es-
timates (i.e. standard deviations estimates) obtained us-
ing individually monthly datasets including daytime- and
those including nighttime-wise true errors. In doing so, a
linear model based on two-way nested classification with
random effects with no interactions was used (see Andi¢,
2016, 2019a).

Square roots of the final epoch-wise variance compo-
nents estimates, by months within the period 2008-2011,
are presented graphically in Figures 2 to 5.
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Table 1. Extreme values of epoch-wise standard deviations
estimates for the coordinate e and the daytime (DT) period

D. Andi¢. Considering variances of quasi-random effects in relative GPS positioning performed during daytime...

Table 4. Extreme values of epoch-wise standard deviations
estimates for the coordinate e and the nighttime (NT) period

Bascline M3 fram) ML tm) | Mt (mm) Baseline MO )| MR m) | Mg [
min max min max min max min max min max min max
TORI-IENG | 21 | 29 | 25 | 49 | 14 | 48 TORI-IENG 21 | 27 | 23 | 48 | 14 | 46
IGMI-PRAT | 32 | 41 | 25 | 50 | 18 | 47 IGMI-PRAT | 32 | 39 | 22 | 44 | 11 | 41
BAR-PODG | 32 | 49 | 34 | 61 | 22 | 66 BAR-PODG 33 | 47 | 34 | 53 | 16 | 43
BORI-WROC | 26 | 33 | 27 | 57 | 19 | 74 BORI-WROC | 26 | 3.1 | 27 | 44 | 18 | 59
BACA-BAIA | 26 | 35 | 40 | 152 | 47 | 2356 BACA-BAIA | 27 | 3.1 | 39 | 78 | 43 |1576

Table 2. Extreme values of epoch-wise standard deviations
estimates for the coordinate #n and the daytime (DT) period

Table 5. Extreme values of epoch-wise standard deviations
estimates for the coordinate n and the nighttime (NT) period

Baseline mgnT[mm] mé)’ Z[mm] mgj,; [rmm] Baseline mi\’];[mm] mé‘lz (] mg]; [rmm]
min | max | min | max | min | max min | max | min | max | min | max

TORI-IENG 2.5 3.9 2.9 8.3 1.5 8.4 TORI-IENG 2.4 33 3.1 8.0 1.7 6.9

IGMI-PRAT 3.7 5.7 2.9 7.1 1.9 6.6 IGMI-PRAT 4.0 5.6 3.1 5.8 2.1 5.1
BAR-PODG 4.2 6.6 4.4 7.9 2.3 9.2 BAR-PODG 4.4 6.1 4.5 6.5 2.2 5.5
BOR1-WROC 35 4.8 3.1 7.5 3.9 10.8 BOR1-WROC 3.6 4.4 3.8 5.6 3.7 14.0
BACA-BAIA 3.6 4.8 5.6 16.8 43 | 131.4 BACA-BAIA 3.7 4.3 6.3 12.9 5.0 |1252

Table 3. Extreme values of epoch-wise standard deviations
estimates for the coordinate u and the daytime (DT) period

Table 6. Extreme values of epoch-wise standard deviations
estimates for the coordinate u and the nighttime (NT) period

DT DT DT NT NT NT
Baseline Mgy [mm] M 1 [mm) M u [mm] Baseline Mg u [mm] M8 4 [mm] Mo u [mm]

min | max | min | max | min | max min | max | min | max | min | max
TORI-IENG 5.1 8.0 6.8 16.6 3.7 16.2 TORI-IENG 5.3 6.4 6.4 15.7 2.9 16.3
IGMI-PRAT 8.8 11.0 7.4 14.4 6.1 23.0 IGMI-PRAT 8.7 11.3 7.3 12.8 7.2 16.7
BAR-PODG 8.2 13.5 9.1 17.0 | 13.5 | 38.7 BAR-PODG 8.0 13.1 9.0 14.8 | 12.7 | 353
BOR1-WROC 6.8 8.5 7.3 15.7 | 16.4 | 53.6 BOR1-WROC 6.5 8.0 6.7 12.8 | 15.1 | 624
BACA-BAIA 6.5 8.6 10.5 | 40.6 | 33.1 | 3264 BACA-BAIA 6.5 8.0 10.0 | 27.0 | 24.0 | 2379

Final epoch-wise standard deviation
estimates for the purely random error

Final epoch-wise standard deviation
estimates for the purely random error

by the relative coordinates

by the relative coordinates

[mm]

[mm]

Daytime
T

Nighttime
" T

00— g0

24 28

Month number

Figure 2. Final epoch-wise standard deviation estimates by the relative coordinates (e, n and u)
for the purely random error, obtained for the daytime and the nighttime period
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Final epoch-wise standard deviation
estimates for FF MP effect
by the relative coordinates
[mm]
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Final epoch-wise standard deviation
estimates for FF MP effect
by the relative coordinates
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Figure 3. Final epoch-wise standard deviation estimates by the relative coordinates (e, n and u)
for the effect of FF MP, obtained for the daytime and the nighttime period
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Figure 4. Final epoch-wise standard deviation estimates by the relative coordinates (e, n and u)
for the joint effect of NF MP and RAPCOV, obtained for the daytime and the nighttime period
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Figure 5. Final epoch-wise standard deviation estimates by the relative coordinates (e, n and u)
for the joint effect of TI, obtained for the daytime and the nighttime period
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After applying the well known F-test for equality of two
variances (for details, a reader can see, e.g. Snedecor &
Cochran, 1989), herein based on the testing:

<2 _ ~2
(a) Hy, SLa(B).c:DT = OLa(B).c;NT ° (24)

: ) 2
agalnSt Hul;l 'Gl;a(B),c;DT >Gl;a(ﬁ),c;NT >

for mia(ﬁ)’c;DT > mlz;(x(B)’C;NT , (25)
as well as:

Hpa :Gf;a(ﬁ),c;DT <G%;a([3),c;NT »

for 7, g),c.0r <Miap)e (26)
and also:

(b) Hy,y 103, c.o7 =03,.cinT > AGAINSE (27)

.2 2 2 2
Ha1;2 '62;(X,C;DT >02;0L,C;NT > for mZ;a,c;DT >m2;(x,c;NT > (28)

as well as:
2 2 2 2
Ha2;2 ‘GZ;cx,c;DT <GZ;a,c;NT > for m2;a,c;DT <m2;a,c;NT > (29)

(DT and NT were introduced to denote daytime and
nighttime).

So, adopting the 5% significance level, one obtained
the results that are given in Table 7.

Conclusions

This study, based on a very large and representative sam-
ple, showed that there is statistically significant inequality
when comparing corresponding variances of unmodelled
effects (limiting relative GPS positioning accuracy) ob-
tained for daytime and nighttime periods (see Table 7).
When it comes to extreme values of the final epoch-
wise standard deviation estimates for the effects consid-
ered, one can be spotted that a seasonal pattern is also
present, especially pronounced with the joint effect of TT
(see Figures 2 to 5). These extreme values (with the related
degrees of freedom), as well as the corresponding mean
values of those standard deviations estimates are given in
the continuation by the relative coordinates (e, # and u).

“Far-field” multipath effect:
Daytime period
- minmfg:e =3.3mm (19198.65 d.f);

maxmf}, =6.9 mm (21027.77 d.f);

meanml%T .= 4.4 mm;

- minm{;’g ,=4.6mm (12928.44 d.f);

maxm{?[{ ,=9.0mm (20815.24 d.f);

DT _ .
meanrm g, =6.0 mm;

- minmP!T =9.1 mm (19106.55 d.f);

LBu—
maxmf) =203 mm (22763.77 d.f);

DT _
meanrmg = 12.5 mm.

Nighttime period
- minm] = 3.2mm (13406.56 d.f);

1;B.e
maxmfif, = 4.9 mm (16609.49 d.f);

NT _ .
meanm g = 4.0 mm;

- minmN =47 mm (18597.80 d.f);

L;B.n
maxmfi, =7.3 mm (18783.11 d.f);

NT _ .
meanrmy g = 5.6 mm;

- minm{jg: ,=84mm (16092.83 d.f);

maxmfif =154 mm (19477.51 d.f);

NT _
meanm g = 11.3 mm.

Joint effect of “near-field” multipath and receiver an-
tenna phase center offset and variations:

Daytime period
- minmPT =1.5mm (507.88 d.f);

La,e
maxm{! , = 4.7 mm (728.60 d.f);

DT _ .
meanmy, ,= 2.9 mmy;

- minmP! =19 mm (701.42 d.f);

maxmfl  =7.0 mm (856.69 d.f);

meanm! = 4.5 mm;

- minmP! = 3.4mm (739.53 d.f);

maxml = 21.9 mm (759.82 d.f);

meanmPl =13.0 mm.

Nighttime period
- minm)T =0.8 mm (691.85 d.f);

Lo,e ™
maxm{yl , =3.8 mm (802.20 d.f);

NT _ .
meanmy, , = 2.5 mm;

Table 7. Hypothesis acceptance percentage by the relative coordinates (e, n and u) for FF MP effect (B3),
the joint effect of NF MP and RAPCOV (a1) and the joint effect of TI (a2)

B al o2
e n u e n u e n u
Hiie) 81.3% 56.3% 83.3% 64.6% 62.5% 72.9% 46.7% 46.8% 39.6%
Hy2) 4.2% 4.2% 8.3% 22.9% 14.6% 16.7% 11.1% 19.1% 12.5%
Hoi) 14.6% 39.6% 8.3% 12.5% 22.9% 10.4% 42.2% 34.0% 47.9%
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- mlnmlan 2.1 mm (522.22 d.f);
maxm1 a . =5.0mm (732.56 d.f);
meanm{! = 3.7 mm;
- mmm10L . =3.1mm (687.14 d.f);
maxm1 a =15.8 mm (710.69 d.f);

meanm1 o u— 10.7 mm.

Joint effect of tropospheric and ionospheric refraction:

Daytime period

- mmm2 vae = 0.0116 mm/km (798.60 d.f);
maxm2 va.e =0.3282 mm/km (859.90 d.f);
meanmfg .= 0.1170 mm/km;

- mmm2 v =0.0103 mm/km (866.85 d.f);
maxmP? | =0.2365 mm/km (856.69 d.f);
mea&nm2 o= 0.1020 mm/km;

- mmm2 o =0.1222 mm /km (905.91 d.f);
maxm2 ‘o = 0.7818 mm/km (944.97 d.f);
meanm2 o, I ,=0.3675 mm/km.

nghttlme period

- mmm2 ‘e = 0.0118 mm/km (796.24 d.f);
maxm2 ae = 02734 mm/km (538.58 d.f);
meanm2 ‘e = 0.1149 mm/km;

- mmm2 ‘on =0.0097 mm/km (792.19 d.f);
maxm2 an =0.2289 mm/km (846.56 d.f);
meanmﬁ’gnz 0.0873 mm/km;

- mmm2 au = 0.0752 mm/km (633.06 d.f);
maxm2 \au =0.6315 mm/km (853.08 d.f);
meanm}'L ‘. = 0.3806 mm/km.

The results obtained in this study can be very useful in
optimal planning of experiments, as well as in engineering
works where relative GPS positioning is used.
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