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Abstract. This paper presents a new computer method for moment-curvature analysis of arbitrary-shaped
composite steel-concrete cross-sections that are subjected to biaxial bending and axial force. The complete
moment-curvature diagrams are determined such that axial force and bending moment ratio is kept con-
stant. A strain-driven algorithm has been developed, the solution of the nonlinear equilibrium equations is
controlled by the assumed strain values in the most compressed point and by solving just two coupled non-
linear equations. Such an approach may be used to assess accurately the main features of the elasto-plastic
behaviour of composite cross-sections: multiple yielding points associated to different materials, flexural
and axial rigidity, moment-curvature relationship in pre and post-critical domain and curvature ductility
detecting also unloaded regions of the cross-sections that may occur even under monotonically increasing
of the total bending moment. Since the Jacobian’s of the resulted nonlinear system of equations is always
positive definite the convergence stability is not sensitive to the initial/starting values of the iterative process
and to the strain softening exhibited by the concrete in compression. By using a path integral technique on
boundary of cross-section area, gradual spread of plasticity and residual stress distribution assumed for en-
cased steel elements are accurately considered reducing also the computational time significantly. In order
to illustrate the proposed method and its accuracy and efficiency, a computer program has been developed
and used to study several representative examples. The numerical studies presented and comparisons made
prove the effectiveness and time saving of the proposed method of analysis.

Keywords: moment-curvature analysis, composite steel-concrete sections, biaxial bending, strain softening,

residual stresses, path integral approach.

Introduction

Moment-curvature analysis of cross-sections is of
prime importance in the analysis of inelastic behaviour
of cross-sections subjected to bi-axial loading and axial
force. Such analyses will reveal the strength, ductility,
energy dissipation capacity and also the elasto-plastic
rigidity of a cross-section section at a specified level
of external loading. A complete moment-curvature
relationship shows also strength reduction beyond
the peak point, when strain-softening exhibited by

the concrete is taken into account, and degradation of
flexural and axial rigidity of cross-section at different
stages of loading and is usually used to determine the
interaction diagrams and moment capacity contours of
cross-sections (Charalampakis, Koumousis 2008).
Some analytical studies and numerical procedures
on the moment-curvature responses of steel and com-
posite (steel-concrete) cross-sections are available in
literature. All these methods can be grouped in two
basic approaches. The first approach consists of a de-
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formation (i.e. curvature) driven algorithm; in this re-
spect the problem is formulated to evaluate the bend-
ing moments corresponding to a given value of the
total curvature and a predefined axial force. In these
procedures the inclination of neutral axis is kept con-
stant and the unknown represents either the depth of
neutral axis or axial strain. These parameters are de-
termined iteratively such that the equilibrium of the
axial force to be satisfied (Charalampakis, Koumousis
2008; Marmo et al. 2008; Papanikolau 2012). Such ap-
proaches exhibits relatively well numerical stability but
the main drawback of this approach is given by the
fact that, for arbitrary shape cross-section, the resulted
bending moments associated to the prescribed total
curvature do not laying in the same plane. In other
words, since this approach does not enforce equilib-
rium for bending moments about each principal axis,
spurious bending moments may be introduced and
hence inaccuracy in representing in the same plane
moment-curvature diagram of the cross-sections with
arbitrary shape. The second approach is based upon
the explicit solution of the non-linear equilibrium
equations for axial force and each bending moment
according to the classical Newton’s scheme consider-
ing the strains as functions of the bending curvatures
and axial strain (Rotter 1985; Rodriguez-Gutierrez,
Dario Aristizabal-Ochoa 2001). Recently, Chiorean
(2014) enhanced this approach by adopting Newton-
Raphson iterative procedure in conjunction with the
arc-length constrain equation controlling in this way
the nonlinear solution both in forces and deformations
and solving in this way the three coupled equilibrium
equations. However all these approaches have been de-
veloped only for monotonically loading and the main
limitation consists in the lack of potentials to be ex-
tended to the more complex analyses such as cyclic
moment-curvature analysis.

A new incremental-iterative procedure is devel-
oped here to determine the complete moment-cur-
vature response of arbitrary-shaped composite steel-
concrete cross-sections. The diagrams are determined
such that axial force and bending moment ratio is kept
constant for a prescribed value of the strain in the most
compressed point of the concrete matrix. In the pro-
posed approach the three coupled nonlinear equilib-
rium equations are manipulated so that one of them is
uncoupled and the Newton iterative strategy is applied
only to the remaining coupled equilibrium equations.
Such an approach is advantageous with respect to the
existing ones, in that the solution is obtained by solv-

ing just two coupled nonlinear equations. Moreover,
since the Jacobian’s of the resulted nonlinear system of
equations is always positive definite the convergence
stability is not sensitive to the initial/starting values of
the iterative process and to the strain softening exhib-
ited by the concrete in compression. Since the solution
is controlled by predefined values of strains in most
compressed concrete fiber, this approach seems to be
effective to be extended to the more complex cyclic
moment-curvature analysis, by continuously varying
(loading/unloading) the extreme concrete fiber strain;
in this way the complete moment-curvature diagram
for given bending moment’s ratio under a prescribed
axial force can be revealed. However, the stress-path
dependency of concrete and steel is not taken into ac-
count in the proposed approach; the elastic unloading
of yielded fibers is ignored in this study. The proposed
method addresses computational efficiency and mod-
elling shortcomings also through the use of path in-
tegral approach for transforming stress resultant and
stiffness coeflicients (i.e. Jacobian’s coeflicients) into
line integrals and then performing in this way numeri-
cal integration of the cross-sectional nonlinear char-
acteristics and residual stresses, enabling in this way
accurate geometrical specifications and precise model-
ling of arbitrary shaped cross-sections. However, it is
important to underline that when either cyclic analysis
or elastic unloading effect is taken into account either
fiber-decomposition of cross-section or fiber-free ap-
proaches (Marmo 2007) have to be considered in the
proposed approach.

In order to validate the effectiveness of the nu-
merical method developed here several computational
examples are given and discussed. From the extensive
numerical studies, some of them presented here, the
proposed approach has been found to be very effective
to determine the complete moment-curvature rela-
tionships showing strength reduction beyond the mul-
tiple peak points and degradation of flexural and axial
rigidity of cross-section at different stages of loading.

1. Mathematical formulation

1.1. Basic assumptions and constitutive
material models

Consider the cross-section subjected to the action of
the external bending moments about both global axes
and axial force as shown in Figure 1. The cross-sec-
tion may assume any shape with multiple polygonal
or circular openings. It is assumed that plane section
remains plane after deformation.
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Fig. 1. Model of arbitrary composite cross-section. Strain-driven approach

This implies a full interaction between the steel
and concrete components of a composite concrete-
steel cross section. Shear and torsional interaction
effects are not accounted for, neither in the concrete
nor in the steel constitutive models. Thus the result-
ant strain distribution corresponding to the curvatures
about each global axes ® ={¢,, (I)),} and the axial com-
pressive strain g can be expressed at a generic point,
in concrete matrix fiber and structural steel or ordi-
nary reinforced bars, of coordinates (z, y) in a linear
form as:

€ €090, =g +¢,y+¢,z. (1)

The stress-path dependency of concrete and steel
is not taken into account in the proposed approach.
Hence, in the proposed approach, the elastic unload-
ing of yielded fibers will be ignored. The nonlinear
stress-strain relationships to model the concrete un-
der compression is represented by a combination of
a second-degree parabola (for ascending part) and a
straight line (for descending part), Eq. (2), as depicted
in Figure 2a:

(2)

where y represents the degree of confinement in the
concrete and allows for the modelling of strain-soften-
ing, creep and confinement in concrete by simply vary-
ing the crushing strain €, ultimate compressive strain
g, and vy respectively (Chiorean 2014). The model to

account for tension stiffening developed by Vecchio
and Collins (Vecchio, Collins 1986) or that given in
CEB-FIP (1993) may be included in the proposed
method but this effect is ignored in the present in-
vestigation. A multi-linear elastic-plastic stress-strain
relationship, both in tension and in compression, is
assumed for the structural steel and the conventional
reinforcing bars. In this way the strain-hardening ef-
fect may be included in analysis. The analytical model
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Fig. 2. Stress-strain relationships for (a) concrete
in compression and (b) steel
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can be given in the following form (Chiorean 2013)
(Fig. 2b):

Ee, |s| <

85)11

fs

sgn(e) fy, + Egy (8 —sgn(e) &y, ),ssyl < |8| <€y

sgn(a)fy2 +Ey, (8 —sgn(e)- €52 ), Eg)p < |8| <g,,

3)

where E is the Young modulus, f,; denotes the yield

stresses, represents the yield strains, ¢, the ulti-

sy
mate steel }étrain and E; represents the slopes of the
yielding branch.

Residual stresses for encased steel profile may be
incorporated in the analysis. The magnitude and dis-
tribution of these initial stresses in hot-rolled mem-
bers shows complex shapes and depends on the type
of cross section and manufacturing process and hence
the assumed distribution and the magnitude represents
usually only a modelling convenience. The presence of
residual stresses in conjunction with high values of ax-
ial loads affects the spread of plasticity throughout the
height of the steel section and hence may significantly
influence both the ultimate strength capacity and in-
elastic deformability of the composite steel-concrete
cross-section. The distribution of residual stresses is
self-equilibrated (i.e. internal resultant efforts are equal
with zero) and different patterns are proposed in lit-
erature, some of them are depicted in Figure 3 for H-
sections. In the US, for H-sections the residual stress
is considered constant in the web although, when the
depth of a wide flange section is large, it varies more or
less parabolically (Fig. 3b) (Chiorean 2017). Another
possible residual stress pattern in the web is the one
simplified by a linear variation as used in European
calibration frames (Fig. 3a). When the residual stresses
are taken into account in the inelastic analysis the total

a)
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strain in a current point of a structural steel can be
computed as:

£(60: 00 0, ) =80+, + 0,245, (&)

where €, (= 6,/E) represents the residual strain at that
point,c, denotes the residual stress and E represents
the Young modulus.

1.2. Formulation of the proposed method

In order to determine the moment curvature dia-
grams of composite steel concrete cross-sections sub-
jected to axial force and given bending moment ratio
(tan(a) = My/MZ) a new incremental-iterative proce-
dure is proposed. A strain-driven algorithm is devel-
oped and the full moment-curvature diagram is com-
puted by continuously increasing the strain in most
compressed concrete fibre of cross-section. Consider a
composite cross-section with arbitrary shape as shown
in Figure 1 subjected to biaxial bending moments
(M, MyO) and axial force (N,). The global z, y -axes of
the cross section could have arbitrary origin but usu-
ally it is assumed to be placed either in the elastic or
plastic centroid of the cross-section. The equilibrium is
achieved when the external forces (N, M, and Myo)
are equal to the internal ones. These conditions can be
represented mathematically in terms of the following
nonlinear system of equations as:

J syt 23 0, s 5,0
A i=1

cs

I c(s(so,d)z,q)y ))ydACS +I\§G(8i (80>¢Z>¢y ))yiArsi —M,, =0,
i=1

A
I 6(8(80’¢z’¢y ))dics +I\§G(Si (80>¢z>¢y ))ZiArsi 7M}’0 =0
A i=1

(5)
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Fig. 3. Residual stress (c,) patterns and fillet regions of steel sections
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where A . (i=

rsi
area of the i-th bar located at (z;, y;) coordinates about

I,N,) denotes the resisting cross-section

the reference system (zOy), N, denotes the total num-
ber of conventional steel reinforcements, the surface
integral is extended over steel and concrete areas (A ),
and in which 80,(|)Z,(|)y represent the unknowns. One
point on the moment curvature diagram correspond to
a prescribed value of the concrete compressive strain
at the outer compressed point of the concrete section
(ie. €, ,,q €qual to the prescribed value of compres-
sive strain ¢_). Considering the irregular composite
section as shown in Figure 1, for each orientation of
the neutral axis defined by the curvatures ¢, and b, (
tg6=9,/¢,) the farthest point, with the co-ordinates
X. Y, on the compression side is determined. Assum-
ing the prescribed value €_ for the strain at this point:

g+, +¢yzc =g, (6)
the axial strain g, can be expressed as:
g0 =6, (0,5 + 9,2 ) 7)

and then by combining the Eq. (1) and Eq. (7), the re-
sulting strain distribution corresponding to the curva-
tures ¢, and ¢, can be expressed in linear form as:

§(¢z’¢y):85+¢z Y=Y +¢y(Z_Zc)' (8)

In this way, the basic equations of equilibrium (5)
can be decoupled and written in the following form:

ol i Siofe 6., o=

cs

J ofs(o..0 )t - (i (0.0, -
A i=1

cs

NTS
tano I c(é(d)z,d)},))ydAcs+ZG(§i(¢z>¢y)) iAri =0
ACS

i=1

(6.0, o (b8, o -0 =0
i=1

A ©)

in which the bending moment about z-axis M, and
curvatures ¢, and (|)y becomes the main unknowns.
Regarding the curvatures ¢, and ¢,, as independent
variables in the third equation (i.e. bending moment
equation), then

= fofi{0., o+ ol (ot i

(2]

(10)

and the third equation from the above three coupled
nonlinear equations can be eliminated and the curva-
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tures ¢, and ¢, can be determined by solving just the
following two coupled nonlinear equations:

F(®)=0;
(11)
F:|:fl (¢Z,¢y),f2 (¢Z,¢y)]T; <D=[¢Z’¢y]T,
where:

(0=  ofo(o, a3l (o, o =9
£(6:0,)= ] o(#(6.19, ))=dA, +Z (5 (6200, ) i -

ACS
oot ot Sl -
Aas i=1

tano

(12)

Hence, for a given value of axial force N, and a
My/ M, one
may solve for ¢, and (I)y the nonlinear system (12) and

given bending moment ratio tan(a) =

then the bending moment M, can be simply evaluated
using Eq. (10) and then My = tan(a)M,. According to
the Newton iterative method, the iterative changes of
unknowns’ vector @ can be written as:

o) —ol) -7 (0] -F(@()), iz0. (13)

The iterative procedure starts with the initial val-
ues of the curvatures ¢, = ¢,,and d)y = ¢y0 (k=0), spec-
ifying the axial force N, and the angle o, formed by the
bending moments M, and M,, For the next iterations
an adaptive-descent algorithm is applied (Chiorean
2010). In this way, for a given value of axial force N,
=M/ M,
the moment-curvature diagram can be directly de-

and a given bending moment ratio tan(a)

termined, by continuously varying the strain in most
compressed point with increments Ag_:

Sc,k =86,k—1 +A8C <g k=1,2,... (14)

¢ lim>
where ¢ represents the initial axial strain associated
to the axial force N applied together with small bend-
ing moments and &_; | represents the limit compres-
sion strain (Fig. 2a). The iteration procedure is con-
ducted with the tangent Jacobian’s matrix coefficients

computed as:

o o
b, 0o, STRRP:
— = R 15
"y, o LZI kzj )
ad)x atl)x

where the matrix coeflicients are detailed in the fol-
lowing:
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_ o J-acs 0Ot dA+eraG OE;

15, 0 0, = 2, 00,
NVS
jET(y_yc)dA+ZETi(yi_yc)Arsi;
Acs i=1
of, dc 08 N 00, 08,
ky, =—L = [ 22 ga+> 2L i =
12 a9, Aj 08 09, an op, ™
NVS
j E; (z—zc dA+ZETi(zi—zC)Am-;
Acs i=1
o _ oo G Ny b0, 0%,
k21=_= T2 A
b, a a¢ = 38, 04,
0c Og Ny 65, o8,
tan(oc) a_wy lzl__yz rsi | T
J‘ ()’ yc)ZdA+ZET1(y1 yc)z rsi
i=1
ACS Nrs
tan(a)| [ Epr(y=y,)ydA+ Y B (yi—y.) viAw |
Acs i=1
of, oo & Ny 60, 08,
= A+S L0 A
k22 aq)y .[ o8 a¢ zd +§ aéz a¢y i*7rsi
0o 0¢ % 0o; O,
== ydA yA | =
tan(a) a, € 00, g +1 8, 8¢ Vil
NI’S
J‘ ET (Z_ZC)ZdA+ZETi (Zi —Z )ZiArsi -
i=1
AES Nrs
tan(oc) I E; (z—zc)ydA+ZETi(zi —zc)yiAm-
Acs i=1
(16)

in which the partial derivatives are expressed with re-
spect to the strains and stresses evaluated at current it-
eration and in terms of tangent modulus of elasticity E,.

In this way, by varying the extreme concrete fiber
¢lim (ie. €c0 < € < g, hm) we
can draw the complete moment-curvature diagram for

strain between ¢_, and €

a given bending moment’s ratio (tan(a)) and given
axial force. The convergence criterion is expressed as
an absolute value of the difference between two con-
secutive approximations as:

|00 -0 <tol
where fol is the specified computational tolerance, usu-

ally taken as 1E-10.
In order to determine the most compressed or

(17)

tensioned point (fibre) of the cross-section associated

to a given value of axial force and bending moment
ratio, before to start the proposed approach the cross-
section is analyzed considering the section subjected
to axial force N, and small values for the bending mo-
o)- In this re-
spect the system (5) is solved by applymg the iterative
Newton method as described in (Chiorean 2013). In
this way the control point with coordinates (x,, y.) and

ments about each principal axes (M, M,,

initial value for the reference strain can be obtained.
Figure 4 shows a simplified flowchart of the pro-
cedure developed for moment-curvature analysis of ar-
bitrary shaped composite steel-concrete cross-sections
subjected to axial force and bi-axial bending moments.

1.3. Evaluation of internal resultant efforts and
cross-section tangent stiffness matrix coeflicients

In the proposed approach the boundary integration
method based on Green’s theorem for arbitrary 2D do-
mains is adopted for evaluation of resultant efforts and
Jacobian’s coefficients of the nonlinear system (12). In
this specific case, this theorem can be stated as:

g(5n) (5
e F s,
$o[f(En)de+g(Em)dn]

where C denotes a positively oriented (counterclock-

(18)

wise), piecewise-smooth, simple closed curve in the
plane and A represents the region bounded by C, g and
fare functions with continuous partial derivatives on
an open region that contains A. The internal resultant
efforts and Jacobian’s coefficients can be expressed by
area integrals in a general form as (Chiorean 2017):

1= (o=

where (r = 0, 1) denotes the order of derivative of the

y) ey dzdy (19)

stress oin respect with strain ¢, i.e. r = 0 for resultant
efforts, r = 1 for tangent stiffness coefficients and (m,n)
are exponents depending on the requested resultant
effort and tangent stiffness coeflicient respectively, i.e.
(m,n) = (0,0) for resultant axial force; (0,1) for result-
ant bending moment in respect with z-axis; (1,0) for
resultant bending moment in respect with y-axis; (0,0)
for tangent axial rigidity; (0,2) for the second moment
of the tangent axial rigidity in respect with z-axis, etc.

In order to apply this path integral approach for
evaluation of the surface integral (19), the stress field

throughout the cross-section is expressed as a single
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For each iteration (i =i+ 1)

INPUT
Start with known axial force (N), bending moment ratio
tanO= My /M, detailed geometry of cross-section,
stress-strain relationships for concrete and steel and the
increment for the reference strain Ag,.

Compute the inelastic response of the cross-section subjected to axial force N; and small values
for bending moments Myo and M (tano :M},/Mz) such that the most compressed or

tensioned point is obtained and also the reference strain €.

)

For each increment assume reference strain in most compressed or tensioned fibre: <
€k = Eopq tAE S € k=12,...

o lim?

Initialize deformation vector (curvatures ¢, ;) and set ® = [¢ k- 1] and puti =0

v

Compute/Update the cross-section stiffness matrix (Jacobian) K = F’(d)' )(k,], i, j=1,2)(Eq. 16)

and function vector F( ) [fl(CD‘) ]’Z(CD’)]T(Eq. 12).

]

Compute updated values of deformation vector (curvatures ¢, ¢y), Eq. 13:

o= ol k) rx)

Check
convergence

NO

Hcp"*)l —o <10l

k+1)

31

For each reference strain increment (k

Ac

increment.

Nis
Compute the bending moment M, = JlU(E((Dzv ¢y))}’dA‘$ +y U(€(¢zv ¢y))y,A,s, (Eq. 10) and then

the bending moment M, = M, -tanc. Repeat the procedure for a new reference strain

i=1

Fig. 4. Simplified analysis flowchart of the proposed procedure

variable function. In this respect the variables (z, y)
are transformed by rotating the reference axes z, y to
&, noriented parallel to a uniform pattern given by the
angle 0 (Fig. 1):

z=(p1(§,n)=§cose+nsin9

y=0, (i,n)=—§sin9+ncose' (20)

For instance, for cross-sections that admit a sin-

gle neutral axis (tg®=—2"), the stress field can be en-

forced to a uniform patti:rn in the direction given by
the current orientation of the neutral axis (Rotter 1985;
Bonet et al. 2004; Chiorean 2010) and consequently
the strains, stresses and tangent modulus of elasticity
can be expressed as a function of the single variable
(M) as:

o(9) > () =5y + b

c[a(z,y)} - c[a(n)];

6c[s(z,yﬂ

Oe

50[8(11):'

Er(20)- )=

Oe
where ¢ represents the total curvature ¢=/¢ +¢7 .
Such situations are encontered for the most cases of
composite sections when the perfect bond hypothesis
at the interfaces of different components (i.e. concre-
te and steel) is assumed. Based on this transformation
the surface integral given in Eq. (19) can be further
expressed as (Chiorean 2017):

”G [ )]z yhdzdy =
H o [e(n

where | J | =1represents the determinant of the trans-
formation Jacobian given by the Eqs (16). Now with

f=0 andg(é,n)zc(r) [a(n)JH(é,n) the formula

(18) can be rewritten as:

, (22)
](‘Dl(‘t’ T]) ©, én |]|d§dn,
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IEER
@G '[e(n

where

)] (&n)" 0, (&n)" dedn =
)JH(&n)i, )

H(En)=[o,(&n)" 0, (&m)'de  (24)
and in this case A represents the surface and C is posi-
tivey oriented boundary of the entire cross-section,
respectively.

It is worth noticing that when either the parti-
al composite action (i.e. partial shear connection) or
initial stresses (i.e. residual stresses for steel compo-
nent) with non-uniform distribution have to be taken
into account the neutral axis is no longer unique for
the whole cross-section. Consequently such a simple
transformation can not be performed for the whole
composite cross-section. Such situations occurs for
composite steel-concrete cross-sections when the effect
of initial residual stresses is taken into account for the
encased steel profile. However, the effect of residual
stresses may be included in this approach providing
that initial stresses can be linearized for individual zo-
nes associated to different distributions of these stres-
ses throughout the height of cross-section. For instan-
ce assuming the EC3 distribution of residual stresses
the steel cross-section conceptually has to be divided
in six regions as depicted in Figure 3a, according with
changes in the residual stress pattern. In this way the
total strain can be expressed as in Eq. (4) for each re-

Resultant strain Region (i) <: ‘ ‘

gion, where €, represents a linear residual strain field
which can be expressed for each particularly region (i)
as (Chiorean 2017):

8(1) (Z y)

Thus the total strain in a current point (z,y) of a

+a( )z+a3 y. (25)

particular steel region (i) can be expressed as:

e (z,y)= (8 +all ) ((I) +a(1))z+<<|) +al )y (26)

Next, the integration of the stress resultant and
Jacobian’s coefficients over the steel cross-section will
be transformed into line integrals along the perimeter
of each individual regions in which the steel cross-sec-
tion has been decomposed, but in this case the refe-
rence axes are rotated for each steel region using the
following value for angle 0 (Chiorean 2017), (Fig. 5a):

(27)

and:

e (27) > e(n?) =g +al +4On0; ol =

\/(d)z +al) )2 +(<|)y +af) )2;
c[s(i) (z,y)] N c[a(n(i) )}
80[8” (2 y)]

Fr (Z’y): Ot

—E; (n(")):w_

Oe

Resultant strain

‘_~‘..‘A&'

Neutral axis

Resultant strain Region (j)

Fig. 5. Uniform stress distribution for encased steel profile. Rotation of the reference axes:
(a) with residual stresses; (b) without residual stresses
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As already mentioned the steel cross-section
is conceptually decomposed in a specific number of
regions (nC), with distinct angle of rotation 0, and
defined as a counter-clockwise series of (n) vertex co-
ordinates (z, ¥) and by the radius r of the succeeding
circular arc segment (ignored for straight segments).
Hence, the resultant actions of the steel component
can be obtained as the summation of individual re-
gion contributions, by applying the Green’s theorem
on each region separately, as follows:

1= ([ [z
> o [s(n?) (0

i=1 (i)

]z y"dzdy =

s -Safon),
(29)

where the surface boundary C® is represented by a
closed polygon composed of straight segments and
circular arches defined by the vertex coordinates
(&,gi),ng-i)) and radius rj(i) (Chiorean 2017):

C<i>_>[(§§i>,ngi)),l<i))) ( O ) ,(ag),nng'))r’gi))]

(30)

By decomposing the integral over the perimeter

C (G(i))) for each individual segment and circu-
lar arch (j) along the perimeter (C,) the line integral
I (e@) can be further simplified into a line integral
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of a single-variable function F (n(’)) as:
1(60)= @(Ad[g(nm)]H(wna»,nm>hfo:
< nl; n(’ll
§ =3 ] wl
(1) (31)

where nl; denotes the number of segments and circular
arches of the perimeter (C;). Taken into account the
independence of parametrization of the curve and the
fact that for line integrals, when adding two regions
with a common edge the common edges are traver-
sed in opposite directions, the line integrals given
in Eq. (31) have to be computed only on the outside
boundary as is shown in Figure 6. Hence the integral I
given in Eq. (31) is evaluated only on the positive ori-
ented boundary of cross-section denoted here as 0A.

The boundary of steel cross-section is divided in
distinct (nL) edges (i.e. straight lines and circular arcs)
according with the geometry of the steel cross-section
(Fig. 6) such that (Chiorean 2017):

nL
0A =) 0Ak .
k=1
Thus the line integrals are evaluated for each sides

(32)

as follows (Fig. 6):

I:"ZC:  F(n® yin® :nZL: ¢ F(n®)n®. (33)
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Fig. 6. Integration on the boundary 0A of the steel cross-section
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In this way the difficulties of integration on sepa-
rate regions over entire steel cross-section may be
avoided and such an approach leads to significant sav-
ing in computational effort and in inputting the data
to describe the cross-section shapes, and allows also
efficiently handling various circular shapes such as fil-
let regions (Fig. 3) which define the exact geometry of
the encased structural steel profiles.

For hollow cross-sections we define two types
of cross-section boundaries, the external one, whose
contribution is added to the section response and the
internal one respectively, whose contribution is sub-
tracted from the cross-section response, allowing in
this way the efficient embedment of voids. In order
to identify the various regions in a complex compos-
ite steel-concrete cross-section with different material
properties (e.g. concrete and structural steel) each re-
gion (component) with assigned material properties is
treated separately (Charalampakis, Koumousis 2008).
The conventional steel reinforcements are assumed to
be discrete points with effective area, co-ordinates and
stresses and to avoid double counting of the concrete
area that is displaced by the steel bars, the concrete
stress at the centroid of the steel bars is subtracted
from the reinforcement bar force (Charalampakis,
Koumousis 2008).

In order to perform the integral on a determined
side of the contour (0A,) of the integration area, an in-
terpolatory Gauss—-Lobatto method is used. In the case
of the steel profile, for edges in which residual stresses
changes their variation, the intergation rule is applied
by dividing the interval of integration into two sub-in-
tervals, according with changes in the definition of the
residual stress distribution, and use the quadrature
rule for each sub-interval (Fig. 5). Since the point cor-
responding to the left end in one interval is the same
as the point corresponding to right end in the next
and assuming that we keep the values of the integrand
at the interval endpoints after we have evaluated them
and reuse where appropriate, the cost of evaluating a
Lobatto rule is reduced by about one integrand evalu-
ation compared with Legendre rule (Chiorean 2010).

It is important to highlight that when the stress
field is defined by a piecewise function (e.g. elastic-
perfect plastic or by combination of different func-
tions for ascending part and descending part respec-
tively as assumed usually for concrete in compression)
and there is no continuity in the derivative (i.e. weak
discontinuity), the interpolatory integration methods

can produce important integration errors (Bonet et al.
2004). In such situations an adaptive strain-mapping
quadrature strategy as suggested in (Papanikolau 2012)
may be applied in conjunction with the Gauss—Lobatto
integration rule for each function part within each side
by dividing the interval of integration according with
changes in the definition of the stress function, and
then use the adaptive quadrature rule in each subin-
terval (Chiorean 2010).

2. Computational examples

2.1. Composite steel-concrete cross-section
with arbitrary shape

The composite steel-concrete cross-section depicted in
Figure 7 (Chen et al. 2001) consists of the concrete ma-
trix, fifteen reinforcement bars of diameter 18 mm, a
structural steel element and a circular opening. Char-
acteristic strengths for concrete, structural steel and
reinforcement bars are f”. = 30 Mpa, f, = 355 Mpa
and f, = 460 Mpa, respectively. These characteris-
tic strengths are reduced by dividing them with the
corresponding safety factors y. = 1.50, y,, = 1.10 and
Y, = 1.15. The stress-strain curve for concrete which
consists of a parabolic and linear-part was used in the
calculation, with the crushing strain £, = 0.002 and ul-
timate strain &, = 0.0035. The Young modulus for all
steel sections was 200 GPa while the maximum strain
was €, = +1%. A bi-linear elasto-perfect plastic stress-
strain relationship for the reinforcement bars and
structural steel, both in tension and in compression,
is assumed.

The strain softening effect for the concrete in
compression is taken into account, in the present ap-

Fig. 7. Composite steel-concrete cross-section
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Fig. 8. Moment curvature diagrams for different values of degree of confinement (y) and compressive axial force N = 8000 kN

proach, through the parameter y. Figure 8 shows the
bending moment-curvature diagrams of cross-section,
considering uniaxial bending about X-axis (o = 0)
with a compressive axial force N = 8000 kN and for
different values of degree of confinement (y = 0; 0.15;
0.30; 0.50). As it can be seen, the strain softening ef-
fect exhibited by the concrete in compression (y > 0)
indicates lower bending capacity of cross section an
also “snap-back” behaviour; this effect is more accen-
tuated as degree in confinement is decreased. This ex-
ample proves the efficiency of the moment-curvature
procedure developed here to determine the complete
moment-curvature relationship even in the presence of
a very sharp snap-back phenomenon.

The proposed method exhibits very good con-
vergent rate as usually convergence is achieved within
only few iterations. For instance considering the cross-

section subjected to bi-axial bending (o = 15°) and a
compressive axial force N = 6000 kN and considering
the reference strain in the most compressed point ¢, =
0.003 and €. =0.004 respectively the equilibrium is
achieved after only six and seven iterations respectively
despite the fact that the iterative process has been start-
ed with the initial values of curvatures set to zero and a
very restrictive equilibrium tolerance (i.e. tol = 1E-10),
has been considered. Tables 1 and 2 depict the iterative
procedure applied in these cases showing the evolu-
tion of the main parameters involved in the inelastic
analysis of cross-section.

The effects of residual stresses over strength ca-
pacitiy and deformability is studied in Figure 9. The
cross-section has been considered subjected to unia-
xial bending (o = 0) and three different levels of com-
pressive axial force (N = 1000 kN, N and 6000 kN).

Table 1. Main parameters involved in the iterative process (N = 6000 kN; reference strain & .= 0.003; o = 15°)

‘ Curvatu}re about Curvatu}re about Equilibrium Error .
Iteration z-axis ¢, y-axis (I)y ||q)(i+)1 —(I)(i)|| <tol (Eq. (17)) Plastic status
[1/cm] [1/em]

1 0 0 4.2746E-5 -~
b= sion si

2 4.238E-5 5.518E-6 1.227¢-5 2 oy
o

3 5.203E-5 1.310E-5 9.246E-6 2 [J Compression side
5 (concrete)

4 6.008E-5 1.764E-5 6.960E-7 £ o Vielded steel bar

5 6.073E-5 1.739E-5 3.249E-9 é o Elastic steel bar

6 6.074E-5 1.739E-5 5.081E-12
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Table 2. Main parameters involved in the iterative process (N = 6000 kN; reference strain &= 0.004; oL = 15°)

Curvature about | Curvature about Equilibrium E
Iteration z-axis ¢, y-axis ¢, ' quitt vrlum rror Plastic status
(1/cm] [1/cm] |1 - @0 <ol (Eq. (17)
1 0 0 5.522E-5
2 5.505E-5 4.339E-6 1.711E-5 Z B Tension side
3 6.815E-5 1.534E-5 1.838E-5 < (concrete)
2 [ Compression side
4 8.032E-5 2.786E-5 3.157E-6 ;{h (concrete)
5 8.282E-5 2.620E-5 2.689E-7 E ® Yielded steel bar
z o Elastic steel bar
6 8.303E-5 2.605E-5 1.415E-8 =
7 8.304E-5 2.604E-5 7.367E-10
1200 N = 3000 kN
- y o N\
B ) <l PRy 1) YA\
1000 & ey , = , . = 1000 kN .
z Sl b S e HEB 260 g
= Fillet region ’ g
£ 800 - —> X z
- , g
‘% 600 -/ EC3 distribution ‘ r) 1 —1
g — Without residual stresses
g — - AISC-LRFD distribution o o Vv
= 400
El 400 mm
£ ~
T~ P

200 {f

-1.00E-03 4.00E-03 9.00E-03 1.40E-02 1.90E-02 2.40E-02

Curvature about X axis [1/cm]

Fig. 9. Moment curvature diagrams for different values
of compressive axial force: Influence of residual stresses

Two distributions according with EC3 and AISC-LR-
FD respectively of the residual stresses have been
considered for the encased steel profile. As it can be
seen the presence of residual stresses reduces signifi-
cantly the ultimate strength capacity of cross-section
and also the flexibility of the cross-section increasing
significantly in the presence of residual stresses and
this effect becomes more explicit with highest values
of axial load.

2.2. Rectangular composite steel-concrete section.
Influence of residual stresses and geometry.

In order to evaluate the effects of residual stresses and
precise modelling of the geometry of encased steel
profile over ultimate strength capacity and deform-
ability of composite steel-concrete cross section, the
moment-curvature diagrams are determined for a
rectangular cross-section with symmetrically placed
structural steel. The cross-section consists of a con-
crete core (40x40 cm) and a symmetrically placed Eu-
ropean section HEB 260 (Fig. 10) and four reinforced

Fig. 10. Rectangular composite steel-concrete cross-section

bars with 20 mm diameter. Characteristic strength
for concrete in compression is f” = 20 MPa and the
stress-strain curve given by the Eq. (2) is considered,
with crushing strain €, = 0.002 and ¢_, = 0.0035 and
y = 0.15. A bi-linear elasto-perfect plastic stress-strain
relationship for the reinforcement bars and structural
steel, both in tension and in compression, is assumed
with the yield strength f, = 300 MPa and the Young
modulus is 200 GPa. This example has been studied
previously in (Chiorean 2013) where the explicit so-
lution of the non-linear equilibrium Egs (5) is solved
in conjunction with an arc-length iterative proce-
dure. Figures 11-13 reports the comparative bending
moment-curvature diagrams of cross-section, consid-
ering uniaxial bending about X-axis (strong) and Y-
axis (weak) respectively and bi-axial bending (Fig. 13)
under several compressive axial loads. No significant
differences have been obtained between the solutions
given in (Chiorean 2013) and those obtained with
the proposed approach, therefore these comparative
results are not depicted in Figure 1 and Figure 12 re-
spectively. The effect of residual stresses is taken into
account considering two types of residual stress pat-
terns, EC3 and AISC-LRFD, respectively, for structural
steel element. These comparisons reveal that the pres-
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ence of residual stresses play an important role on both
carrying capacity and inelastic behaviour, during the
loading process, and this effect becomes more effective
with highest compressive axial load and when bend-
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Fig. 11. Moment-curvature analysis for different values
of compressive axial loads with and without residual
stress effects: weak axis bending
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Fig. 12. Moment-curvature analysis for different values
of compressive axial loads with and without residual
stress effects: strong axis bending
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Fig. 13. Moment-curvature analysis for different values
of compressive axial loads with and without residual
stress effects: Bi-axial bending o = 30°
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ing takes place about weak axis bending. The effect of
shape geometry of cross-section, including or exclud-
ing the fillet regions in definition of the section geom-
etry, over inelastic behaviour and ultimate strength
capacity has been also investigated in Figure 14. As it
can be seen neglecting the fillet regions indicates lower
stiffness and lower strength capacity of cross-section,
even for low values of axial force, underestimating the
ultimate strength capacity of cross-section until 10%
as compared with the cases when the fillet regions are
modelled. Consequently, the exact modelling of geom-
etry of encased steel profile must be considered in a
valuable advanced inelastic analysis method.

2.3. Reinforced concrete box cross-section

The box cross-section, depicted in Figure 15, con-
sists of the concrete matrix and sixteen reinforcement
bars, all rebars having the same diameter (Rodriguez-
Gutierrez, Dario Aristizabal-Ochoa 2001). Charac-
teristic strengths for concrete and reinforcement bars
are: f, =23.443 MPa, fy = 413.69 MPa respectively.

450
L] i o
350 - S~
4’ N = 1000 kN
4
g
=300
2
§ 250
£
g
EDZOO
—'g ______ === With fillet region (strong axis)
2 150 gl ‘\‘ === Without fillet region (strong axis)
100 ‘ === With fillet region (weak axis)
=== Without fillet region (weak axis)
50 b
0
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035

Curvature [l/cm]

Fig. 14. Moment-curvature analysis for different values
of compressive axial loads with and without considering
the fillet region effects: Bi-axial bending o = 30°
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The stress-strain curve for concrete in compression
given by the Eq. (2) was used in the calculation, with
the crushing strain g, = 0.002 and ultimate strain
€., = 0.0035. A bi-linear elasto-perfect plastic stress-
strain relationship for the reinforcement bars, both in
tension and in compression, is assumed, the Young
modulus for reinforcing bars was 200 GPa while the
maximum strain was €, = +1%. The strain softening
effect for the concrete in compression is taken into ac-
count, through the parameter y.

Figures 16 and 17 show the moment-curva-
ture diagrams of cross-section, considering bi-axial
bending (o = 26.56°) for a compressive axial force

N = 6000 kN and for different values of degree of
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Fig. 16. Moment curvature diagrams for different values
of degree of confinement and compressive axial force
of N = 6000 kN and o = 26.56°: Bending moment
about X-axis (strong axis)
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confinement (y = 0;0.15;0.30;0.50). As it can be seen,
the strain softening effect exhibited by the concrete in
compression (y > 0) indicates lower bending capacity
of cross section and also “snap-back” behaviour for
bending-moment-curvature about weak axis; this ef-
fect is more accentuated as degree in confinement is
decreased. This example proves the efficiency of the
numerical procedure developed here to determine the
complete moment-curvature relationship even for a
very sharp descendent branch for concrete in com-
pression (y = 0.50). No convergence difficulties have
been encountered during the loading process, usually
the equilibrium has been achieved within four to five
iterations with an equilibrium tolerance tol = 1E-10.

moment abaut Y axis [kNm]

Bending

Curvature about Y axis [1/cm]

Fig. 17. Moment curvature diagrams for different values
of degree of confinement and compressive axial force
of N = 6000 kN and a = 26.56°: Bending moment
about Y-axis(weak axis)
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Fig. 18. Complete moment curvature diagram for axial force of N = 6000 kN and o = 15°: Plastic status of cross-section
for different values of maximum compressive strain
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Figure 18 shows a detailed analysis concerning
the inelastic behaviour (spread of plasticity) throug-
hout the cross-section when the section is subjected to
bi-axial bending (o = 15°) and compressive axial force
N = 6000 kN and for the strain-softening parameter
y = 0.15. The complete moment-curvatures have been
depicted both for strong and weak axis of bending
and the plastic status of the cross-section associated
to different values of the reference strain imposed in
the most compressed point of the cross section has
been revealed on the graph. As it can be seen from
the compressive strain of 0.0045 unloading (dark re-
gions) of some regions of the cross-section starts to
begin despite the fact that the compressive strain in
most compressed point is continously increased. This
computional example highlits that even for a monoto-
nically increasing of the reference strain some regions
of the cross-section may unloads when strain softe-
ning for the concrete in compression is taken into ac-
count, hence the necessity to implement a stress-path
dependency for an more accurate inelastic analysis of
cross-sections.

Conclusions

A new computer method has been developed for mo-
ment-curvature analysis of composite steel-concrete
cross-sections subjected to axial force and biaxial
bending moments. The main feature of the proposed
approach consists in controlling the nonlinear inelastic
response at the strains level enforcing in the same time
the elato-pastic equilibrium for a prescribed axial force
and bending moments ratio. Such an approach allows
a very precise evaluation of the strain and stress state
throughout the arbitrary shaped cross-section allow-
ing direct evaluation of the inelastic curvatures from a
prescribed value of the strain in the most compressed
concrete fibre. In the proposed approach the nonlin-
ear equilibrium equations associated to axial force
and bending moments are manipulated so that one of
them is uncoupled and the Newton iterative strategy
is applied only to the remaining coupled equilibrium
equations. From the extensive numerical experiments,
some of them presented in this work, has been found
that the convergence stability is not sensitive to the ini-
tial/starting values of the iterative process and to the
strain softening exhibited by the concrete in compres-
sion since the Jacobian’s of the resulted nonlinear sys-
tem of equations is always positive definite. In the pro-
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posed approach an improved adaptive Gauss-Lobatto
numerical integration scheme on a Green path integral
is applied demonstrating fast execution and accuracy
for stress integration throughout the cross-sections. A
particularly important feature of the proposed path in-
tegral approach is represented by the ability to model
the residual stresses in the case of encased steel-profile
without the need to decompose the steel component in
distinct regions according with changes in the defini-
tion of the residual stress distribution.

Using the proposed approach we have found that
the strain softening effect exhibited by the concrete in
compression indicates lower bending capacity of cross
section and also “snap-back” behaviour of the moment-
curvature response; this effects are more accentuated
as degree in confinement is decreased. The numerical
studies carried out in the present study reveals that the
presence of the residual stresses, for encased steel sec-
tion, play an important role on both ultimate strength
capacity and inelastic behaviour, at different stages of
loading, and this effect becomes more effective with
highest compressive axial load especially when bend-
ing takes place about weak axis of the steel profile. The
effect of the fillet regions in definition of the section
geometry of the encased steel profile over inelastic be-
haviour and ultimate strength capacity has been also
investigated in this work and can be concluded that
the exact modelling of geometry of cross-section must
be considered in a valuable advanced analysis method
since the neglecting the fillet regions may lead to an
underestimation of the ultimate strength capacity and
deformability of the composite cross-sections.

Furthermore, the numerical study conducted by
the proposed approach reveals that in order to deter-
mine the complete moment-curvature diagram (i.e.
post-critical response) for a constant bending mo-
ments ratio a stress-path dependency must be taken
into account because unloading regions may develop
in the presence of the strain-softening effect exhibited
by the concrete in compression even when the strain in
the most compressed point is progressively increased.

It can be concluded that the proposed numerical
method proves to be reliable and accurate for practical
applications in the design of composite steel-concrete
cross-sections and can be implemented in the advan-
ced nonlinear inelasic analysis techniques of 3D com-
posite frame structures.

Since the solution of the nonlinear equilibrium
equations is controlled by the predefined values of
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strain in most compressed concrete fiber, this approach
seems to be effective to be applied for a more complex
cyclic moment-curvature analyses, by continuously
varying (increasing-loading/decreasing-unloading) the
extreme concrete fiber strain, and in this way the com-
plete hysteretic moment-curvature diagram for given
bending moment’s ratio at prescribed axial force can
be revealed.

Future studies are envisaged concerning the ex-
tension of the proposed approach to cyclic moment-
curvature analysis of arbitrary shaped composite steel-
concrete cross-sections.
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