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Abstract. In beam theory, normal stresses due to bending moments are usually determined with regard
to Bernoullis hypothesis of the cross section staying in a plane state for reasons of simplicity. As a result of
this fundamental assumption, the influence of shear on the distribution of normal stresses is not taken into
account. However, for cross sections showing wide flanges, as they are commonly applied in bridge engi-
neering for instance, the effect can usually not be disregarded. For the sake of capturing, stiffness oriented
numerical approaches allowing the determination of the shear deformation behaviour of cross sections are
applied and the shear influence is introduced into the normal stress calculation. This is being exemplarily
shown for normal stresses due to bending moments M,.
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Introduction specified as elastic shear lag, see Figure 1(c). Due to
The internal moment M, of a beam, being the bending the elasticity and de.fo.rmatlon behaviour, respectively,
Y . . caused by shear straining, the outer edges of the flange
moment about the principal axis y of the cross section, )
- . do not contribute to the load transfer as strong as the
is linked to normal stresses . The calculation of these ] )
. . . . connection region to the web does. Therefore stresses
stresses is usually performed using the relationship:

M}’
G, = I_ -z, (1)

y
where I, is the principal moment of inertia and z the
principal axis as shown in Figure 1. The normal stress-
es are also connected to shear stresses T for reasons
of equilibrium, which are summarized to the internal
force V. Since Eq. (1) requires the cross section to stay
in a plane state, the influence of the corresponding
shear stresses and strains, respectively, is not displayed
in emerging stress states for ,. Figure 1 shows an ex-
ample of a single-symmetric cross section. The stress
distribution calculated with Eq. (1) leads to a constant

course in the upper flange as shown in Figure 1(b).

However, in a more detailed perspective, shear
strains will influence the normal stress distribution

concentrate in the middle of the flange and decrease
to the outer edges. The flange stress calculated with
Eq. (1) and displayed in Figure 1(b) represents a mean
value of the stress state closer to reality as shown in
Figure 1(c).

The described effect can mainly be observed for
cross sections with wide flanges, that is large a flange
width in comparison to member length. It becomes
clear that the stress distribution in the flange directly
depends on the cross section shape as well as the struc-
tural system. In addition, acting loads have an decisive
influence as well.

For capturing the changing stress distribution in
the transversal flange direction, cross section parts
(plates) have to be modelled using plate and shell the-
ories, respectively. This goes along with quite a large
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a) Cross Section with
bending moment My

b) Rigid upper flange regarding shear
(common beam theory)

¢) Elastic upper flange regarding shear

Oy = const. Ox

> - - -

Fig. 1. Distribution of Stresses due to My according to (Kindmann, Krahwinkel 2016)

effort and regarding classical beam theory, an appli-
cation is not even straightforwardly possible. For that
reason, the so-called effective width for elastic shear
lag has been derived in the past and incorporated into
Eurocode 3 (EN 1993-1-5: 2006 + AC: 2009). The
principles are shown in Figure 2, corresponding deri-
vations and analyses can be found in (Schmidt, Peil
1976), (Schmidt et al. 1979) or (Sedlacek, Bild 1990)
for example. The changing distribution of o, in the
flange is replaced by a constant course exhibiting 6, =
max. 6, and at the same time, the real flange width
is reduced to the effective width b_g thus both stress
distributions lead to the same resultant force in the
flange. Taking the effective width into account for the
modelling of the cross section and the determination
of the principle moment of inertia I | stresses can now
be calculated according to the classical beam theory
using Eq. (1) and leading to the maximum stress in
the flange.

In the following, an approach for accouting nor-
mal stress distributions considering the elastic shear
lag and avoiding the effective width identification is
being presented. The basis is a cross section model
using the finite element method (FEM), which allows
the determination of shear deformations and which is
particularly suitable for computer-aided implemen-
tations. Especially for thin-walled cross sections, the
deformations can be calculated with small effort us-
ing one-dimensional finite elements (line model, see
Fig. 3). For that reason, they are focused on here.

1. Stiffness relationship for shear deformations

In the publications (Kindmann, Kraus 2011) and
(Kraus 2005) stiffness relationships are derived in de-
tail on the basis of FEM, allowing a calculation of shear
deformations uy, of a cross section. Figure 4 shows the
corresponding element with two nodes and the nodal

Calculative stress distribution: 6, = const.

ﬁ - Real stress distribution: G varying in transversal direction
g

Principles for the definition of the effective width beg:

— replacement of varying G, coarse by a constant distribution
— equal max Oy in both cases

— hatched areas are equal

Fig. 2. Model of effective width according to (Kindmann, Krahwinkel 2016)

element with two nodes

node

3

Discretisation of the cross section

Shear deformations uy due to V,

Fig. 3. FE-Model of a cross section and shear deformations due to V,
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Cross section element

y<

N <

shear deformation uy,

Deformations and shear flows
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Fig. 4. Cross section element with two nodes, degrees of freedom and boundary shear flows

degrees of freedom u,, as well as the shear flows T =
T, - t at the element edges, respectively, where t is the
thickness of the element (plate). For shear forces V,
(going along with the bending moment M) and relat-
ed shear deformations, the following element stiffness
relationship is specified:

Buu: _Tsxu _ﬂ, 1 -1 . W,a _ t'f'& %'zu+%.zb
Suy, 1 | Ty, -1 1| uyy I, %'Za+%'zb
du,: t = K

e tte R, - Uy, — f >

= ()

where: G - Shear modulus; ¢, - Element vector of
shear flows; K, — Element stiffness matrix; Uy, — Ele-
ment vector of shear deformations; f , - Element load
vector.

Within beam theory, shear deformations u,, due

to V, show a cubic course for thin walled, rectangular

y<t

N<l

Up=Us

a) linearly varying approach

plates at maximum. For that reason, cubic Lagrangian
polynomials as shape functions as shown in Figure 5
constitute the basis of the element derivation, leading
to an element with four nodes at first. Through a static
liquefaction and the elimination of internal nodes, the
element can be transformed into the one with two
nodes as described in Eq. (2).

For the calculation of shear deformations of a
cross section, which prevalently consists of several
rectangular plates, modelling using the finite elements
of Eq. (2) is undertaken as shown in Figure 3. At every
position, where cross section parts are connected to
each other or intersect, as well as at all end points of
the plates, a node is arranged. The assembling of the
global stiffness relationship (by element stiffness) is
provided by formulating shear flow equilibrium at the
nodes incorporating shear flows of the element edges.

u

u(§)=_§1fi'ui

b) cubic approach

§=0  g=-1g=1

4 3 1 2 4 i3 1

e=1 £=0 =1 g=1
£ }
2 1 2
o
(e A
) (5

\]

(&)

Fig. 5. Lagrangian functions for line elements
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Formally, the global stiffness relationship of cross sec-
tions is set up in the known manner as for instance
conducted for beam structures, leading to the follow-
ing equation system:

Kouy=f. (3)

This equation system cannot be solved for the
time being since it is singular due to a missing support
of the cross section. For this reason, an arbitrary node i
has to be held nondisplaceably in the u-direction:

uy; =0. (4)

This boundary condition is included in the equa-
tion system (3) evolved. Although the solution vector
of the shear deformations does not contain the exact
node displacements then, the values being determined
only differ from the actual deformations by a rigid-
body ratio. For reasons of indication, these shear defor-
mations are specified with a superscripted cross as u.

The rigid-body ratio can be determined regarding
the condition of positive and negative shear-warping
parts uy, of the cross section to be equal. If they were
not equal, shear deformations and strains, respectively,
would be connected to a mean deformation u (regard-
ing the entire cross section) corresponding to the dis-
placement of an internal normal force. This would not
agree to pure bending considered here. Thus, the rigid-
body ratio uy;; is gained by the following equation as
a weighted sum of shear deformations regarding the
cross section area A:

[, -dA

Uy =AT' (5)

In the sense of FEM, the integration of Eq. (5) is
replaced by a summation over the number of elements
n, and then solved per element. In doing so, the func-
tional course of uy, can be described using the cubic
Lagrangian polynomials. For the integration of Eq. (5),
the assumption of constant element thickness t and the
transformation of the differential ds into the local co-
ordinate system (ds =L /2 -d&, -1 < & < 1) lead to:

n, 1
_ oI R4 _
J‘uV'dAZZI:t'E'J.J_C'EV'dEJ] =
A j=1 -1 j
n
o1 _ _ — —
Z{Et-ﬁ-(uv’l +Uy 5 +3- Uy s +3~uv,4)} . (6)
j=1 j

In the context of the aforementioned static lig-
uefaction, shear deformations u; and u, are described

by the boundary nodal displacements u; and u,. The

following relationship is given by (Kraus 2005):

L )
uys| G I, ¥ %l |z

% % Uy
Yyl - 7)
A A Uy

By introducing Eq. (7) into Eq. (6), the shear dis-
placements of internal nodes can be eliminated as fol-
lows: il B
n, 7'(14\/)‘1 +uV,b)+
[y -da=3 "5y NG
A ALY (4hgy)
24-G-1

g j

In compliance to Figure 1, the boundary nodes
are now designated by indices a and b instead of 1 and
2. The rigid-body ratio uy; can be determined using
Eq. (5) and the actual displacement of the node i pro-

duces to: _
Uy i =Uy; Uy - €)

2. Determination of normal stresses

Regarding small deformations, displacements u of
beam theory can be described using the following ap-
proximation:

u(x,y,z)=z-(py(x)+uv(x,y,z). (10)

The first term corresponds to classical beam the-
ory neglecting shear deformations (Bernoulli hypothe-
ses), where longitudinal displacements u are described
by means of rotation about the y axis in a linearized
manner as shown in Figure 6(a). Since secondary shear
deformations are neglected in this description, they are
covered by the second term with u, see Figure 6(b).

Normal stresses are being described by theory of
elasticity (Hookes law) and strains by the derivative of
displacement. With the introduction of Eq. (10), the
following relationship can be stated:

c,=E-g, =E-8u/8x:E-(z-(p'y +u{,). (11)
The bending moment as resultant of the normal

stresses is defined by the following integration:

Myz'fcsx-sz. (12)
A
By introducing Eq. (11) into (12), a formulation
for the derivate of the cross section rotation can be
stated:
M, =jE-(z-<p’y +u{,)-z-dA:
A
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E-1,-¢,+E-[u}, -z-dA=
A

’

M 1
y

E~I), I

[ul-z-dA. (13)
Yy A
Thus, the corresponding deformation value can be
replaced in Eq. (11) leading to an expression for ¢,
depending on the bending moment M, as well as the
shear deformations uy:
c, =?-z—£-!u{, z-dA-z+E-uy. (14)
Y Yy A
Regarding u'y, = duy, / Ox, Eq. (14) contains the
derivate of shear displacements with respect to x.
Therefore normal stresses do not depend on the actual

shear displacements, but on their change in longitu-

a) Deformation u of a point P due
to a cross section rotation ¢,

dinal beam direction. Due to the fact that the finite
element formulations for cross sections of the previous
chapter do not cover the longitudinal direction, this
has to be captured in a different appropriate manner.

Shear displacements are linked to shear stresses
and therefore to the corresponding shear force V, in
beam theory. The variation of shear forces in longitudi-
nal beam direction is associated to an according varia-
tion of shear displacements as shown in Figure 7. Thus
the derivate of shear displacements u'y, in Eq. (14) cor-
responds to the diversification of shear force. In case of
distributed loads q,, shear forces reveal a linear distri-
bution in longitudinal beam direction and shear dis-
placements will also change linearly then. At the same
time, the ratio of shear force to shear deformation does
not change within the member length.

b) Deformations u due to shear action

<
x

Fig. 6. Description of the deformation u
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~_7 VZ(X)
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N
- &\ equilibrium: V,p =V;4 =0, -dX
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Uy,a(L/4) with left figure: —22 = Y2
NS Vz,a Vz,b
0.5 - uya(L/4)— .
Uya _ Uya +duy
uya=0 > =8 v
e Vz,a Vz,a -9;- dx
Point A = -Uy -q, -dx=duy -V,

U\/,A(L/4):Uv,A(3L/8):uv,A(X) dﬁf—uv 9;
Voa(L74) V;a(3L78) V;a(X) dx Vs

Fig. 7. Relationship between shear force and shear displacements in beam theory
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In Figure 7, a relationship to describe u'y, is de-
rived with the help of a differential element dx, the
assumption of a constant distributed load g, and equi-
librium in z direction:

0
ﬂ:—uv.q_z' (15)
Ox

VZ
Introducing into Eq. (14), normal stress can be
described as:

I
UV—

M E
o, - y.z+_.q_2-juv-z-dA-z—Eq—z-uV. (16)
I, I, v, 5 v,

According to the previous chapter and regarding
the solution of the FEM equation system, displace-
ments are ascertained at the element nodes. For their
use in Eq. (16), the integration is replaced by a sum-
mation over the number of elements and the function-
al courses of uy, and z, respectively, are approximated
using Lagrangian polynomials according to Figure 5:

M E
o, = Vg 4.
I), Iy V,
fe| g % q
z t._.J‘gT.fT.f.EV.d}; -z—E-—Z-uV. (17)
= 2 e - - . Vz

J
Since shear displacements indicate a cubic course
for straight-lined elements, corresponding polynomi-
als are introduced for uy, in Eq. (17) and regarding z
ordinates, linear polynomials are sufficient. Solving the
integration in Eq. (17) leads to the following expres-
sion:

i t0
t ‘jET’fT'f’EV'dE,~=_’[Zl Zz}'

Uy
u

V2 (18)
Uy s

Uy 4

Taking into account Eq. (6), the internal nod-
al values, that is nodes 3 and 4, can be eliminated.
Through introduction into Eq. (18) and consideration
of Eq. (17), a formulation for determining normal
stresses G, is maintained:

M
Gx :_y.Z_E.q_Z.uV +
I
y z

t-l |2:z,+z | | Uy, N
el 6 | Z,+2-z, | | Uyy
-(4'23 +7-2,-2, +4'z§)

(19)

Corresponding to Eq. (2) and Figure 4, indices 1
and 2 are now replaced by a and b. Due to the men-
tioned correlation between V, and uy, the application
of Eq. (19) is simplified by introducing V, = 1 and the
associated unit shear deformations uy(V, = 1):

M,
6,=—2z—-E-q,-u,(V, =)+

X
I
ﬂ 2‘2a+zh uV,a(szl) 4
E 1, 6 Za +22b uv)b(Vz =].)
I_.qz'z t-03
Y PN (422472, -z, +4- 22
180-G-1 ( a a “b b)
7 j
(20)

Equations (19) and (20), respectively, describe
the behaviour in-span of a beam appropriately (in
sense of beam theory). They can also be applied to
beams subjected to continuous triangular or trapezoi-
dal loads as a very good approximation, where in the
equations q, should then be regarded with the mean
value of the distributed load. However, using this ap-
proach for shear force developments at points of dis-
continuity (point loads, supports), descriptions using
beam theory are complicated not to say problematical,
since shear displacements would also be approximated
discontinuously and thus unrealistic. For that reason,
additional investigations and analyses are necessary,
not be covered in this paper though. It should only
be mentioned that in regions of point loads, a distinct
two-dimensional stress state occurs in the member
flange, strongly influencing the deformation behaviour
u and therefore stresses o, in longitudinal beam direc-
tion. Since these stress states do not directly apply and
correspond to beam theory anymore, an instantaneous
capture and approximation in the equations presented
here cannot be provided.

3. Implementation and validation

The finite element procedure shown in section 2 and
the stress distribution described in section 3 have
been implemented in a corresponding software (Kraus
2016). The solution of the approach is exemplarily
shown in the following and compared to finite element
analysis using shell elements (RFEM 5) as well as the
solution gained by the method of effective widths for
elastic shear lag according to Eurocode 3 (EN 1993-1-
5:2006 + AC: 2009).
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Structural system
dz = 200 kN/m

TYVIVYVIYVIVYIVY
x —_—

! 10m !

Cross section
4000

—t=12

t=12 700

—— { = 40 y

[mm] _‘

1000

Fig. 8. Structural system and cross section of the example

Figure 8 shows the structural system and the cross
section being analysed. The cross section is discretized
using finite elements of Eq. (2) and the solution of the
equation system (3) is shown in Figure 9(a) taking
the rigid-body ratio according to Eq. (9) into account.
Normal stresses are determined using Eq. (19) and the
outcome calculated with (Kraus 2016) is shown in Fig-
ure 9(b). The minimum normal stress is determined
to o, = —9.17 kN/cm? in the upper flange and o, =
—6.16 kN/cm? at the flange edges.

For reasons of comparison, Figure 10 shows the
calculation results using finite shell elements (RFEM 5).
With 6, = -9.25 kN/cm? and o, = —5.99 kN/cm? in
the upper flange a good compliance to the proposed
solution provided in Figure 9 with small deviations
becomes apparent for this example.

The stresses are also compared to the solution
gained by the effective width method according to
Eurocode 3. Considering the beam length of L, =
1000 cm, it is:

a) Shear deformations u,,

Normal sresses
20.32
10.00

7.78
5.56
3.33
1.1
-1.11
-3.33
-5.56
-7.78
-10.00
-20.62

upper flange:
by =200 cm, k=0, -by /L, =1.0-200/1000=0.2 =
[3=1/(1+6.4-K2)=0.7963beﬁ =B-b, =159 cm;
(21)
lower flange:
by =50 cm, k=0t -by /L, =1.0-50/1000=0.05=
B=1/(1+6.4-k2)=0.984 = b,z =B-b, =49.2 cm.
(22)
Modelling the cross section and regarding the
flange widths of 2-159 = 318 cm (instead of 400 cm)
and 2-49.2 = 98.4 cm (instead of 100 cm) leads the

following properties, where the web height is modelled
to the mid-lines of the flanges for comparative reasons:

Second moment of inertia: I )= 984000 cm?;

Position of centre of gravity:
(measured from the upper flange)

zg = 35.5cm.

(23)

b) Normal stresses ox

Fig. 10. Stress distributions using finite element shell calculations (RFEM 5)
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The stresses in the upper flange as defined in Fig-
ure 11 result to:

=M, /I, -z=250000/984000-35.5=9.02 kN/cm?;
G, =1.25-(B-0.2)-5;, =1.25-(0.796-0.2) -
9.02=6.72 kN/cm?.
(24)
The comparison with Figures 9 and 10, respective-
ly, illustrates that the maximum stress approximation
regarding the effective width method is quite similar.
However, further calculations show, that differences
between the three methods rise with an increase of
flange width. In the performed computations, the solu-
tion of the method presented in this paper always lead
to stresses, which were located between the solutions
of the finite shell element analysis and the method of
effective width. From the comparative investigations it
can also be stated, that at least up to flange widths of
0.5-L,, calculations of the presented approach show a
good agreement to the finite element shell calculations.
Investigations regarding non-prismatic beams have not
been performed so far, since consequential influences,
which might occur, are also not covered by formula-
tions of Eurocode 3 (EN 1993-1-5:2006 + AC: 2009).
This issue is to be picked up in prospective analyses.

besr = Bbyg

— 1
Gq
St . ﬁ
—>y bo ‘
—//

B>0.20: 5, = 1.25 (B-0,20) 5,
G (y) = 05+ (04~ G)(1-y/bg)®

Fig. 11. Distribution of longitudinal stresses in the upper
flange (EN 1993-1-5: 2006 + AC: 2009)

Conclusions

In this paper a numerical approach based on beam
theory for the identification of normal stresses caused
by bending moments regarding effects of elastic shear

lag is presented. For that purpose, one-dimensional fi-
nite elements for the modelling of cross sections are
specified, capturing their shear deformation behaviour.
The influence is subsequently considered in the nor-
mal stress distribution and the proposed procedure is
exemplarily put to use, showing good compliance to
approximations of shell finite element formulations
and the method of effective width according to Eu-
rocode 3. The approach can be employed to the stress
calculation in-span of beams subjected to distributed
loads not influenced by point loads or support reac-
tions very well. For applications to continuous beams,
additional investigations going beyond beam theory
are necessary.
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