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Abstract. By adding fibres to concrete mix the objective is to bridge discrete cracks providing for some 
control to the fracture process and increase the fracture energy. Fibres become active mainly when cracking 
starts and deformation of the fibre occurs. Pullout tests with four types of fibres with different orientation, 
embedment lengths, and concrete strengths are performed to simulate the bridging process. Fibre pullout 
behaviour is analysed for relatively small slippage displacement to keep it close to real designing situations. 
The test results show significant effect of fibre type on pullout behaviour, nevertheless the effect is intangible 
on fibres inclined at 30 degrees or more. An effective displacement is introduced, derived from experimental 
force-slip curves, when fibre becomes involved in bridging. Based on the effective displacement and sim-
plified average force-slip curves a numerical model is proposed to analyse the tensile stresses transferred by 
fibres crossing a crack.
Keywords: bond strength, crack width, orientation angle, pullout test, stress transfer.

1. Introduction

Randomly distributed or aligned short steel fibres are 
often used to reinforce cementitious materials, since 
they offer resistance to crack initiation and, mainly, to 
crack propagation. In steal fibre reinforced concrete 
(SFRC) of low fibre volume fraction the principal ben-
efits of the fibres are effective after matrix cracking. 
Crossing the crack the fibres guarantee a certain level 
of stress transfer between both faces of the crack and 
provide to the composite a residual strength, which 
magnitude depends on the fibre, matrix and fibre-ma-
trix interface properties.

The mechanical performance of fibre reinforced 
concrete (FRC) is highly influenced by the fibre disper-
sion, since the effectiveness of fibres depends on the 
orientation of fibres, their location and arrangement 
within concrete (matrix). Considering the above-men-
tioned and that fibre and matrix are bonded together 
through a weak interface, study of the interfacial be-

haviour is important for understanding the mechanical 
behaviour of such composites.

The effectiveness of a given fibre in the stress 
transfer can be assessed using a single fibre pullout 
test where fibre slip is monitored as a function of the 
applied load on the fibre. The data derived from single 
pullout tests can give relevant contribution to optimi-
sation of the properties of FRC.

Stress transferring capacity by steel fibres is vari-
able and depends on crack width. Due to several stag-
es the stress strain relationship is rather complicated 
(Robins et al. 2002). It is close to zero at the moment 
when crack just occurs, then the capacity grows and 
reaches its plateau and slightly goes down to zero when 
crack is as wide as half of fibre length. Real structures 
must be calculated according to serviceability and ulti-
mate limit states that leads to constructions with rela-
tively small crack widths. Therefore besides complete 
collapse analysis of FRC element, a special attention 
must be paid on early stage of cracking.
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A numerical model, based on experimental data, 
developed in this study takes the concrete strength, 
type of fibre, orientation angle and crack width into 
account.

2. Pullout tests

Short fibres act as bridging elements over a crack. The 
behaviour of fibres at the crack can be simulated by 
single fibre pullout test (Fig. 1). As the fibres in FRC 
elements have random orientation and they are uni-
formly distributed through matrix, they have different 
embedment lengths and inclination angles at the crack. 
Recent investigations show that these aspects play im-
portant role on pullout behaviour and the energy used 
for pullout process (Laranjeira et al. 2010).

This research is mainly based on various pullout 
experiments performed in Latvia University of Agri-
culture during years 2010 and 2011. The tests includ-
ed specimens with different fibre embedment lengths, 
concrete strengths, fibre types and orientation angles. 

2.1. Specimen data

The test specimens were concrete prisms with a sin-
gle fibre in each one. Dimensions of the prisms were 
40×40×60  mm. The fibre embedment length was 
mainly 25 mm, which is a half of the fibre full length. 
To analyse the effect of the fibre orientation, they were 
inclined at four different angles of 0, 30, 45, and 60 de-
grees. In addition, fibres with the embedment length of 
15 mm and inclination angle of 0 degrees were tested. 
There were 114 specimens altogether.

Because of the small dimensions of specimens, 
fine-grained concrete was used. The mean concrete 
strength was 55.1 MPa with variation coefficient of 
0.016. In addition, concrete with strength of 13.0 MPa 
and 25.0  MPa was used for specimens with straight 
fibres without inclination. 

Four different types of fibres were used: smooth 
(S), hooked (H), crimped (C) and flat ended (FE). 

These types were chosen as the most representative 
of fibres available at present time in Latvia. Although 
flat-ended fibres are not common in Latvian market, 
they are rather innovative and therefore interesting to 
study. The fibre diameter for all types was 0.75 mm and 
length – 50 mm. The yield strength of the fibre steel 
was 1100 MPa.

2.2. Test setup

The test setup is shown in Fig.  2. The concrete pri-
sms were fixed in steel/aluminium frame. There was a 
round plate fixed to the fibre. A wedge grip was used to 
take hold of the loosed part of the fibre. Three LVTD’s 
(HBM WETA1/2) were attached to the frame to mea-
sure the distance between the specimen and the plate. 
S9 type force transducer (max. load 50 kN) was used 
for force measurements. Tests were performed under 
closed looped conditions by controlling position of 
the machine head and using test speed of 1 mm per 
minute. 

3. Results and discussion

In general, the pullout behaviour of every tested fibre 
can be described by a curve consisting of pre-peak and 
post-peak branch (Fig. 3). The average pullout load-dis-
placement curves for the tested series, with orientation 
angle of zero degrees, are shown in Fig. 4. The pre-peak 
parts of pullout-displacement curves consist of a line-
ar and non-linear part. The first one is associated with 

Fig. 1. Pullout test as the simulation of bridging process in 
cracked SFRC structure, where 1 – fibre, 2 – matrix, 3 – crack

1

3 2

1
F F

 Fig. 2. Pullout test setup: 1 – concrete specimen, 2 – Hydraulic 
Zwick machine head, 3  – plate, fixed to fibre, 4  – frame, 
5 – LVTDs, 6 – wedge grip, 7 – support, 8 – S9 force transducer
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the elastic bonding, whereas the nonlinear part starts 
with the micro cracking of the interface, corresponding 
to the debonding process and straightening of fibres. 
For smooth fibres (Fig. 4a) the non-linear part of the 
ascending branch has a relatively small amplitude, sin-
ce it starts very close to the peak load. When the peak 
load is attained, a sudden drop is observed, which cor-
responds to an abrupt increase of damage at the fibre-
concrete interface. Note that fibre-concrete friction is 
the main mechanism of the pullout behaviour. In this 
part of the post-peak branch, the load decreases with 
the increase of displacement, since the available frictio-
nal area decreases, as well as the roughness of the fai-
lure surface. The post-peak load decay in the case of 
hooked, headed and crimped fibres was not so abrupt 
than in the case of smooth fibres. With the increasing 
displacement the mechanical anchorage of these fibres 
starts to become progressively mobilised. 

3.1. Analytical modelling of pullout  
response of fibres

In order to determine the fibre pullout energy the pa-
rameters of the load-displacement relationship that 
best fitted the experimental pullout load-displacement 
curves of all series were obtained. On the basis of aver-
age experimental curves shown in Fig. 4 the param-
eters of analytical relationships were obtained by using 
minimization procedure:

 
=

δ − δ →∑ exp
1

( ) ( ) min,
N

i i i i anal
i

F F  (1)

where N – the number of points on the experimental 
and analytical curves; Fi – force in fibre; and δi – fibre 
displacement.

The approximation of experimental curves was 
performed by using the following relationships:

for ascending branch (0 < δ ≤ δmax):
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and descending branch (δmax < δ ≤ δ2):
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For smooth (S) fibres with orientation angle of 
0  degrees, the descending part can be described by 
equation (4).
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In expressions (2) to (4) typical experimental 
characteristics Fmax and δmax, which stand for maxi-
mum pullout force and the fibre displacement at the 
maximum force, were used respectively. To describe 
the descending branch more precisely, the end point 
of the curves represented by force F2 and displacement 
δ2 was used. The principal pullout curve and the men-
tioned characteristics are shown in Fig. 3.

Unknown coefficients α, β, γ, η were determined 
by using minimization procedure (1). The values of 
mentioned experimental characteristics and the coef-
ficients are condensed in Table 1.

3.2. Pullout energy

To estimate the fractural toughness of FRC the pullout 
energy of fibres was determined. The integration pro-
cedures (5) and (6) for the functions (2) to (4) were 
used.

For ascending part:

 ( )
δ

= δ δ∫
max

1
0

.W F d   (5)

For descending part

 ( )
δ

δ

= δ δ∫
2

max

2 .W F d  (6)

The total energy W is a sum of the pre-peak and 
post-peak energies: 
 = +1 2 .W W W  (7)

Based on these calculations fibre pullout energy 
for different types and inclination angles was found. 
Thus the fibre type effect at a certain displacement 

Fig. 3. Principal pullout curve: 1 – ascending branch,  
2 – descending branch
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can be analysed. The results are summarised in Ta-
ble 2. The comparison of the energies is restricted to 
the displacement of 3.5 mm as it is the recommended 
value for crack width in case of ULS design (RILEM 
TC 162-TDF: 2003).

3.3. Type effect and orientation angle 

As it is represented in Fig. 4 it is possible to increase 
maximum pullout force and thus the pullout energy 
significantly by modifying fibre geometry. Note that 

Table 1. The values of the typical experimental characteristics of the pullout curves

Fiber inclination angle

0° 30° 45° 60°

                                                                            Fiber type

S H C FE S H C FE S H C FE S H C FE

Coefficients

α 7 15 9 9.5 4 5 3 5 10 4 4.1 4 10 5 4.2 0.78

β 2.4 3 2.2 3.6 0.9 2.2 3 3.5 1.5 2 3.2 2.6 5 4.3 3.3 0

γ 2.33 5.36 3.27 3.5 1.33 2 3 2.7 2 1.6 1.95 1.9 2.22 1.92 1.15 –

η 24 1.2 2 0.8 1.3 1.5 1.2 1.2 2 0.8 0.9 2 1 0.5 0.7 0.29

Force, kN

Fmax 0.11 0.24 0.57 0.65 0.18 0.22 0.5 0.69 0.13 0.19 0.56 0.55 0.21 0.31 0.49 0.45

F2 0.02 0.23 0.51 0.58 0.11 0.13 0.46 0.67 0.05 0.14 0.52 0.54 0.16 0.3 0.34 0.19

Displacement, mm

δmax 0.037 1.97 2.1 1.27 1.67 2.15 4.54 4.17 2.31 1.56 0.78 4.54 5.68 6.63 6.22 8

δ2 3.5 3.5 3.5 3.5 4 4.4 6.58 4.4 4.5 4.4 6.58 4.64 10.54 7.64 6.98 9.36

Fig. 4. Pullout response of different types of fibre: a) smooth (S), b) hooked (H), c) crimped (C), d) flat-ended (FE)
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this effect is for aligned fibres where the angle be-
tween fibre and the applied load is zero. The amount 
of aligned fibres in FRC composites is relatively small. 
Therefore the fibre type effect needs to be studied to-
gether with the effect of fibre orientation. Thus addi-
tional complexities are introduced to the pullout be-
haviour due to bending of the fibre and matrix spalling 
(Ouyang et al. 1994). 

Fibre type effect on pullout energy for different 
inclination angles and displacements is summarised 
in Table 2.

Fig. 5 shows the effect of type taking smooth fi-
bres (S) as a reference point. All types of fibres are in-
volved in stress transferring process equally for very 
small slip (0.1 mm). Nevertheless, the effect is notable 
at the displacement of 3.5 mm. The energy necessary 

to pull out hooked (H) fibres comparing with smooth 
ones is almost 9 times more. Crimped (C) and flat-
ended (FE) fibres show even greater effect, respectively, 
20 and 23 times bigger energy consumption than for 
smooth ones.

However, the energy is very much influenced by 
the fibre orientation angle. The difference between 
smooth and pre-deformed fibres is much smaller for 
bigger inclination angles. Moreover, the energy con-
sumed to pull out a fibre from concrete till 3.5  mm 
is almost the same for all types of fibres, if they are 
inclined at the angle of 60 degrees.

The significant reduction of the type effect is gov-
erned by two phenomena. On one hand, the pullout 
energy for pre-deformed fibres decreases with increas-
ing inclination angle at small displacements. Due to 
the concrete spalling process the pre-peak branch is 
rather gently sloping and, although the maximum 
force is almost the same or even in some cases higher, 
it is reached much later than it is for fibres aligned with 
the applied force (Ouyang et al. 1994). It is well repre-
sented in Table 1. For example, the displacement δmax 
at the maximum force Fmax varies from 5 to 8 mm for 

Table 2. Fibre type effect on pullout energy

Displacement,  
mm

Pullout energy W (J) for different types  
of fibres

S H C FE

0 degrees

0.1 0.009 0.006 0.008 0.012

0.5 0.024 0.073 0.131 0.164

1.0 0.035 0.183 0.357 0.457

2.0 0.056 0.422 0.905 1.098

3.5 0.087 0.774 1.732 1.999

30 degrees

0.1 0.002 0.001 0.000 0.001

0.5 0.032 0.028 0.006 0.031

1.0 0.098 0.089 0.039 0.122

2.0 0.270 0.275 0.240 0.479

3.5 0.502 0.582 0.845 1.370

45 degrees

0.1 0.002 0.001 0.000 0.001

0.5 0.033 0.024 0.011 0.021

1.0 0.084 0.080 0.044 0.079

2.0 0.203 0.256 0.183 0.301

3.5 0.394 0.505 0.604 0.887

60 degrees

0.1 0.001 0.000 0.000 0.000

0.5 0.016 0.004 0.008 0.006

1.0 0.045 0.014 0.026 0.022

2.0 0.106 0.054 0.078 0.090

3.5 0.250 0.193 0.207 0.279

Fig. 5. Fibre type effect on pullout energy depending on fibre 
orientation angle: S – smooth, H – hooked, C – crimped,  

FE – flat-ended fibres

0

5

10

15

20

25

H (0°)

H (30°)

H (45°)

H (60°)

C (0°)

C (30°)

C (45°)

C (60°)

FE (0°)

FE (30°)

FE (45°)

FE (60°)

Reference line (S)

Displacement, (mm)�
0 0.5 1 1.5 2 2.5 3 3.5

i – H, C, FE

W
i

W
S

Engineering Structures and Technologies, 2012, 4(3): 77–88 81



fibres with inclination angle of 60 degrees, which is far 
beyond the mentioned 3.5 mm. 

On the other hand, the pullout energy for smooth 
fibres, which are used as the reference point, increases 
with increasing inclination angle due to the friction at 
the exit point (Laranjeira et al. 2010).

Although the total pullout energy of fibres with 
embedment length of, for example, 25 mm, is greater 
for deformed fibres (hooked, crimped, flat-ended) than 
for smooth ones, the effect is intangible for relatively 
small slippage displacement. 

3.4. Embedment length

Another significant parameter, especially in the case 
of smooth and crimped fibres, is the length of embed-
ment. As the distribution of fibres in SFRC composite 
is random, the embedment length at a crack can vary 
from zero to the half of fibre length. 

In general, for each type of fibre analysed the 
configuration of load-displacement curves was similar 
regardless the fibre embedded length. The peak load 
Fmax, the displacement at peak load δmax and the dis-
sipated pullout energy increased with lemb.

Nevertheless, a slight difference can be observed. 
In the case of crimped fibres the maximum force is 
almost proportional to the embedment length. It can 
be explained as this type of fibre is deformed equally 
along the whole length. 

Different behaviour was observed for flat-ended 
fibres. The maximum pullout force for embedment 
length of 15 mm is close to the one of 25 mm. Note 
that the values represented in Fig. 6 are mean values. 
In fact, the absolute maximum pullout force for flat-
ended fibres is not influenced by embedment length. 
In both cases, with embedment length 25  mm and 
15  mm fibres mostly failed because the fibre yield 
strength was reached. Nevertheless, for small embed-
ment lengths, the yield strength cannot be reached 
due to the concrete failure. Assuming that the ultimate 
force governed by the concrete failure is determined 
as follows 

 ( )= π + 2
, min 4 4 ,c fail emb hF v l d  (8)

it is possible to find the fibre anchorage length where 
stresses in the fibre will reach their maximum value. 
In (8) shear stresses vmin can be calculated according 
to European building code (Eurocode  2 2004); dh is 
diameter of the fibre head. 

Fig.  7 shows the theoretical ultimate stress in a 
flat-ended fibre depending on embedment length. Flat-
ended fibres with small embedment length have a little 
or no effect on post crack behaviour in FRC elements 
or they are not used effectively. 

Analyzing crack formation phenomena, a mini-
mum length of the embedment can also be set for oth-
er types of fibres. The crack surface in concrete is not 
plane. It is because the crack follows the path of least 
resistance. An idealised crack plane can cross a fibre, 
but the real crack will most likely form around its head 
(see Fig. 8). Crack tends to change direction and run 
parallel to the inclined fibre for a significant distance 
along its length, rather than crossing it (Bentur et al. 
1985). Thus the fibres with small anchorages can have a 
little positive effect for the ultimate tensile strength, but 
they will give no contribution in the bridging mecha-
nism after the crack formation. The distance a (in 
Fig. 8), which stands for horizontal projection of mini-
mum embedment length, can differ depending on fibre 
type, concrete strength and the orientation of the fibre. 

Fig. 6. Maximum pullout force depending on fibre type  
and embedment length

Fig. 7. Ultimate tensile stress in flat-ended fibre depending on 
embedment length: 1 – yield stress of fibre steel (1100 MPa), 

2 – boundary governed by the tensile strength of concrete 
(C50/60), df – fibre diameter
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4. Bridging models

The bridging process could be examined at small piece 
of FRC with a single arbitrary orientated steel fibre 
(Fig. 9). There is a micro crack in the matrix due to 
applied tensile stresses. The anchorage of the fibre is 
sufficient on both sides of the crack. The fibre has neg-
ligible reaction until the bond-slip in the fibre-matrix 
interface has yet to be developed (w = 0). 

When crack width, w, increases, fibre becomes 
active and deformation of the fibre occurs. The pulley 
approach (Aveston, Kelly 1973) can be used to describe 
the bridging phenomena in a cracked material with the 
assumption that the matrix at the exit point of the fibre 
is rigid. The model is shown in Fig.  10. In this case 
the bond-slip of the fibre δ on the side of the shorter 
embedment is equal to the crack opening displacement 
(δ = w). 

As the matrix (concrete) has a negligible tensile 
strength, the fibre is able to damage a part of the ma-
trix at the exit point of the fibre. In this case, the bridg-
ing phenomena of a fibre crossing a cracked surface 
could be described by using the pulley that is attached 
to the matrix via a spring (Fig. 11).

In the modified model the crack opening is great-
er than fibre slip. The displacement for which the fibre 
becomes effectively involved in the tension carrying 
mechanism is effective width weff which depends on 
material parameters obtained from fibre pullout tests 
for varying fibre orientation angle θ and fibre type 
(Brauns, Skadins 2010; Fantilli et al. 2008).

4.1. Basic assumptions

The proposed model is based on the following basic 
assumptions: 

1) The force Ff in a single fibre is equal to zero 
when crack width w is smaller than the effecti-
ve value weff and bigger than the embedment 
length lemb. Otherwise it can be found by the 
following equation:

 ( )= π τ − .f f b embF d l w  (9)

Fig. 8. Crack formation in SFRC: 1 – idealised crack plane, 
2 – concrete, 3 – fibres, 4 – micro crack, a is horizontal 

projection of minimum embedment length
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Fig. 9. Fibre at the beginning of crack formation: 1 – concrete 
(matrix), 2 – micro crack, 3 – fibre

Fig. 10. Bridging model based on pulley approach by Aveston 
and Kelly: 1 – concrete (matrix), 2 – crack, 3 – fibre

Fig. 11. Modified bridging model – pulley attached to matrix 
via springs: 1 – concrete (matrix), 2 – crack, 3 – fibre
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2) The effective width weff is determined at half of 
the maximum pullout force Ff,max, i.e.

 = ,maxat / 2.eff fw w F  (10)

The effective crack width at a certain orientation 
angle can be found by the equation in the following 
way:
 θ = + θ1 2( ) tan ,effw K K  (11)

where K1, K2 are material parameters obtained from 
pullout tests.

Fibre bond strength τb is determined based on 
pullout tests for fibres width inclination angle θ = 0° 
according to expression:

 τ =
π

,max

,
,f

b
f emb e

F
d l

 (12)

where lemb,e – fibre embedment length in pullout test.

4.2. Stress bridging in SFRC

After the formation of cracks the fibres provide resist-
ance to external structural tensile stresses in SFRC ele-
ments. Due to random distribution orientation angles 
and embedment lengths of the fibres are different. The 
tensile stresses transferred by fibres from one side of a 

crack to the other can be determined by the following 
expression:
 s =, , ,f red f f eff fn V F  (13)

where nf is the number of fibres per unit area and Vf,eff 
is the ratio of effective fibres to total number of fibres 
in a section.

The average force in fibres depends on fibre type, 
embedment length, fibre failure mechanism, orienta-
tion angle, adjacent fibres etc. In the proposed model 
it is assumed that the maximum force in fibres is deter-
mined for embedment length lemb,e = lf /2, and that the 
maximum force for smaller anchorages is decreasing 
linearly. On the bases of equations (9) and (12), the 
average force in a fibre Ff can be expressed as follows:

 ( ) −
= ,max .

/ 2
emb

f f
f

l w
F w F

l
 (14)

The pullout force values, determined by ex-
pression, (14) are compared with experimental data 
(Fig. 12) for various fibre angles θ. Results are deter-
mined for 50  mm long crimped fibres and concrete 
strength 55.1 MPa. The bond shear stress is calculated 
from the test results with θ = 0° giving τb = 9.67 MPa. 

Fig. 12. Comparison of theoretical and experimental pullout force in crimped fibre
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The embedment length lemb is the mean anchorage 
length of the fibres involved in bridging. In the crack 
widening process, the fibres, which are anchored less 
than the crack width w, are excluded from the stress 
bridging. Therefore, the amount of the effective fibres 
reduces, but the average embedment length increases. 
On the basis of Fig. 13 the following expression can 
be written:
 

+
=,

/ 2
,

2
i f

emb i
w l

l  (15)

where wi is between 0 and lf /2.

The number of fibres nf crossing an idealised 
crack plane can be found according to equation pro-
posed by Krenchel (1975):

 = a ,f
f

f

V
n

A
 (16)

where Vf is the fibre volume fraction, Af is the cross 
section area of a fibre, and α is the fibre orientation 
coefficient. When the side effect is not considered the 
orientation factor equals to 0.5, which represents iso-
tropic bulk material (Dupont, Vandewalle 2005; Mar-
tinie, Roussel 2011).

Fibre amount, found by equation (16) represents 
the maximum value. As mentioned before, the num-
ber of fibres transferring tensile stresses decreases with 
increasing crack width. In the case of linear reduction, 
the fibre amount at a certain crack width can be deter-
mined as follows:

 
 
 = −
 
 

, 1 .
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i

f i f
f

w
n n

l
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4.3. Effective fibre amount fraction 

Fibre amount in SFRC structure is one of the most 
important factors for post cracking behaviour. Ho-

wever, it is important to know how many of them are 
effective. There are several conditions that make fibres 
effective:

 – the fibres must be in tension zone; 
 – they must be anchored enough (in both sides 
of the crack); 

 – the orientation of fibres cannot be parallel or 
close to parallel to crack surface; 

 – the crack must be wide enough. 
When ratio Vf,eff equals to 1.0 all fibres in a sec-

tion are involved in stress transferring. On the other 
side, zero value shows that no fibre is effective, thus no 
tensile stress is being transferred.

As mentioned before, the fibres become active af-
ter cracking. However, it can be seen from the test re-
sults, that those fibres, which are more inclined, reach 
their maximal pullout force at a greater displacement 
(slip). According to the model, it is proposed that fi-
bres are involved in bridging process when the crack is 
wide enough or the width of the crack w = weff.

As the fibres with orientation angle of 90 degrees 
have no effect in stress bridging, the tangent function 
is used to describe the relationship between effective 
crack width weff and the fibre orientation angle θ. Ex-
perimental results and theoretical function for each 
type of fibres is shown in Fig. 14.

Comparison of real pullout curves and proposed 
model is represented in Fig.  12. Relationships show 
that for fibres, orientated at a large angle, a significant 
slip is needed before mechanical locking occurs.

In the design of SFRC structures according to 
serviceability limit state (SLS), it is necessary to en-
sure comparatively small cracks in humid environ-
ment (0.3 mm). Although cracks can be wider in dry 
conditions and in the design of ultimate limit state, it 
is suggested to restrict them to 3.5 mm (RILEM TC 
162-TDF: 2003). When the crack width is limited, a 
certain portion of fibres, crossing the crack, will not 
be involved in the bridging process. The critical angle 
θcrit determining the boundary for the effective fibres 
can be found by using expression: 

 
 −

θ =  
 

1

2
arctan .crit

w K
K

 (18)

At a certain crack width, w, only those fibres 
which are inclined less than the critical angle θcrit, can 
be taken in to account. Results for different types of 
fibres and crack widths are given in Table 3.

Fig. 13. Fibre amount nf and embedment length lemb 
depending on crack width w

n
f,max

n
f,i

n
f,i

/2

n
f

w
i

l
emb,i

l
f
/2 w

0

Engineering Structures and Technologies, 2012, 4(3): 77–88 85



Table 3. Critical angle (deg.) depending on crack width

Fibre type
Crack width w (mm)

0.5 1.0 2.0 3.5

Smooth 17 31 50 64

Hooked-ended 15 28 47 62

Crimped-round 7 17 35 52

Flat-ended 9 21 39 56

For every fibre crossing a crack the orientation in 
space can be illustrated by half sphere where the centre 
of the sphere is the intersection point of the fibre and 
the crack (Fig. 15). The radius of the sphere is half of 
the fibre length, lf/2. Based on the critical angle values, 
half sphere can be divided into several regions, which 
represent the probability of a fibre to be located in the 
particular region. The regions show the amount of ef-
fective fibres for certain crack width. The volumes of 
the spherical cons represent the effective fibre amount 
fraction.

For example, if a SFRC structural element is de-
signed according to SLS and must satisfy the crack 
width limit wk  =  0.5  mm, only the fibres within the 
region A can be taken into account. 

If no SLS requirements are considered and the 
element is being designed according to ultimate limit 
state, limiting the crack width to 3.5 mm, fibres from 
the regions A to D can be taken into account. 

Region E represents three groups of fibres: 1) fi-
bres parallel or close to parallel to the crack plane; 
2) fibres with embedment length smaller than the min-
imum anchorage length; 3) fibres with inclination an-
gle greater than the critical angle θcrit for w = 3.5 mm 
given in Table 3. 

The effective fibre amount fraction can be deter-
mined by following expression:
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which is a relative volume of spherical cone (see 
Fig. 15). 

The expression (19) can be written using crack 
width limit wk and parameters K1 and K2 from equa-
tions (11) and (18):
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Fig. 14. Effective crack width weff for different inclination angles θ
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The equations (19) and (20) are valid in case of 
uniform crack width, which can be expected for mem-
bers loaded in pure tension. In the case of flexural ele-
ments the crack width is variable. At limit state the 
maximum crack width equals to the limit wk, but near 
to the neutral axis it decreases till zero (Fig. 16). As-
suming that the crack width is changing linearly, the 
effective fibre amount fraction can be determined by 
integrating equation (20):

 ( )= ∫, ,
1 .

k

k

w

f eff f eff
k w

V V w dw
w  (21)

The number of fibres determined by the equation 
(17) in the case of flexure can be expressed by the fol-
lowing equation:
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where wmax,i – maximum crack width.

4.4. Numerical example 

Let us examine the stress distribution in tensile fibres 
of a flexural SFRC element with fibre volume frac-
tion Vf = 1.0% and no side effect on fibre orientation 
is taken into consideration (α = 0.5). In the calcula-
tions characteristic quantities Ff,max, K1, and K2 are 
used, which are determined from specimens with con-
crete cube strength of 55.0 MPa. Dimensions of fibres: 
length lf = 50 mm diameter df = 0.75 mm. Results for 
different types of fibres are shown in Fig. 17.

5. Conclusions

1. Fibre type has a significant influence on pullout en-
ergy for fibres aligned with applied force. The effi-
ciency of fibre type for fibres inclined 30 degrees and 
more is inessential at relatively small displacements.

2. At a large orientation angle significant slip is needed 
before mechanical locking occurs.

3. For crack width limited to 3.5  mm (according to 
RILEM recommendation) only fibres with orienta-

Fig. 15. Regions of effective fibres for different crack width 
limits: A – wk = 0.5 mm, B – wk = 1.0 mm, C – wk = 2.0 mm, 

D – wk = 3.5 mm, E – fibres excluded from bridging.  
x2–x3 – crack plane, x1 – direction of tensile stresses
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Fig. 16. Effective fibre amount fraction depending on crack 
width: a) in tension, b) in bending, c) effective fibre fraction

Fig. 17. Tensile stresses transferred by fibres  
depending on crack width
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tion angle less than 60 degrees are effective in stress 
bridging, i.e., approximately 50% of all fibres cross-
ing the crack plane.

4. The use of bi-linear approximation for average pull-
out experimental curves, taking into account the ef-
fective crack width, gives possibility to analyse the 
tensile stresses transferred by fibres crossing a crack.
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