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Abstract. The stiffness analysis of the simple supported hybrid bisteel I-section beam subjected by uniformly distributed
load is considered in this paper. The hybrid bisteel I-section beam presents a composition of high-strength steel inclusions
for the flanges in the region of maximum stresses and of low-strength steel for remaining volume of the beam. The explicit
analytical model for evaluation of stiffness of the beams mentioned is presented. The geometrical linear approach and
elastic plastic material model have been assumed. The application of high-strength steel inclusion in case perfectly elastic
state of the hybrid bisteel I-section beam, increase the deflection insignificantly (up to 10%). While strain hardening effect
reduces the deflection by about 4 times compared to the perfect plasticity. The verification of the theoretical analysis has
been performed by the FEM. After simple transformations, the proposed model can be easily applied to the evaluation of
stiffness of otherwise loaded and supported hybrid bisteel I-section beams.
Keywords: hybrid bisteel I-section beam, high strength steel inclusions, stiffness analysis.

Introduction
Many years the engineering norm in design of steel structures have been a monosteel structures, made from mild
carbon steel. The reference literature show, that development of steel structures has shifted towards the use of
high-strength steels in various building structures and
beyond (Dowling & Burgan, 1998; Owens & Wood, 1998;
Kvedaras et al., 1998). The high strength steels are widely
used in North America and Japan, but in Europe, hybrid
steel structures are not widespread in construction and
have not been sufficiently investigated (Veljkovic & Johansson, 2004).
Nowadays interest in higher strength steels (HSS) has
emerged as a result of the successful employment of this
type of steel in advanced applications within modern
structures. As might be expected, the main argument for
the application of hybrid steel structures is the economic
effect, obtained in comparison with analogous homogeneous structural solutions.
The development and application of HSS in construction brought the ability to increase safety margin, reducing
the cross-sectional dimensions, as well as weight and cost
of the entire structure (Earls, 1999; Belenia et al., 1986;
Handbook of steel structures, 1989; Tshernov et al., 1992;

Gorev et al., 1997). Therefore, the hybrid bisteel structures
with HSS may be considered an important area of future
development.
The application of HSS to strengthen I-section beams
may be realized in variety of ways: composition of hybrid
bisteel I-section beams (HBB) inserting the HSS section
in the region of maximum moments (Shokouhian & Gupta, 2015; Belenia et al., 1986); using cover plates (built-up
technique) consisting in strengthening flanges (Ju et al.,
2020; Belenia et al. 1986), construction of bisteel beams
fabricated by using a HSS in the entire flanges (Veljkovic
& Johansson, 2004; Belenia et al., 1986; Handbook of steel
structures, 1989); the arrangement of HSS inclusions for
the flanges in the region of maximum stresses (Belenia
et al., 1986; Jaras & Kačianauskas, 2001, 2002).
Covering the investigation of above mentioned hybrid
bisteel beams, other studies related to HBB are also being
addressed. Here need to be mentioned the scientific researches: on optimization of the HBB, discussed in Alekseytsev and Al Ali (2018), on investigation of the behavior
of hybrid steel beams with closely spaced web openings
(Bhat & Gupta, 2021), and trapezoidal corrugated-web
(Elamary et al., 2021), on analysis of moment–shear in-
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1. Geometry and material model
The hybrid bisteel I-section beam (HBB) considered, presents a composition of higher-strength steel (HSS) inclusions for the flanges in the region of maximum stresses
and of lower-strength steel (LSS) for the remaining volume of the beam. The constant cross-section beam is
simply supported and subjected to uniformly distributed
quasi-static load (see Figure 1a).
In the framework of the present investigation geometrically linear two-dimensional bending beam is considered as slender beam based on Bernoulli hypothesis
about straight and undeformed section. The hypothesis of
small displacements and strains, as well as the elastic-plastic linear hardening material model are assumed. Since
the deformations caused by shear stresses are neglected,
therefore, one-dimensional stress-strain state, defined by
normal stress s and strain e, remains.
The geometry of the beam is described by span length
l, cross-section height h, the geometry of flanges is defined
by bf and tf while the geometry of web is given by dimensions hw and tw (see Figure 1b). According to distribution
of maximal bending moments, the flange inclusions are
embedded in the middle of the beam and are defined by
the length linc.
The elastic-plastic linearly strain hardening material
model assumed, of both HSS flange inclusions and LSS of
the remaining volume of the beam are defined by a bilinear stress-strain relation (see Figure 2).
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Figure 2. The stress-strain diagram of HS and LS steels

Here the elastic branches OA and OC are described by
Hook’s law s = Ee, while plastic branches AB and CD, by
linear relationships, respectively:

(
)
s f = s yf + a f E ( e f − e yf ) .

sw = s yw + aw E ew − e yw ;

(1)
(2)

According to current design codes (STR-2.05.05:2005
(LR Aplinkos ministerija, 2005)) the modulus of elasticity
are equal E=
E=
E . While the strain hardening factors
w
f
are described aw =
Ehw / E , a f =
Ehf / E respectively.
A general yielding model at hybrid bisteel I-section
provides four different stress regions with two elastic cores
in the flanges af and in the web aw and two plastic zones
in the flanges and in the web respectively (Figure 1a, 1c).
Stresses in plastic regions composed of two addends corresponding to perfect plasticity and strain hardening. This
analytical model assumes that plastic zones lay inside the
range of HSS flange inclusions. Plastic zones are limited
by prescribed value of elastic core in the web a0, where
aw ≥ a0.
It should be noted, that inelastic behaviour of steel
strongly affects to the stiffness of structure investigated.
Therefore the evaluation of the depth and longitudinal distribution of plastic zones, according to different yielding
models (yielding on the web, flanges, or both), presented
in Figure 1c, is essential in stiffness analysis. The evaluc)
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teraction of HBB at ambient and elevated temperatures
(Ghadami & Broujerdian, 2019) and other.
It should be noted, that design of hybrid bisteel beams
is not directly addressed in the current design codes. In
some countries they are not permissible, or their design is
an internal matter of each country.
This paper is aimed to develop the explicit analytical model for the stiffness analysis in the case of elasticplastic strain hardening simply supported hybrid bisteel
I-section beams, subjected to uniformly distributed quasistatic load. Moreover, the model proposed may be simply
transformed to be applied to other types of beams under
different loading.
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Figure 1. Hybrid bisteel I section beam: a – general view and principal distribution of plastic zones;
b – cross section; c – penetration of plastic strains at cross section
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ation the geometry of plastic zones (in considered case
shaped by parabola) of the entire hybrid bisteel I-section
beam, expressed in term of non-dimensional elastic core
a = a ( z ) , can be obtained by solving cubic equation (Jaras
& Kačianauskas, 2002):
Aa 3 + B ( z ) a + C =
0,

(3)

=
where the coefficients are expressed as B
( z ) B1 ( z ) − B2.
The coordinate dependent coefficient B1 ( z ) is expressed
as:
6p
(4)
B1 ( z ) =
−
lz − z 2 .
s yw t w

(

)

Constant coefficients A and B2 may be presented as
follows:
b f s3
b f s3
(5)
A = 1+
− aw − aw
;
tw
tw
B2 =3hw2 +

12 s b f  hw
+ tf

tw  2

2


 −

2

3

a f 16 b f  hw

−
+ tf  .
(8)


tw  2

The solution of equation (3) obtained using computer
algebra software is presented in form:
C2 =
− aw 2hw3

where:

Kačianauskas, 2002) for the case of short inclusions, approximately linc ≤ 0.6 l, it is limited by the average inhomogeneity ratio s ≤ 1.6. For higher ratios s >1.6, the yielding
starts to split into two regions, therefore, this investigation
is restricted by s ≤ 1.6.

2. The analytical model of stiffness analysis
In many applications of beams, the stiffness parameters
rather than the stress in the outer fibbers may limit the
maximum load that can be permitted to be applied to the
beam. Particularly, stiffness requirements are much more
important if the beam is strained inelastic. In engineering
practice, the stiffness of structures is regulated by applicable design codes (European Committee for Standardization, 2005; LR Aplinkos ministerija, 2005). Generally the
stiffness constraints can be expressed in general inequality:
f s ( u ) ≤ f s , lim ,

a f 12 s b f  hw

aw 3hw2 −
+ tf  .
(6)


tw
 2

The free member may by presented as C
= C1 + C2 ,
where:
2b f
C1 =
hw3 ,
(7)
tw
while C2 depends on the yielding case. Generally:

aw ( =
z)
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D B(z )
−
,
D
3A

(9)

where: fs – restriction function, fs,lim – limiting restriction
factors, u – vector of stiffness factor.
The deflection, slope and curvature of the entire HBB
with their maximum values, are the stiffness parameters
under consideration. All the assumptions of the beam theory discussed above apply here, the load does not exceed
the load carrying capacity, and the depth of the plastic
zones and the properties of the inclusions do not exceed
the previously established limits of validity of the analytical model.
In order to develop the simple engineering friendly
modelling tool, the principle of virtual work and Mohr’s
moments-area integrals are applied. Since the influence of
shear stresses is neglected, the following integrals for the
slender beam may be applied for the evaluation of the deflection and slope respectively:
u(z ) =

1/3

(12)

l

∫0

M1 f ( z ) M ( z )

;

(13)

l M1m ( z ) M ( z )
ϕ( z ) =
,
0
K (z )

(14)

K (z )

1
3
2
3
4 2 
D=
  −27 A C + 108 A B ( z ) + 729 A C   . (10)

2
For different yielding models, the corresponding addends turn to zero and the coefficients A, B, C , D acquire
more simple expressions. In the case of perfect plasticity
with aw =a f =,
0 in particular, the algebraic equation (3)
takes a quadratic form (Jaras & Kačianauskas, 2002).
The explicit solution (9) may be applied for evaluating
the length of plastic zones as it is illustrated in Figure 1a.
The length of flange inclusions may be obtained in the
same way. Finally, it may be expressed in terms of external
load:
linc
= l 1 − pel / p .
(11)

where M1 f ( z ), M1m ( z ), are the bending moments of any
section of the beam, caused by dummy load (or moment)
of unity respectively. In this case M ( z ) is the bending moment caused by external load, while K ( z ) is the bending
stiffness. Actually, ratio M ( z ) / K ( z ). expresses the curvature of the beam χ ( z ) . Since Bernoulli’s law is valid, the
plastic curvature for symmetric cross section may also be
expressed in terms of curvature and the elastic core:

Variation of HSS flange inclusions properties is defined
by inhomogeneity ratio s, which is defined as the ratio
of yielding stresses of the HSS inclusions and remained
steel (LSS) s =
s yf / s yw ≥ 1. Based on yielding model analyzed, in previous research performed by authors (Jaras &

where, the stiffness is controlled by the limit of elastic core
aw ( z ) which may be easily evaluated by using (9).
Development of analytical model is mainly focused to
evaluation of load-dependent stiffness K ( z ) by integration within individual layers i:

∫

M (z )
K (z )

=

Mel ( z ) h

K el ( z ) aw ( z )

,

(15)
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K (z ) =

hi +1 ( z )

m

∑E pl i tw i ∫
i =1

hi ( z )

3. Illustration of analytical models and results

y 2 dy ,

(

(16)

)

where the height of layer hi ai ( z ) may depend of values
of plastic zones ai. The elastic-plastic modulus, for associated plasticity, may be expressed as:
−1

T
T
 δf  
 δf   δf   δf 


E pl =
E − E   A +   E   ⋅   E , (17)
 δs  
 δs   δs   δs 
where f – yield function, {s} – stress vector, A – hardening-dependent parameter. Finally, after mathematical
simplifications, the elastic plastic modulus (17) may be
expressed in term of inhomogeneity ratio:
s
E pl = E
.
(18)
s +1

Generally, by substituting (15) into (13–14) the above
integrals take the form as follows:
u(z ) =

n

ln

M

(z ) h

ln

M

(z ) h

∑∫ 0 M1 f ( z ) K el (elz ) aw ( z ) dz;

(19)

i =0
n

∑∫ 0 M1m ( z ) K el (elz ) aw ( z ) dz.

ϕ( z ) =

(20)

i =0

Actually, each of these integrals contains n separate
addends which reflect the influence of perfectly elastic
and elastic-plastic zones of entire beam. Here, the elastic
term can be evaluated explicitly, while the computation
of elastic-plastic terms requires numerical approximation.
Finally, after performing the integration of (19) the
midspan deflection umax obtained by computer algebra
may be presented explicitly by using at least four point
Gauss quadrature:
umax=

p zel3 w 
3 zel w 
 2l −
+
12 K el 
2 

(


3
2 B(z )
l / 2  −B ( z )
Hi
zi 
+
AG
6 K el  A
i =1

where
n

∑

(

3 −27 A2 C − 2 B z
G=
( )

(

)

)

3

)

2


,
+3
2 A 

G

+H;

(21)

(22)

(

)

2

+  −27 A2 C − 2 B ( z )  ,
(23)


while A, B, C are already defined by (4–8).
For practical reason, the stiffness problem u ( z ) ≤ umax
may by reduced to dimensionless deflection parameter of
midspan, with z = l / 2 :
H=

umax

−4 B ( z )

umax p
s yw l 2

.

6

3

(24)

For the case of perfect plasticity, where a = 0, the midspan deflection (21) transforms to already known expression (Jaras & Kačianauskas, 2001).

The developed stiffness analysis model (13–24) is implemented into simple program codes, while the analysis
results illustrate the validity of models as well as their applicability in engineering design.
In order to avoid the local instabilities, the dimensions
of cross-sections are fixed according to standard steel
shapes. The I-section HBB of length l = 1.0 m, non-dimensional height=
h h=
/ l 0.12 and the remaining standard proportions=
hw h=
, tw t w=
/ h 0.040 ,
w / h 0.8783=
=
bw b=
/
h
0.533
=
,
t
t
=
/
h
0.0608
are
considered
as
w
f
w
an illustrative example. The hardening ratio for both steel
grades considered here, is expressed by single parameter
a = aw = a f .
It should be noted, that the effect of HSS inclusions, is
more significant, if plastic deformation occurs. Here for
the sake of convenience, the elastic core aw is converted
to the depth of plastic penetration: c=
0 ( h − aw ) / h . The
influence of HSS inclusions is expressed in term of inhomogeneity ratio s.
The results obtained in previous research performed
by authors (Jaras & Kačianauskas, 2002) show the validity of the yielding model analyzed, for the case of short
inclusions, approximately linc ≤ 0.6 l, which is limited by
the average inhomogeneity ratio s ≤ 1.6. For higher ratios
s >1.6, the yielding starts to split into two regions, therefore, this investigation is restricted by s ≤ 1.6.
The stiffness analysis illustrates variations of deflection
and curvature of HBB. Changes of stiffness may be considered by longitudinal variation curvature χ ( z ) . A comparison of curvature curves for elastic monosteel and HBB (l =
1.0 m) is presented in Figure 3. Monosteel beam is characterized by dimensionless capacity moment Mc 0 = 0.0332 .
Stiffness properties of HBB with s = 1.4 corresponds to
Mc 0 = 0.0377 for elastic case and Mc 0 = 0.0521 for plastic case. Hardening model provides plastic penetration
c0 = 0.541, while perfect plastic model – c0 = 0.780 , which
leads to sharp changes in slope and is similar to plastic
hinge model.
While the longitudinal variation of relative deflections
(l = 6.0 m) when the plastic penetration occurs in the wall
and the HSS flanges both is presented in Figure 4.
The diagrams shows, that at perfect plasticity, the deflection starts to grow drastically as the plastic hinge begins to form in the most critical (middle) section, while
strain hardening effect reduces the deflection by about 4
times compared to the perfect plasticity.
In order to get a more detailed impact of the influence
of HSS inclusions on the stiffness of the hybrid bisteel
beams, the relationship study between the main stiffness
indicator – the midspan deflection – and the inhomogeneity ratio (s) was conducted and presented in Figure 5.
The curves were formed by applying fixed relative depths of plastic penetration c0 = 0.627 , c0 = 0.441,
c0 = 0.252 . Each point was calculated at different loads,
corresponding to such a plastic zone. The values of the
inhomogeneity ratio s = 1.0 correspond to a monosteel
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beam. The graphs show the increase in deflection compared to a perfectly elastic monosteel beam whose de=
u 0.087 ⋅ 10−6 is plotted in a dotted line. At the
flection
relative depth of plastic penetration in the mid-section
c0 = 0.441, c0 = 0.252 decrease in deflections is observed
by increasing the yield strength of the inclusions. This
can be explained by the nature of plastic deformations.
At lower inhomogeneity ratios s, a given depth of plastic
penetration is achieved by yielding both the web and the
flanges, while increasing s, the plastic deformations does
not occur in the flanges. In case larger plastic penetration
in the cross-section, as shown by the curve c0 = 0.627 ,
the flanges are under yielding conditions all the time and
proportional increase in deflections is observed, even by
increasing strength of the inclusions. By increasing the
permissible depth of the plastic penetration c0, the state
of the most critical section of the beam is close to the
plastic hinge and the deflections increase drastically.
As common, the stiffness of structures is usually illustrated by a load-deflection diagram. The load-deflection
diagrams of the hybrid bisteel I-section beam, illustrating
the relationship between the midspan deflection and the
external loading at various values of the inhomogeneity
ratio (s) are presented in Figure 6.
0.12
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They allow us to state about significant changes in
stiffness in case of plastic behavior of the flanges. While
plastic penetration grow only in the web, the deflection
growth is relatively very small and the structure is able to
accept a relatively large load increment. But the horizontal
lines shows the vanishing of the elastic zones in the flanges
inclusions and the subsequent drastic deflection growth
with almost no load increase.
The study confirmed the likely practice that the higher
ratio of steel strength of flange inclusions and the remaining steel (higher inhomogeneity ratio s) improve not only
the strength but also the stiffness of the structure considerate.

4. Numerical analysis by FEM
For the sake of verification of the analytical model for
stiffness analysis, the numerical experiment using FEM
based commercial package ANSYS was performed (ANSYS, 2019). During the study, the 3D numerical model
was meshed by tetrahedral-shaped ten-node SOLID-92
type finite elements with three degrees of freedom in each
node. The meshed model is presented in Figure 7.
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of the above mentioned elastic-plastic behavior of bisteel
beam. Plastic penetration occurs in the middle of the beam
and spread to the edges as the load increases (Figure 8).
Within the validity of the model, comparing the analytical solutions with the FEM solutions, the results of the
numerical experiment within the 3% error coincided with
the analytical result of the midspan deflection of HBB.
Based on the numerical results obtained, it can be
stated that the proposed analytical model (13–24) can
be applied to the stiffness analysis of simply supported
bisteel I-section beams, under limited plastic penetration
and limited length of the flange inclusions, approximately
linc ≤ 0.6 l. The model analytically describes the decrease
in stiffness as a result of the plastic penetration.

lf

Figure 7. FEM model of the I-section HBB

In order to avoid the local instabilities, the dimensions
of cross-sections are fixed according to standard steel
shapes. A numerical analysis of the stiffness was performed
on a bisteel I-section beam of length l = 6.0 m, height
h = 0.05 l and remaining dimensions hw= 0.932 h, tw=
0.02167 h, bf = 0.450 h, tf = 0.034 h. At the inhomogeneity
ratio s = 1.4 the bisteel beam was uploaded by uniformly
distributed loads p = 34.3 kN/m and p = 37.7 kN/m. These
loads corresponds to the two typical cases of the plastic
penetration in a bisteel I-section beams, presented in analytical model, when the plastic zones penetrate only in the
wall and when both the wall and the higher-strength steel
flanges flow.
In addition, as the results of the load carrying capacity show, under these conditions there is no doubt about
the applicability of the model in global analysis of bisteel
beams, including stiffness analysis. Because the validation
of the analytical model in terms of load carrying capacity
is limited by the length of the HSS inclusions (linc ≤ 0.6 l)
(Jaras & Kačianauskas 2001).
The results obtained show that the deformed shape
(elastic-plastic nature) is the same in both typical cases

Conclusions
The analytical model for estimating stiffness of uniformly
loaded simply supported hybrid bisteel I-section beams
with HSS flange inclusions has been proposed. The application of analytical model is restricted by length of inclusions approximately linc ≤ 0.6 which is limited by the
average inhomogeneity ratio s ≤ 1.6. The results obtained
in previous research performed by author shows, that for
longer HSS inclusion (higher inhomogeneity ratios s > 1.6)
the yielding starts to split into two regions neighboring
to the supports, and the application of this model needs
to be refined.
The influence of strain hardening, is significant for
the stiffness analysis. Strain hardening effect reduces the
deflection by about 4 times compared to the perfect plasticity. While the yielding of the web with elastic flanges, reduces the stiffness up to 1.9 times with respect to
monosteel beams. The additional yielding of flanges leads
to plastic mechanism, while the plastic hinge is coming.
The application of HSS inclusion in case perfectly elastic
state of the I-section HBB, increase the deflection insignificantly (up to 10%).
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Within the validity of the model, comparing the analytical solutions with the FEM solutions, the results of the
numerical experiment within the 3% error coincided with
the analytical result of the stiffness parameters of hybrid
bisteel beam.
After simple transformations, the model proposed
can be easily applied to the evaluation of stiffness of otherwise loaded and supported hybrid bisteel beams.
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