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Abstract. The article examines the interrelation of market and liquidation value of
the appraisal subject. It was established that the approach of “break-even” sale of a
subject at liquidation value, which is predominating in the literature sources, shows
the results essentially different from the ratio of the prices of free and accelerated
sales that can be observed on the market. The article offers an alternative approach
to definition of market value coefficient, which considers switching to liquidation
value. This approach is based on functional dependence of the coefficient on the
ratio of limited and unlimited period of exposition.
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1. Introduction

Within the context of development of market relations, property appraisal as a result
of professional appraisal operations has an increasing significance. Professional ap-
praisal operations include the processes of property alienation, including privatisation;
establishment, reorganisation and liquidation of enterprises; use of property to secure
obligations; property rent; property insurance; fixed assets revaluation for accounting
purposes; compensation of incurred damage, etc.

The National Standard of Appraisal No. 1 (Hamionansauii ..., 2003) stipulates that
the main type of value determined by appraisal is market value. However, in some
cases, when required for the purpose of appraisal, the basis for appraisal corresponds
to liquidation value. It is used when property sale is implemented within the period
significantly shorter than the period of similar property exposition.
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The main method of definition of liquidation value is appraisal procedures based
on information regarding similar agreements with similar property (Hanionanbuuii ...,
2003), i.e. based on information regarding transactions (or offers to sell property) with
a limited period of sale. However, definition of liquidation value using such method is
not always possible in practical sense as it is associated with certain qualities of some
appraisal subjects or lack of relevant market information. In such case the Standard
stipulates the definition of liquidation value by applying the decreasing coefficient,
which reflects the interrelation of the above types of value on the market of similar
property, to market value of the subject of appraisal. It is obvious that the use of this
method raises the question regarding the technique of definition of the above coefficient.

Many scientists and appraisers were engaged in investigation of the issue of inter-
relation of market and liquidation value, such as Valery Galasyuk, Victor Galasyuk,
Y. V. Kozyr, A. Y. Rodin, C. M. Chemerikin and others. However, not all issues are re-
solved; thus, the problem of definition of liquidation value requires further investigation.

Formulation of the objective. The purpose of this article is creation of the eco-
nomic mathematical model, which would reflect the dependence of liquidation value
on market value and limited period of realisation. To achieve the set objective, the fol-
lowing tasks must be achieved:

1. Identification of major factors defining the amount of liquidation value.

2. Mathematical interpretation of liquidation value and the specified factors.

3. Mathematical formulation of the objective of definition of liquidation value.

4. Construction of the function adequate to the objective set.

To resolve the tasks set, the methods of qualitative and quantitative analysis and
synthesis, economic mathematical modelling, differential calculation and analysis of
functions are used.

2. Previous research

A number of researches (Al Janabi 2008; Almeida, Campello 2007; Baker, Wurgler 2002;
Benmelech et al. 2005; Berger et al. 1997; DeAngelo et al. 2002; Fama, French 2002;
Ghosh, Jain 2000; Ju et al. 2005; Giambona et al. 2008; Hardin et al. 2009; Harford
2005; Hill et al. 2010; Johnson 2005; Kahle, Walkling 1996; Maksimovic, Phillips
2001; Morellec 2001; Myers, Rajan 1998; Ooi et al. 2010; Pulvino 1996, 1998; Rajan,
Zingales 1995; Shield, Schoneborn 2009; Schlingemann et al. 2002; Strebulaev 2007;
Koszsips 2001; CrpaxoB 2003; Mxenbckuii, Axmero 2005; Pogun 2003; AGanonun
2001; domenko 2006) was devoted to determination of the value of liquidity coef-
ficient or liquidity discount. As a basis of determination of liquidity coefficient the
papers (Kozbips 2001; 'anactok, B. B., I'anactok, B. B. 2003) proposed the break-even
principle, which considers the time factor to be adjusted in regards of “enforcement” of
sale by means of expertise. The time factor is conditioned by seller’s readiness to cut
the sale price in exchange for faster gaining of funds owing to reduction of the period
of realisation of property.
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The time factor coefficient is determined on the basis of the registration of value of
money in time. Thus, to ensure the break-even of realisation of property the following
formula will be effective:

J6

— C _ Cp
S = Ry (T RY 1

Here:

C,, means current value of property;

C,, means liquidation value (considering only the time factor) at the moment of
time 7 ;

C ,, means market value at the moment of time Ly

R means discount rate;

¢, means period of exposition at speeded rate of realisation of property (period of
liquidation);

1, means usual period of exposition when property is realised at market value.

Hence: X c 1

— A6 __

T C, (R )
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Thus, the issue of registration of changes in market value during the period of ex-
position remains debatable. The paper (I"amacrox 2003) proposes to use market value at
the end of crediting period for calculation in case of pledging a vehicle, that is in view
of decrease in market value owing to wear and tear during the entire period of crediting.
However, such consideration of changes in the value seems inadequate because there
is a decrease in the amount of debt taking place along with depreciation of property to
be pledged during the crediting period. Furthermore, if realisation of pledged property
is necessary, it should be sold during the period considerably shorter than the period of
crediting. Also, there is a problem of rise in the market value during the crediting period
as a characteristic of real estate objects. In this case, the use of market value of pledged
property at the end of the crediting period can lead to liquidation value exceeding the
current market value.

It seems that to ensure a valid break-even, it is reasonable for the formula (1) to
consider the rate of changes in the market value in time during the periods of exposition
under investigation. Failure to consider this circumstance at high rates of reduction of
property market value can lead to liquidation value exceeding the market value at the
moment of tendering.

The paper (Kossips 2001) examines an alternative option of determination of esti-
mated dependence for time factor coefficient based on the exponential function. The op-
tion of using a combination of both estimated dependences is also considered. However,
there are no recommendations for selecting the most adequate model.

A number of works (Mskenbckuii, AxmeroB 2005; Ponun 2003; Abanonun 2001;
®domenko 2006) propose to additionally consider market factor coefficient along with
the time factor coefficient.
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The market factor implies that the sale price cut leads to increase in the number
of potential buyers of property, which should lead to additional reduction of period of
exposition during the property sale.

Based on the above, the liquidity coefficient is usually represented as multiplication
of two components:

K,=K,xK,. (3)
Here K, means the component of liquidity coefficient conditioned by influence of
time (time factor coefficient);

K means the component of liquidity coefficient conditioned by influence of market
(market factor coefficient).

It is proposed to correlate the market factor coefficient which considers the impact
of changes in demand for property to be sold when the period of exposition is reduced,
with coefficient of price demand elasticity.

The value of coefficient of price demand elasticity is determined as (AGanonun 2001):

E =29, (4)
Al
0, -0
AQ = —="—=——;
e~ 02 ®)
1, -1,
Al =———=——1
BT TAYE) (©)

Here E means elasticity coefficient;

AQ means relative change in demand at certain interval of price change;
AlL] means relative change of price;

0,, 1], means demand and price before change of price;

0,, 1], means demand and price after change of price.

Since the demand curves usually have negative slope (as a rule, demand declines
with rise in price), in practice the minus is omitted and absolute value of elasticity
coefficient is considered.

Until now, it was not possible to formulate the dependence K, = f(£) using an
analytical method, therefore, a number of papers examine different approximation de-
pendences. The main requirements of formulation of such dependences are as follow:

— The range of function should be in 0 to 1 interval,

— When the elasticity coefficient tends to zero K, the value also tends to zero be-
cause the demand is absolutely inelastic and any reduction in price does not lead
to increase in demand,;

— When the elasticity coefficient tends to infinity (o) K, the value tends to 1 be-
cause the demand is absolutely inelastic and any price cut leads to infinite increase
in demand.
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The following approximation dependences are used most often (Mkeabckmii,
AxwmetoB 2005; Pogun 2003; Abanonun 2001; ®@omenko 2006):

eE _e—E
Ka —th(E)—m; (7)
K, =\th(E) , (8)
K,=1- L 9
’ ch(E)’ ©)
K, =th(E). (10)

The second dependence seems the most correct because, except for meeting the
above-stated requirements, the following conditions are additionally met: when £ = 0
the function derivative tends to infinity, whereas when £ = oo the function derivative
tends to zero.

Calculation with the use of the above dependences has demonstrated that uncertainty
of values of market factor of coefficient, for example when E = 1, is within the range
of 0.34 to 0.84.

Analysis of the above dependences can reveal the following defect. When
=1, K, =1, whereas K, < 1. This means that liquidity coefficient at the point cor-
responding to typical (market) period of exposition is not equal to 1, which is incon-
sistent. In papers (Mxenbckuii, AxmetoB 2005), an additional factor characterising the
product of coefficients of impact of other factors on liquidation value is included into
estimated dependences for K. Though there are no recommendations regarding selec-
tion of its value, this coefficient can artificially ensure the equality K = 1 at the point
under consideration.

Moreover, it is obvious that in case of different types of property the demand-price
dependences look differently (curve-type), which should affect the period of their expo-
sition when selling at a reduced (liquidation) value; however, the examined dependences
do not consider such impact.

It also should be noted that reasonability of the use of the break-even principle to
determine the time factor coefficient is disputable. The fact is that the break-even princi-
ple reflects the position of the seller trying to not lose money in case of liquidation sale,
yet in practice a seller is forced to sell property, as a rule, by means of sale through a
public bidding process at the price, which the buyer is ready to pay. Thus, the property
must be sold by all means (sometimes, through repeated bidding process) irrespective
of whether the seller finds the sale price acceptable or not.

The market factor coefficient considers the change in demand when the price changes
and, consequently, characterises the buyer’s behaviour on the market during liquidation
sale. In the case under investigation namely the interests of buyers are the determining
factor provided there is competitiveness between them. Therefore, it is assumed that
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only market factor coefficient should characterise the amount of liquidation value in
view of its change in time.

In paper (Crpaxos 2003) attempts (although, it is not discussed in an obvious manner)
to consider the form of demand-price curve in the formula to calculate the markdown con-
sidering the market factor:

U3=1—R'3=€7KXE' (11)

To consider the temporary change in the discount considering the market factor (an
equivalent of the time factor, yet not related to break-even of realisation), the quadratic
dependence was formulated:

2
U,=1-K, =221

. _Zi“. (12)

The proposed dependences do not contain the above defect, i.e. the liquidity coef-
ficient is not equal to 1 at the point t = to However, as the value of form coefficient is
fixed (to = 0.25), whereas the discount-time factor dependence is not universal, appar-

ently, the estimated dependence is case-specific.

In paper (Mskenbckuit 2005) proposes to use families of two types of curves: charts
describing the change in demand in time and charts reflecting increase in demand in
time. Calculation of liquidity coefficients are completed for each pair of curves from
the proposed family with consideration of estimated statistical distributions of charac-
teristics of demand and period of exposition, which are presented in table. However, for
calculation of liquidation value of property the author offers to choose a corresponding
pair of curves be means of expertise, which in practice introduces an element of subjec-
tivity into calculation of liquidity coefficient. Moreover, the uncertainty of calculation
of liquidity coefficient can make #wo times and more.

The paper (Pomun 2003) examines the opportunity of making profit by investing
funds into property through purchase at liquidation value using credit funds. However,
the proposed method does not fully consider the structure of costs in such type of in-
vestment. Moreover, because a mandatory use of credit is offered, the proposed type of
investment is case-specific.

The methods proposed in the paper (®omenko 2006) are a further development of
the methodical approach to assessment of liquidation value of real estate objects and
allows applying this approach to other type of property. This method is based on the
hypothesis stating that there is a maximum liquidation value ensuring “instant” sale
of property for any type of property. The period of exposition in case of instant sale
is sufficiently short and is determined by the technical component of the process of
purchase—sale and actual transfer of ownership. For example, a real estate object is ac-
tually transferred into the ownership of a buyer after the agreement is entered into and
payment of the purchase value is made. The period of such processes usually takes few
days, though the legal registration of ownership of the buyer takes a more significant
period of time. Instant sale of a car is usually done through a power of attorney with an
authority to sell, which takes an insignificant period of time.
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Viability of this hypothesis is confirmed in practice. For example, in case of a suf-
ficiently liquid property there is a maximum liquidation value, at which purchase and
further resale of an object at a market value is of commercial interest (an opportunity
for a businessman to make profit). For example, there is a practice of instant buy-out
of cars at a cut-rate price. Also, the buy-out of real estate objects profitable in terms of
subsequent realisation by realtor agencies is widespread.

In case of insufficiently liquid property, there is an opportunity of its realisation at
salvage value. Because there are organisations that have commercial interest in collec-
tion of secondary raw materials (for example, scrap metal), the buy-out and export of
secondary raw materials meet the conditions of instant sale.

In case of the absolutely illiquid property, it is apparent that the concept of liqui-
dation value is not applicable because such property has no demand for the market,
irrespective of the number and period of its exposition. Hence, there is no opportunity
to sell it at a speeded rate. At the same time, if the owner (seller) is forced to get rid
of such property, there is an opportunity to utilise it for a fee (conditionally speaking,
to export to a dump). Moreover, as the costs of the “seller” exceed his income, in this
case the salvage value is negative.

3. Results of the research

The national and Russian research of interrelation of liquidation and market values demon-
strate predomination of the model based on discounting the market value for the period of
time, which corresponds to the difference between the period of exposition and the limited
period of realisation (I"'amactox 1999; I'anactok, B. B., I'anacrok, B. B. 2000, 2003; Ko3bipb
2003). That is, the following model is the main model for definition of liquidation value:
C
C,= % s (13)
(1+E) "
here C, means liquidation value;
C ', means market value;
E means the rate of similar property investment income;
T, means the period of exposition corresponding to subject sale at market value
(measured in units corresponding the income rate);
T, means the limited period of realisation corresponding to subject sale at liquida-
tion value.

At first glance, the model (13) provides equality of interests of the buyer and the
seller of property and “’break-even” sale at liquidation value as the sale at a lower price
is compensated by the opportunity to earn additional income. However, the attempt of
practical application of the model (13) shows that it fails to correspond to the market
situation. Thus, for example, having a typical 6 month period of exposition and 20%
income rate (similar situation is characteristic, for instance, of the real estate market),
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property sale within 1 month would require, according to formula 13, only 7.3% dis-
count. It is obvious that such discount would not lead to a 6 time reduction of the
period of sale. Such conditions of sale on the real estate market would require 20-30%
discount. Namely, such ill-correspondence of the model (13) to the data observed has
required the authors to introduce additional reducing coefficients that consider elastic-
ity of demand (I'anacrox, B. B, I'anaciok, B. B. 2000, 2003),“enforcement” of sale
(Tamacrok 2003), etc. However, the introduction of these coefficients does not eliminate
the main shortcoming of the model (13), i.e. it does not reflect the market mechanism
of formation of liquidation value.

The use of income rate (discount rate) as the major factor affecting the interrelation
of market and liquidation value is illegitimate as income rate, first of all, affects the
level of market value; thus, it should not be additionally considered when switching to
liquidation value.

The ratio of liquidation and market values is formed under the influence of market
factors, such as market capacity, market activity, and the level of competition between
sellers and buyers. In fact, sale at liquidation value is made to break the supply and
demand balance on the market, which is developed at market value. Reduction of the
price creates a situation when demand exceeds supply, which leads to upswing in the
market in regards of specific subject leading to faster sale. However, as a rule the seller
does not manage to break the market balance owing to “break-even” discount (13).

To describe the dependence of liquidation value on the period of realisation and its
connection the with market value in an adequate and formal manner, these concepts
will be examined detail.

According to the Standard of Appraisal No. 1, market value is the value, at which
alienation of subject of appraisal on the market of similar property is possible on the
date of appraisal under agreement entered into between the buyer and the seller after
completion of relevant marketing operations, provided that each of the parties was act-
ing competently, reasonably and without coercion. Furthermore, the concept of “value”
will be construed as the equivalent value of subject of appraisal expressed in the prob-
able amount of money, which means the maximum amount of money that the seller may
receive and the buyer may agree to pay.

From the perspective of this research, the following characteristics of market value
are important:
— It corresponds to the maximum price of subject at which it can be sold on the date
of appraisal under conditions of free sale;
— Market value is formed without limiting the period of sale.

Liquidation value is the value, which can be obtained under the condition of sale of
subject of appraisal during the period which is significantly shorter than the period of
exposition of similar property, during which it can be sold at market value (I"anmacrok
2003). That is, the difference between the liquidation value and the market value is
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related to limitation of the period of realisation. Hence, for the purpose of formal de-
scription of the liquidation value, it will be considered as the function of the sale period.

On the assumption of the economic substance of the concepts of liquidation and
market values and the period of exposition, such function should meet the following
requirements:

1. The domain of the function is positive values of the argument on the interval (0; +o0).

2. As the argument tends to zero, the limit of the function is a certain positive num-

ber, which describes the minimal liquidation value of the subject of appraisal. This
quality results from the benefit principle stating that if the subject is beneficial it
also has value. Limitation of the period of realisation does not reduce the subject’s
benefit and, hence, the minimal liquidation value is positive (the case when the
subject has used up its benefit is not considered here as in such case the basis of
appraisal is the cost of liquidation).

3. As the argument tends to the unlimited increase, the limit of the function is the

market value, which follows from its definition.

4. The function increases monotonically in the entire domain of the function.

5. The economic substance of the function does not require the point of inflexion of

the function.

6. As the function is increasing, it has a horizontal asymptote and no point of inf-

lexion, the function is convex in the entire domain of the function.

When considering liquidation value as a product of market value and certain reduc-
ing coefficient, such reducing coefficient is also a function of the sale period character-
istic of the following properties:

1. The domain of the function is positive values of the argument on the interval (0; +c0).

2. As the argument tends to zero, the limit of the function is certain positive number,

which describes the minimal coefficient of liquidation value in regards of market
value.

. As the argument tends to infinity, the limit of the function is one.

. The function increases monotonically in the entire domain of the function.

. There is no point of inflexion.

. The function is convex in the entire domain of the function.

()N T U]

The following functional dependence of the coefficient of liquidation value and the
realisation period corresponds to all the above properties:

n

Kﬂzl—(1_1<(w).[11:§c)n’ "

here K, means the coefficient of liquidation value (the function of 7, sale period);

K, means the minimal coefficient of liquidation value characterising the ratio of
liquidation value and market value under condition of the maximum limitation of the
sale period;
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K, means the coefficient of discount characterising the ratio of the observed and
theoretical market value provided the sale period equals the period of exposition;

T, means the period of exposition corresponding to the sale of subject at the observ-
able market value!;

T, means the limited period of sale (argument of the function).

K, K, T, parameters are the parameters of the model which are characterised by

the following restrictions:
0<T,<T,<+cx,

0<K, <K.<l1.
For the purpose of investigation of the function, the first and the second derivatives
are defined based on T:

(15)

The first derivative:

T}'I
_ T _
dK”=—(1—KM)- 1=K T o 12Ke | (16)
daT, 1-K, 1-K,,
The second derivative:

T,
2 _ _
dKﬂ:_(l_Kw). 1-K, T3~1n2 1-K, . (17)
dr,2 -k, 1-K,,

Investigation of the function (14) has the following results:
1. The domain of the function is limited by the interval (0;+oc).

2. In the domain of the function, the function does not intersect with 0x axis. The
function intersects with Oy axis at (0; K, ) point.

3. The function is not symmetric to the origin of coordinates and axes.

4. The first derivative (16) contains at all points of the domain of the function, hence,
the function is continuous.

5. The function has a horizontal asymptote ¥ = 1 as the limit of the function as the
argument tends to infinity equals 1 because the base of the degree, based on res-
trictions of coefficients, is in the interval (0; 1).

6. The first derivative is positive in the entire domain of the function as the loga-
rithmic factor is the logarithm of negative number and, hence, is below zero.
Hence, the function increases monotonically. Thus, it has no extreme points as
the derivative of strictly above zero and contains at all points of the domain of
the function.

7. As the formula (17) makes it evident, the second derivative is strictly below zero
and contains on the entire domain of the function. Hence, the function is convex
and has no point of inflexion.

! The theoretical market value is a limit value, which is obtained at unlimited increase of the sale period.
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As the results of the analysis show, the function (14) corresponds to all theoretical
requirements set in regards of the coefficient of liquidation value.

It should be noted that the value of the coefficient of liquidation value according
to the formula (4) does not depend on the unit of measure of the period of time as the
exponent is the relation of the sale period to the period of exposition.

The dependence of the coefficient of liquidation value on the period of realisation
in various market situations is clearly demonstrated in Figure 1.

o
2
g
=
_ﬂ
&
=
S
=
5
-
2
§
0 1 2 3 4 S 6 7 8 9 10 11 12
Realization period in month
—+—Sjtuation 1 —=—Sijtuation 2 —+—Situation3 ——Situation 4

Fig. 1. The coefficient of liquidation value

In Figure 1, situation 1: Km = 0.5; Ke = 0.95; T> = 12. Situation 2: Km = 0.5; K¢ =
0.95; T» = 6. Situation 3: Km = 0.25; K¢ = 0.95; T> = 12. Situation 4: Km = 0.5; K¢ =
0.99; Tr = 12.

Km, K¢, T» model parameters depend on market conditions in a specific market seg-
ment. Furthermore, they differ in different segments of the market and change in time.
Definition of such parameters requires empirical research of specific market situations.

Correct definition of liquidation value using the model (14) is done according to
the formula:

C
Cﬂ:Cp.m'Kﬂ:ﬂ.K (18)

L
c

here C . m MEANS the theoretical market value defined without taking the bargain discount
into account;

Cp_ , means the observed market value considering the bargain discount.
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As the formula (18) suggests, the liquidation value under the condition of equal pe-
riod of realisation and the period of exposition equals the observed market value, which
is in complete correspondence to the economic substance of such values.

5. Conclusions

The research conducted allows making the following conclusions:

1. The income rate for the investment into similar property is not the major factor
defining the interrelation of market and liquidation value. The procedure of dis-
counting does not reflect the market mechanism of formation of liquidation value.

2. The major factors affecting the ratio of the liquidation value and the market
value is market capacity, market activity, and the level of competition. In the
model created, such factors define the value of its parameters: the minimal co-
efficient of liquidation value, the bargain discount coefficient, and the period of
exposition.

3. To define liquidation value by adjusting the market value, liquidation value should
be considered as the function of the sale period. Such function should possess

certain qualities resulting from the economic substance of the concepts of “market
value”, “liquidation value”, and “period of exposition”.

4. As a result of the research, the function meeting the set conditions was found.
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