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Abstract. This research addresses the issue of conflict detection in Air Traffic Control (ATC) and in Airborne Separation Assurance
System (ASAS) domains. Stochastic methods of conflict situation detection and conflict probability evaluation are presented. These
methods can be used for air traffic conflict alert and avoidance systems for mid-range monitoring of air traffic and for flight safety.
The mathematical formulation of the problem and the procedure of evaluation are presented. Two methods are introduced. One is
based on fast statistical simulation of predicted violations of safe separation standards, and the other gives a closed-form analytic
expression that can be applied to numerical evaluation methods. The next method proposed is a method of sequential evaluation of
decision-making time limit to prevent a dangerous approach of the aircraft for short-range monitoring. The problem is solved by
assuming that the estimation and prediction of trajectory are based on the spline-function method. The evaluation of the boundary
instants for decision-making is achieved by solving the derived boundary equation for fixed decision-making distance. The
distinguishing feature of this method is transformation of a confidence interval of predicted distance to a confidence interval of
predicted time for estimation of the decision-making time limit.
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Introduction which new concepts will allow aircraft to plan their en-
route trajectories and resolve any conflicts with other

The principal and persistent requirement for Air  aircraft in a distributed and co-operative manner.
Traffic Management (ATM) systems is provision of In this paper, the research addresses the issue of
flight safety. That is why conflict detection and resolution ~ conflict detection both in Air Traffic Control (ATC) and
play a key role, especially in the future ATM system, in ~ in Airborne Separation Assurance System (ASAS)
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domains. Conflict is defined as the predicted converging
of aircraft in space and time, constituting a violation of a
given set of separation minima.

It is known that mid-range conflict detection is used
to provide centralized strategic information to the ATC
for a probable conflict, whereas short-range conflict
detection is performed on board and issues decentralized
tactical instructions to pilots (and to ASAS) for a
probable conflict within a time period of about five
minutes.

Detection of potential conflict situation in mid-range
monitoring is based on prediction of aircraft position
uncertainty because of aircraft deviations from predicted
trajectory. The most important sources of deviation are
wind, aircraft dynamics, radar tracking, navigation and
control errors, human errors, and system errors.

Stochastic methods of conflict detection are
considered to be more flexible and promising than
geometric methods [1].

The stochastic approach considered as a basic
method is suggested in paper [4]. This approach aims to
predict the probability of the separation between two
aircraft falling below a certain threshold of separation.
The proposed method puts some restrictions on the
behaviour of aircraft, however. The authors make the
following important assumptions: the predicted
uncertainty in position is approximated as normally
distributed, and the planned velocities and prediction
errors of both aircraft are considered constant throughout
the encounter.

The enhancement of this basic stochastic method has
been proposed in paper [2]. This enhancement is made by
introducing a dynamic dimension to the position error
model and does not concern the method in fact.

The known collision risk approach is difficult for
mathematical solution [1, 3]. Collision risk equals the
probability of the collision of two aircraft. The authors
provide analytical expressions to estimate the probability
of collision using other factors such as the incrossing rate
and incrossing probability.

In this paper, stochastic methods of conflict situation
detection and conflict probability evaluation are
presented. These methods can be used for air traffic
conflict alert and avoidance systems for mid-range
monitoring of air traffic and to research flight safety. Two
methods are introduced. One is based on fast statistical
simulation of predicted violations of safe separation
standards, and the other gives a closed-form analytic
expression that can be applied to numerical evaluation
methods.

Short-term path predictions typically do not use
wind forecasts or flight plan data and are based on simple
extrapolation of the current position of the aircraft and
velocity vector. In short-range conflict detection, a
potential conflict can be detected by state-based
prediction methods. Thus, uncertainty of the future
aircraft position depends mainly on the errors of
trajectory measurement and prediction method.

The next method proposed is the method of
sequential evaluation of the decision-making time limit to
prevent a dangerous approach of the aircraft for short-

range monitoring. The problem is solved by assuming
that trajectory estimation and prediction are based on the
spline-function method. The evaluation of the boundary
instants for decision-making is achieved by solving the
derived boundary equation for fixed decision-making
distance. The distinguishing feature of this method is the
transformation of a confidence interval of predicted
distance to a confidence interval of predicted time for
estimation of decision-making time limit.

1. Methods of conflict probability estimation
1.1. Statement of problem

Let us formulate a conflict detection problem for a
two-aircraft encounter situation in a general form.

Let the position of each j-th aircraft ( j :1,_2) in
airspace at fixed moment ¢ be determined by the random

vector r;, which has the Gaussian distribution

] b
N(M;,D;) with mean vector M € R* and positive
definite covariance matrix D ;- It is assumed that vector

r, and vector r, are independent.

Under the above assumptions, the distance vector
between two aircraft d=r,—r, has the normal

distribution N(M, D). This vector can be represented as
the multi-dimensional random variable

d=M+Dyvy, €))

where M =M, —M, is the mean vector; D=,/D, +D,
is a positive definite matrix; y is the vector of zero
mean Gaussian random variables with unit variances,
N(0,I5); I; isunit 3x3 matrix.

The probability of violation of safe separation for
the standard value of minimum separate distance d,;,
between aircraft can be defined as

F, :P{”rl _r2||Sdmin}9 (2)
|| || denotes the Euclidean norm in R>.

Taking into account (1), the expression (2) can be
rewritten in the form

PC=P{||M+D«{||25al2 | (3)

min

The decision about the potential conflict arising will
be accepted if the conflict probability evaluated (3)
becomes such that P(z)=>1-o, where o 1is a

significance level (usually o =0.05).

1.2. Stochastic fast simulation method of conflict
probability estimation

Let e;,e,,e; be the orthonormal eigen-basis of
matrix D.
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Perform the expansion of mean vector M in this
basis

M =gq,e, +q,e, +q;es, “)

qy is defined by the scalar product ¢, = (M, e, ),k = 13
Let us perform the representation on the basis of
e,e,,e5:

My
Dy=|A,Y, |, )
A3Ys

where v,,7,,Y; are independent random variables with
standard Gaussian probability distribution N(0,1);
AisA,, A are the eigen-values of matrix D .

Now we can represent the distance separation vector

gty
M+Dy=|q, +A,7, |, (6)

ERENE

and rewrite the Euclidean norm

"M +D Y"2 =¢=(q+M )2 +(q, + 7\-272)2 +(g5 +A373 )2 =
2 2 2
=R Dy | 423 L2y, | 423 Bty |
{7“1 Y1j (7»2 YzJ 3[7»3 Y3

where { = C(klsxzak3aCI1aCI2»Q3)~
There is a program to simulate random variable { as
a set of n independent triple value of ,,...,{, from

standard Gaussian random variables.
According to the strengthened law of large numbers

hm—z (C dmm) {C<dmm}

where / is an mdlcator function of a random event.
When the value of n is large, it is possible to
consider that approximately

:_Z( _dém)_#{ 1<l<n§ <dmm}

n

B

where # denotes an amount of points in a set for which a
given condition is satisfied.
Thus if the value of M ; =M ;(#) and D; =D, (?)

at fixed moment ¢ are known, it is possible to evaluate a
conflict probability based on recorded independent

random standard Gaussian extractions yi,...,yf;

Y. Yh: Yh,...Y4 by equation

#{ i:lSiSn,(q1+k1'yi)z+--.

n

+ (‘13 ‘”‘375)2 s dliin}
P = .

c

So instead of six sets of standard Gaussian variables,
only three sets are needed.

The expressions considered concern instantaneous
conflict probability at a fixed moment. A decision based
on a single violation of the minimum separation distance
can result in large level of false alarm. Thus there is an
interest to evaluate the total probability of the encounter
over a time of closest approach ¢ e (¢,,¢,]. We define the

latter as

1

P = — X
n(ty, —ty)

1
P(t)dt =
Sl

Xij (ql 7\"Yl) +. +(q3 Y3) <dmln)d

llt0

Using the Lebesque measure (mes) we can write the
total probability in the form

Zmes{tE(to,fk] f(t) dmm}

P, =
"(tk 1h) 2

where f;(t) = (CI1+7‘1Y1) +- + (g5 +7~3Y3) .

1.3. Analytical
estimation

method of conflict probability

The orthogonalization (4)-(6) enables the conflict
probability to be derived in closed form.

Let's derive the analytical expression of conflict
probability for a two dimensional case when two aircraft
are flying at the same level.

After the expansion of a distance vector in an
orthonormalized basis is performed, its components
become independent. Then the distance vector d has

"', diag[)\7,%5]) and
corresponding density function that can be noted as

Gaussian distribution  N([q, ¢, ]

g(x,y)=g(x)g(y) =
_ 1 1 G=g)? | -a2)’ |- (7
2T, eXp[ 2[ A2 ’ 22 ]J

In Figure 1 the dispersion ellipse relative to a point
located according to mean values ¢,,q, of variables x

and y correspondingly is shown conditionally.

Conflict probability is defined as the probability of
hitting the end of a random distance vector between
aircraft d in a prohibited area bounded by a circle with

radius d;, centered in an origin of coordinates.
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The position of the end of the separation vector is
determined by a mean vector [q, qz]T (5) and

covariance matrix diag[A?, 7»22] (6).

V N )

7 O A e -

y TS

dnin d : |
| [
.

C oo
N

dnin ql X
—dnin

Fig 1. Geometric explanation of conflict probability evaluation
Thus conflict probability can be written under (7)

P. =P{(x,y)eC}=
_ 1 1{Gx-9)? (-9’ (®)
‘sznxlxzex{ 2( 2R dey’

where C is a region of integration where the condition

x?+y? <d?. is satisfied.

Considering the independence between random
variables x and y the expression for conflict probability

(8) can be noted as

X a1’ X =)’
2 2
P :J-J.—e Mo M dxdy .
‘ o M2n Ayv2m
Integrating the external integral within the

boundaries —d ;, to d,,;,, and the internal integral using

the equation of a circle boundary x? + y* = dim from
—\/déin -y% to \/dém —y? define
Ao _-9)? a2, -yt )
1 223 1 203
P = e 2 I e U dx|dy=
¢ s A N2T }»1\/27:7 R

X 22
1 —
where ®(x)=—— Je 2dz.
Nv2m
This analytical expression is applied to numerical
evaluation methods.

2. Sequential evaluation of decision making
time limit

2.1. The logic of sequential time evaluation of decision
making

Because of uncertainties, the predicted conflict
maybe will not take place in reality. Subsequently,
deciding to move an aircraft in that case could sometimes
be useless and could even generate other conflicts that
would not occur had no manoeuvre been executed. On
the other hand, excessive delay in decision-making can
lead to the dangerous development of situation, time
limitation, and infeasibility of optimal manoeuvring.

The basis of the proposed method consists of the
following states.

Several levels of a decision-making (levels of
warning) are installed depending on the air traffic
situation and complication.

For each level:

= The rules and types of manoeuvres are specified

» The decision-making separation distances are

calculated

= A set of physically feasible manoeuvres to

avoid a potential conflict linked with the
decision-making  separation  distance is
calculated and specified.

Decision-making to avoid a conflict is made by a
sequential prediction of the moments when aircraft will
reach fixed distances of separation.

The flight time up to the predicted time limit of
decision-making is calculated and displayed with
information about feasible manoeuvres.

Essentially, it is the determination of a time limit for
decision-making from a set of possible variants.

Considering trajectory prediction errors, the
Decision-Making Time Limit Estimation should be done.

2.2. Evaluation of the moment of passing the decision-
making distance

The objective is solved in several stages: estimating
trajectory, extrapolating separation distance, and
evaluating the moment that the decision-making distance
has been passed.

Considering that for short-range conflict detection
future aircraft position uncertainty depends mainly on the
errors of trajectory measurement and prediction, the
spline-function method is used.

We assume that there is information about aircraft
position, speed, and heading, which allows 3D flight
paths to be built.

Aircraft trajectory is determined as the vector-
function of r=r(¢), all three components being cubic

C*-splines with the common elements T, <T; <...<T e

The use of cubic splines allows substantial geometric
features of motion with using relatively small number of
estimated trajectory parameters. The spline-function
methods are realized in applicable algorithms as well.
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The spline S =S(¢) , which is forming for one of the
coordinate, for instance y, minimizes the functional

0(5)= Y~ (3(t,) = S Aty +
=10y

n 2
1 ds(t,)
+z_(vy(tk)_ Atk Py
k=1 ny dt

where Gi and oﬁy are dispersion of fluctuation errors of

coordinate y and speed v, .
The optimization problem is parametrically solved

by the expansion of S(¢) on B-splines.
The trajectory estimation is obtained by the formula

A p+3 A
r(=> B, x, ,
i=1
where B;(?), 1<i<p+3 is
A A A A
X; =[x; X xi3]T is

normalized B-splines;

coefficients estimation of

coordinate expansion [5].
Normalized spline is obtained from the expression

i 3
(T —1)
B()=(t,—74) ) ———, te[t,T,], (9
l L k;; doy;_y(t;.)/dt g
where
3 (’Ck—t)3, lf tSTk,
(Tk _t)Jr = .
0, if t>1;
i+4
o =[]~
j=i
The estimation of coefficients X=[x1,...,xp+3]r,

for instance for coordinate y, is defined as

x =W~ [BTZ;ISty* +BTZ;‘Stv’;], (10)
where B=|[b,;], (1<k<n,1<i<p+3) is the matrix
consisting of elements by; = B;(¢,)

dB

dt’

* * .
y , v, are the measurements of coordinate and speed

wW=B"x]'S B+B'L)'S,B; B=

with mean square errors G, c,, correspondingly;

S, =diag[At,,...,At,];
X, =diag[o}(t)),....05.(t,)];
X, =diag[o; (4),...,0, (t,)];

The estimation of coordinate y under (9), (10) is
defined as

A p+3 A
Y=Y B,(0) x;,

i=1

an

T
here x=[x,...,x,3] .

Then after the last measurement at time ¢,, the

flight path (11) can be extrapolated. Extrapolation is
obtained on interval [z,,7,) where cubic curves on

interval [t ] are preserved.

p-1° tn

Having predicted spline trajectory for each aircraft,
the predicted estimation of a separate distance between
two aircraft at a fixed moment ¢ can be defined from the
expression

(12)

A 3 A A 2
d(t) = \/2|:b,€’1(t)Zk,l—bg’z(t)zk,z} ,

k=1

where k = 1,_3 is an index defining one of the coordinates;

a second index j =1,_2 marks the components related
with one of two aircraft; b, (¢) = [B[ ]ff; is the vector of

B-splines values; 1z, = [xik ]f:; is the vector of

coefficients of coordinate expansion on basic splines.
Using expression (12) for the fixed decision-making

distance d,, the appropriate moment ¢, of passing this

distance can be evaluated.
2.3. Evaluation of decision-making time limit

Taking into account the prediction errors carries out
the evaluation of the decision-making time limit. Such
evaluation is made by transition from confidence position
interval to confidence time interval.

At first the confidence

distance interval

Ad(t)=|d(t)—d(t)| with probability of not less than
(1-0) is evaluated. Considering spline extrapolation and

Gaussian distribution of measurement errors, the
confidence distance interval is defined as
2
Ad(t) Su(t)(X24)o - (13)

where ()(54)Oc is o -quantile of x§4 distribution;

P{X§4 >(X%4)(x} =0

3 2
u(t)=\/ZZ(Dk’_/bkﬁj(t),bk’j(t));

k=1 j=1

A
D, is a covariance matrix of vector zj; j is aircraft

index; (-,-) denotes a scalar product.
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This confidence interval depends on covariance
matrix D, , and when time is varying the equation (13)

gives the confidence band

d(t)—Ad < d(t) < d(H)+Ad .

The boundaries of the confidence distance interval
are defined by the equation

d(0)=d(OF ) - (14)

The evaluation of the decision-making time limit is
made by solving the boundary equation (14) for fixed
decision-making distance d; and corresponding passing
time ¢, .

The confidence time interval is writing down by the
inequality

t,—AT <t <t, +AT”.

Note that in common case AT  #AT” .
Thus the decision-making time limit is equal

=t'=t, —AT’.

Lim

The procedure described for time interval ¢ € [¢,,7,]

is illustrated in Figure 2. Dotted lines are the boundary of
the confidence interval for distance.

The iterative algorithm to search the decision-
making time limit is proposed as well:

A
dy=d(ty);
1=0;
A
While (d(t, —t)—Ad(t, — 1)) < d, do
T=T+AT;
end
lim =0, —T.
d -~
N N a0+ Ad
§ N Yy, (l)JrA ()
2 N d(t)-Ad(t)
S N
Ad( _)I ————— X [\\
I
dy(ts) 9( )']\
Ad(t.v)I N D
> _J______\__:\ l :
~ :
\\ |
‘¢ ! [\i\
t AT AT i ty ;
) ) "Time

Fig 2. Transformation of the confidence distance interval to the
confidence time interval

Conclusions

For mid-range monitoring of a conflict situation the
orthogonalization procedure introduced provides a fast
statistical simulation of predicted violations of safe
separation standards and estimation of conflict
probability by minimizing sample size of standard
random values.

The analytical expression for conflict probability
estimation is derived in closed-form. It is applied to
numerical evaluation methods and can provide precise
conflict estimation.

For short-range monitoring of a conflict, the method
introduced consists of determining decision-making
levels and sequential evaluation of decision-making time
limit for choice of maneuver type to avoid a potential
conflict.

The decision-making time limit is evaluated by
taking into account the errors in the trajectory
extrapolation method.

A distinguishing feature of this method is the
transformation of the predicted confidence position
interval to the confidence time interval for the estimation
of the decision-making time limit.

The stochastic methods presented can be used both
in Airborne Separation Assurance System and in the
Conflict Alert algorithm in ATC and also for research of
flight safety, including computer simulation.
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List of symbols

r — vector of aircraft trajectory
M — mean vector
D — covariance matrix

%R"3 — three-dimensional space
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d — distance vector between two aircraft

v — standard Gaussian random variable

| — unit matrix

d in — safe separation standard

P, — conflict probability

P, — total conflict probability over defined time
Il — denotes Euclidean norm

A — denotes an estimation

(- , ) — denotes a scalar product

mes — denotes Lebesque measure

e,,e,,e;— orthonormal basis vectors

1 — indicator function (/ =1 if defined condition
is satisfied, 7 = 0 otherwise).

# — amount of points in a set for which defined
condition is satisfied

C —region of a conflict

S — spline

o(S) — functional

Ty <T; <...<T,—common spline elements
t — time

At — time discretization step

t — fixed moment of time

t, — time of last measurement
tS

making distance

— moment of passing the fixed decision-

tim — decision-making time limit

y — one of the coordinates of aircraft trajectory
) — vector of measurements of the coordinate y

vy, — aircraft speed along the coordinate y

v; — vector of measurements of aircraft speed

along the coordinate y
Sy
coordinate y

— mean square error of measurements of the

G — mean square error of measurements of

VV

aircraft speed v,

B — normalized B-spline

B= [bki] — matrix consisting of normalized splines
by; = B;(t;) for all moments ¢,

b(?)
fixed moment ¢ for one of the coordinates

X, — vector of coefficients of coordinate

— vector of predicting B-splines values at a

expansion on basic splines.

X — vector of coefficients of coordinate
expansion on basic splines for one of the coordinates
z — vector of coefficients of coordinate
expansion on predicting basic splines for one of the
coordinates

S, — diagonal matrix consisting of time

discretization steps

Zy

dispersion of measurements of coordinate y .
pN

v

— diagonal matrix consisting of error

— diagonal matrix consisting of error

dispersion of measurements of speed v, .

(x34)o — -quantile of %3, distribution
d, — fixed decision-making distance
Ad — confidence distance interval
AT — confidence time interval





