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Abstract. The introduction of the new concepts of air traffic management (ATM) and transition from centralized to decentralized air 

traffic control (ATC) with the change of traditional ATM to Cooperative ATM sets new tasks and opens new capabilities for air 

traffic safety systems. This paper is devoted to the problem of evaluating the probability of aircraft collision under the condition of 

Cooperative ATM, when the necessary information is available to the subjects involved in the decision-making process. The 

generalized stochastic conflict probability evaluation method is developed. This method is based on the generalized conflict probability 

equation for evaluation of potential conflict probability and aircraft collision probability that is derived by taking into account 

stochastic nature and time correlation of deviation from planned flight trajectory in controlled air traffic. This equation is described as 

a multi-dimensional parabolic partial differential equation using a differential (infinitesimal) operator of the multi-dimensional 

stochastic process of relative aircraft movement. The common procedure for the prediction of conflict probability is given, and the 

practical application of the generalized method presented is shown. All equational coefficients of a differential operator for a 

practical solution of a parabolic partial differential equation are derived. For some conditions, the numerical solution of the conflict 

probability equation is obtained and illustrated graphically. 
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Introduction 

 
In connection with the introduction of new concepts 

of air traffic management (ATM) and transition from 

centralized to decentralized air traffic control (ATC) and 

with the change from traditional ATM to Cooperative 

ATM, the problem of air traffic safety is nowadays 

actively discussed by many researchers [6, 9, 5].  

Cooperative ATM is a concept of air traffic 

management that enhances the productivity and safety of 

air traffic services by optimising the involvement of 

controllers, aircrew and airline operators through 

integrated data communications and improved forms of 

surveillance and automation [9, 5]. 

But in conditions of predicted growth of air traffic 

intensity, change of dynamics of relative aircraft 

movement and reduction of separation standard the role 

of the systems of detecting and preventing the dangerous 

aircraft approaching should be highly increased. 

Nowadays the stochastic (probabilistic) methods of 

detecting and estimating conflict situations are considered 

the most promising [4]. All known stochastic methods can 

be divided into two groups. One group is based on 

predicting the stochastic process of aircraft deviation from 

a planned trajectory and subsequently analysing the 

predicted relative position of the aircraft [2, 3]. These 

methods are complicated mathematically and a simplifying 

transformation is needed for their realization 

Another group of methods is based on the prediction 

of the aircraft position uncertainty area with subsequent 

analysis of their dangerous approach [7, 1]. The methods 

of this group do not give a sufficiently reliable result when 

the aircraft are approaching closer than 5 nautical miles. So 

these methods cannot estimate the risk of collision. 

This paper is devoted to the problem of evaluating 

the probability of aircraft collision under the condition of 

Cooperative ATM, when the necessary information is 

available to the subjects involved in the decision-making 

process. In particular, the ATC system should have 

access to navigation data that are contained in on-board 

flight management systems (FMS). The new 

characteristics of Cooperative ATM enable to develop 

intent-based conflict detection and resolution methods 

that use the active flight plan (intent) as a basis for 

trajectory prediction and conflict detection.  

In this paper, the generalized stochastic conflict 

probability evaluation method belonging to the first group 

mentioned above is developed. This method is based on 

the generalized conflict probability equation for 

evaluating potential conflict probability and aircraft 

collision probability that is derived with regard to the 

stochastic nature and time correlation of deviation from 

planned flight trajectory under controlled air traffic. 

 

1. Mathematical model of an aircraft motion 

under control 

 
The basis of any method to evaluate conflict 

probability is a mathematical model of the aircraft flight 

process. 

Consider a mathematical model of aircraft motion 

taking into account the control factor. An aircraft moves 

under control along a prescribed route. Altitude, flight 

direction, and velocity along the route are stabilized as a 

result of control.  

The key idea is to describe the deviation from 

planned trajectory by the Ornstein-Uhlenbeck (OU) 

random process, and derive the relative motion of two 

aircraft as multidimensional diffusion process. 

Consider a local horizontal coordinate system xOy , 

with an axis Ox  along a prescribed route, where  

)(tx  is a longitudinal coordinate at the moment t ;  

)(ty  is a lateral coordinate;  

)()( tyty =∆  is deviation from the route line;  

)(tv x  is aircraft velocity; 

0v  is prescribed (planned) velocity; 

0( ) (0)x xu t v v= −  is deviation from the prescribed 

velocity (Fig 1).  

 

Fig 1. Aircraft movement in a local coordinate system 

 

The model of deviation from the route line as the 

OU process is described by the equation 

 

)()()( tdWdttytdy yyy σα +−= , (1) 

 

where )0(y  is known by observations, yα  and yσ  are 

known positive scalars, and )}({ tW y  is a standard Wiener 

process. 

Note that the OU process is not divergent and allows 

one to take into account the stabilizing factor of trajectory 

parameters. 

The longitudinal coordinate )(tx  is described by the 

equation 

 

dttuvtdx x ))(()( 0 += ,  0)0( =x , (2) 

 

where 0v  is a prescribed velocity, and )(tu x  is deviation 

from the prescribed velocity, which is described by OU 

process as well, 

 

)()()( tdWdttutdu xxxxx σ+α−= ,  (3) 

 

where )0(xu  is known by observation, xα  and xσ  are 

positive scalars, and )}({ tWx  is another standard Wiener 

process, independent of )}({ tWy . 
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2. Mathematical model of aircraft relative 

motion  

 
Now consider the relative motion of two aircraft at 

the same altitude. A state vector in the corresponding 

local coordinates characterizes each aircraft 

 
T])(),(),([)( tutytxt x=z .   (4) 

 

Based on equations (1)–(3) we have 
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Consider the common horizontal coordinate system 

xOy . The motion of each aircraft is described in the local 

coordinate system jjj yOx , 2,1=j . Let 1e , 2e  be unit 

vectors for the first aircraft and 21,ff  be unit vectors for 

the second one, as shown in the picture. 

Let 10200)0( rrrr −==  be a vector corresponding 

to the initial position between two aircraft. 
 

 

Fig 2. Relative motion of two aircraft 

 

Then the vector )(tr of the relative position of the 

aircraft equals 

 

211122121020 )()()()()()( eeffrrr tytxtytxt −−++−= .(6) 

 

Transform the state vector (4) of each aircraft from 

local coordinates to common coordinates: 
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U    is the turn matrix. 

Then equation (5) implies the equation 
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The matrix 23P  is a projector 
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such that TT
rrrrr ],[],,[ 3232123 =P . 

Consider the compound vector for two aircraft 
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and using (7)–(8) derive the diffusion equation 
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or 

)()()()( tdtdtttd WLFX ′+= . 

 

that describes in general form the deviation processes for 

two aircraft simultaneously. 

Here }2,1),(),({ =jtWtW yjxj , are mutually 

independent Wiener processes. 

The initial state )0(X  is given by the observations. 

 

3. Conflict probability evaluation  

 

3.1 The infinitesimal operator 

 
Consider the equation for estimating conflict 

probability using the differential (infinitesimal) operator 

of the corresponding diffusion process [8]. This operator 

enables one to determine correspondence between the 

diffusion process and its probability performances. 

The structure of the infinitesimal operator in general 

form was determined in paper [4]. To obtain the operator 

for process (9), it is necessary to find matrix F , for 

which according to equation (8) we have for each aircraft  
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and find the diffusion matrix that is equal 
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for which we have 
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According to [9], the infinitesimal operator A  for 

diffusion process (9) acts on the function ),( Xtg  from 

the class )( 62 ℜC , where ),,,,,,( 322212312111 rrrrrrtgg =  

and TT
321 ],,[],,[ xjjjjjjj uyxrrr ==R , by the law 
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where all coefficients are uniquely determined 
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 3.2 Conditions of conflict detection 

 
Consider the conditions of conflict appearance. 

Suppose that two aircraft collide when their relative 

distance is less than or equal to safe distance d. 

Denote by q  the probability of collision at time 

interval ],0[ T  

 

}||)(||:],0[{ dtTtPq ≤∈∃= r .  (11) 

 

Introduce the function of conditional probability of 

collision at time interval ],[ TtT − , 
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According to (6), collision occurs when )(tX  hits 

the domain 
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3.3 Equation of conflict probability 

 
The problem of revealing aircraft conflict (13) is 

similar to the well-known problem of achieving 

boundaries by a multidimensional Markovian process for 

which a partial differential equation of parabolic type is 

defined in a general form [8]. 

According to L. Pontryagin, the function ),( Xtg  

(12) for infinitesimal operator (10) satisfies the parabolic 

partial differential equation [8, 4]  
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with initial and boundary conditions 
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The function g  has been defined and is continuous 

on the following set 
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The solution of equation (14) yields the probability 

that the process achieves the boundary. The probability of 

collision (11) at time interval [0,T] equals 

 

))0(,( XTgq = ,  KX \)0( 6ℜ∈ . 

 

4. Results of numerical solution 

 
Conflict probability equation (14) was solved for 

some conditions by the numerical method. 

It was considered that two aircraft were flying 

straight at the same altitude along parallel paths and were 

approaching each other. For the OU process of deviation 

from the route line was taken 101.0 −= syα  and 

m100=σ y . The safe separation distance was considered 

m1000=d . The steps of difference along coordinates x 

and y were taken to equal one hundred meters. 

The results of the numerical solution are shown in 

figure 3, where it is shown how the probability of 

potential conflict depends on the relative position of the 

aircraft for different prediction time pT , correspondingly 

5 seconds (Fig 3, a), 10 seconds (Fig 3, b), and 20 

seconds (Fig 3, c). 
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The results are treated in the following way. The 

point assigned on the grid fixes the initial relative 

position of the two aircraft. The intersection of the 

perpendicular set up in this point with the surface 

representing the conflict equation solution gives the value 

of the probability of potential conflict for a specific 

prediction time. 

It is seen that the solution is highly sensitive to 

relative aircraft position and prediction time for rather 

close aircraft approaching each other. 
 

 

Fig 3. Conflict probability dependent on initial relative 

aircraft position for prescribed prediction time Tp: a – Tp = 5 s; b 

– Tp = 10 s; c – Tp = 20 s 

 

 

 

Conclusions 
 

The generalized stochastic conflict probability 

evaluation method is developed. In this method, taking 

into account the stochastic nature derives the conflict 

probability equation and time correlation of deviation 

from planned and controlled trajectory under condition of 

Cooperative ATM, when intended trajectories are known. 

The mathematical formulation of the problem in a 

general case for aircraft flying at the same altitude and 

the procedure of evaluation are presented. The conflict 

probability equation is described as a multi-dimensional 

parabolic partial differential equation by using a 

differential (infinitesimal) operator of stochastic process 

of relative aircraft movement. All coefficients of the 

differential operator for a practical solution are derived. 

Stabilization of the intended trajectory parameters 

by a flight management system is taken into account. To 

derive a mathematical model of deviations from a 

prescribed flight path, the Ornstein-Ulenbeck random 

process is used. 

For some conditions, the numerical solution of the 

conflict probability equation is obtained and illustrated 

graphically. The solution is highly sensitive even at very 

close approach of aircraft−at a distance up to several 

hundreds meters. Thus, the presented generalized method 

permits one to estimate both conflict probability and 

collision risk with high reliability. 
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