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Abstract. The paper discusses the problem of flight trajectory synthesis that is conducted to prevent potential
conflict situations between two aircraft in air traffic. A method of multi-objective sequential synthesis of conflict-free
flight trajectories is developed. This method provides the synthesis of Pareto conflict-free trajectories using multi-criteria dynamic programming and selection of the optimal trajectory. The paper also considers the principles of discretization concerning states and controls to apply dynamic programming. An analysis of the proposed method is
performed using computer simulation.
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1. Introduction
Decision support systems in Air Traffic Management
(ATM) are developed to mitigate the level of uncertainty
that may arise due to the following factors: inadequate
allocation of objects under control in the airspace; delays
in data processing , incorrect information about the dynamic characteristics of objects under control, factors
associated with low predictability regarding the actions
of air traffic controllers and pilots who execute commands, and availability of uncontrollable factors and
components affected by the environment.
Conflict resolution is a complex mathematical problem which involves the optimization of trajectories and
restriction management. This problem includes conflict
detection, clustering, eliminating conflict, and optimization of solutions according to several criteria. A single
optimality criterion that characterizes the efficiency of
flight is taken into account in many well-known optimization methods when searching for conflict-free aircraft
flight trajectories to resolve conflicts (Bicchi, Pallottino
2000; Cafieri et al. 2010; Cetek 2009; Frazzoli et al. 2001;
Hu et al. 2000; Richards, How 2002; Tomlin et al. 1998).
Considering a single optimality criterion does not allow
finding the most effective solution in general. Besides, it
should be noted that the methods mentioned above are
not used in air traffic control (ATC) nowadays.
EUROCONTROL (European Organization for the
Safety of Air Navigation) and the National Aerospace
Laboratory of the Netherlands are developing decisionmaking support systems to be used for identifying and
resolving conflicts. The EUROCONTROL Conflict
Resolution Assistant (CORA) project aims to produce
a controller-centered approach to conflict resolution
(EUROCONTROL 2003; Kirwan, Flynn 2001). Today,
the development of the system prototype is known as
CORA-2, which helps to automatically identify possible
conflict-free aircraft flight trajectories and to rank them
in accordance with twelve optimality criteria. The advantage of CORA-2 is its easy integration into air traffic
control (ATC) automated systems. Nevertheless, CORA2 has several significant disadvantages. Firstly, the construction of conflict-free trajectories does not consider
combined maneuvers to change the direction, speed and
altitude, which significantly narrows the possibility to effectively resolve a conflict. Secondly, the application of
a brute-force method for constructing a set of possible
maneuver trajectories reduces the computational efficiency of the algorithm. Thirdly, the flight efficiency criterion is not considered when assessing the effectiveness
of possible conflict-free trajectories, whereas other criteria, which essentially overlap, are taken into account.
Finally, it is not determined how to establish the values
of optimal criteria coefficients.

Algorithms based on force field methods (Eby 1994;
Eby, Kelly 1999; Kosecka et al. 1997; Zeghal 1998) synthesize conflict-free trajectories which are complicated
or even unrealizable for real aircraft.
The common disadvantage of the methods considered is that they do not provide the synthesis of maneuvers using a combination of heading, speed and altitude
changes.
2. Problem statement
A conflict situation is understood as the predicted approach of two aircraft towards each other in airspace and
time when the separation standards are violated. Conflict resolution is considered to be a multi-criteria problem of decision-making, which is to select conflict-free
flight trajectories taking into account several optimality
criteria and constraints. An alternative choice of aircraft
flight trajectories is possible, selecting trajectories using
which an aircraft maneuvers to avoid a conflict. Maneuvering is understood as the change in direction and
flight speed. An absolute constraint is flight safety maintained by the separation standards.
The optimality criteria characterizing the process
of conflict avoidance (prevention) are flight regularity
c1, flight efficiency c2, and complexity of maneuvering c3
c3 . The indicators of these criteria are: deviation from a
flight plan, fuel consumption, and the number of flight
profile changes. Based on the selected optimality criteria,
a vector is created, as seen in the following expression:
C = {ci } , i = 1,3 .
To resolve a conflict is to select flight trajectory T*
which ensures the elimination of the conflict and complies with the flight regularity criterion (minimal deviations from a flight plan), the flight efficiency criterion
(minimal fuel consumption), and the criterion of the
complexity of maneuvering (minimal number of flight
profile changes):

T* = arg min C ( T ) ,
T∈Ω

(1)

where Ω indicates the set of possible conflict-free flight
trajectories.
3. The method of multi-criteria sequential synthesis
of conflict-free flight trajectories
3.1. The synthesis of the set of Pareto-efficient
conflict-free flight trajectories using multi-criteria
dynamic programming
Preventing potential conflicts is considered to be a sequential multistage process of decision-making at discrete points in time. The objective of the conflict-free
trajectory synthesis is to find a route for the aircraft,
that would eliminate a conflict situation and minimize
deviations from a flight plan, fuel consumption, and a
number of flight profile changes when transferring it
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from the initial state (conflict detected) to the final state
(exiting the ATC area).
Conflict resolution is a controllable process, and
an aircraft performing maneuvers is defined as a discrete dynamic system, S. Thus, the conflict-free flight
trajectory synthesis is intended to optimally control the
dynamic system S by using the method of dynamic programming. The use of the multi-criteria dynamic programming method allows synthesizing the set of Pareto-efficient conflict-free flight trajectories, P. The next
optimal trajectory, T*, can be selected from this set.
The trajectory synthesis is observed in time interval
[t 0 , t k ] , where t0 is the moment that a potential conflict
is detected, and tk is the time during which an aircraft is
within an ATC area. The discretization of dynamic system S is carried out depending on time. Dynamic system
S is determined as the expression consisting of the following indices:

{

S = D X , X 0 , X k , DU ( X )

S
, DU

( X ), f ( X, U ), ∆Ji ( X, U ), Tref } ,

(2)
where DX is the set of conflict-free states of the aircraft
which performs the maneuvers; X0, Xk – the initial and
the final state of the aircraft which performs the maneuvering; DU ( X ) – the set of possible controls U in state X;
S X – the set of conflict-free controls U in state X;
DU
( )
f ( X , U ) – the transit function from state X under the
action of control U; ∆J i ( X , U ) – the exes after each i optimality criteria when transiting from state X under the
action of control U, i = 1,3 ; Tref– the discretized planned
trajectory of an aircraft that does not maneuver.
The vector of state X contains the coordinates, flight
speed, and heading. The initial X0 and final Xk states of
the system are conflict-free. The vector of entering control signals U contains specific values of the flight speed
and bank angle. The possible controls are limited in accordance with aircraft flight performances and the requirements pertaining to the passenger comfort while
maneuvering. These constraints determine the set of
possible controls DU ( X ) in state X. In general, it is considered that the aircraft may transit into state X ( j ) at
stage j from several states X ( j −1) at the previous stage
( j −1) :

(

)

X ( j ) = f X ( j − 1) , U ( j − 1) .

(3)

The final state Xk is specified only by the horizontal
coordinates of the point at which an aircraft is within an
ATC area. It is expected that an aircraft may transit into
the final state from all states of the previous stage. The
process of dynamic programming combines the consistent determination of conflict-free states and the relevant
Pareto-effective controls.
Time interval [t j −1 ,t j ], t j = t j −1 + ∆t corresponds
to each stage j, except for the last one, where ∆t is the

discretization step. In general, the time interval of the
last k stage is different for all controls, because of the different time of reaching the fixed final state when transiting from the states at the previous stage ( k −1) .
At each j stage of conflict resolution, the following
factors are determined:
–– sets of possible controls DU X ( j −1) in the
states of ( j −1) stage;
–– the violation of the separation standards when
transiting from states X ( j −1) at ( j −1) stage under the action of controls U ( j − 1) ∈DU X ( j − 1) ,
and the corresponding sets of conflict-free conS X j − 1 ∈D
trols DU
( ) U X ( j − 1) ;
–– simulated aircraft flight trajectories, the set
of conflict-free states D X ( j ) and expenses
∆J i X ( j − 1) , U ( j − 1) when transiting from
states X ( j −1) at ( j −1) stage under the action
S X j −1 ;
of conflict-free controls U ( j − 1) ∈DU
( )
–– sets of Pareto-effective evaluations of conflict-free
trajectories E X ( j ) when transiting into states
X ( j ) ∈D X ( j ) .
To predict the violations of the separation standards
between aircraft, different methods may be used. When
applying the geometric method, it is possible to determine horizontal distance dmin X ( j − 1) , U ( j − 1) , Tref and
vertical interval ∆hmin X ( j − 1) , U ( j − 1) , Tref between
aircraft at the point of the closest approach within a time
interval [t j −1 , t j ] . In case the separation standards are violated, control U ( j −1) is considered to be a conflict one:

(

(

)

(

(

)

(

)

(

)

)

)

(

)

(

(

)

)

(dmin < dS ) ∧ ( ∆hmin < hS ) ⇒ U ( j − 1) ∉DUS ( X ( j − 1)) .

(4)
In order to provide a safe separation of aircraft in
terms of probability, it is possible to use methods of estimating the conflict situation probability or methods
of estimating the risk of aircraft collision (Babak et al.
2007). Using the above mentioned methods, it is possible
to determine the probability P X ( j − 1) , U ( j − 1) , Tref
of the violation of the separation standards between aircraft within time interval [t j −1 ,t j ] . In the case that this
probability exceeds the threshold value of PS, control
U ( j −1) is considered to be a conflict one:

(

(

)

)

S X j −1 .
P > PS ⇒ U ( j − 1) ∉DU
( )

(5)

When deviations from the flight plan, fuel consumption and the number of flight profile changes are
used as efficiency indices J, it is possible to provide the
additivity of expenses ∆J ( X , U ) when transiting from
one state into another. For an arbitrary flight trajectory
T = X 0 , X (1) ,X (m) , the value of indices J, which
characterizes flight efficiency is determined as follows:

{

}

m

(

)

J i ( T ) = ∑ ∆J i X ( j − 1) , U ( j − 1) .
j =1

(6)
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Indices J provide vector J = {J i } . To solve the problem of the synthesis of Pareto-effective conflict-free trajectories, a direct procedure of multi-criteria dynamic
programming is used. To determine the set of Pareto-effective evaluations of conflict-free trajectories E X ( j )

(

)

when transiting into state X ( j ) ∈D X ( j ) at j stage from
state X ( j − 1) ∈D X ( j − 1) at the previous stage ( j −1) ,
the equation of multi-criteria dynamic programming is
used (Vasyliev 2014; Klamroth, Wiecek 2000):

(

)

E X ( j) =
eff


 ,(7)
 E X ( j − 1) ⊕ ∆J i X ( j − 1) , U ′ ( j − 1) 
X ( j −1)∈Ð

) { (

(



)}

where eff is the mathematical operator for the determination of Pareto-effective evaluations; ⊕ – a direct sum;
Π – a set of states at stage ( j −1) , due to which the transS X j −1
ition into state X ( j ) is possible; U ′ ( j − 1) ∈DU
( )
are the controls which allow an aircraft to transit from
state X ( j − 1) ∈ Ð into state X ( j ) .
In equation (8), value K is a set of full flight trajectories by which an aircraft transits from the initial state
X0 into the final state Xk. As a result, taking into account
equation (7), the set of Pareto-effective conflict-free
flight trajectories P is determined as follows:

(

{

)

}

P = T ∈K J ( T ) ∈E ( X k ) .

(8)

(

)

DU 0 X ( j − 1) as well. When using controls from the
S X j − 1 ∈D
set described as DU
( ) U0 X ( j − 1) , an aircraft transits into different states at j stage:
X ′ ( j ) = f X ( j − 1) , U ( j − 1) , X ′ ( j ) ∈D X ( j ) ,
(9)
S X j −1 ,
U ( j − 1) ∈DU
( )

(

(

)

(

)

(

)

)

It is proposed to implement a rule for the formation of new states X ( j ) which combine states X ′ ( j ) .
The proximity of the location and direction as well as the
equality of flight speeds are the background for combining states. As a result, it is considered that an aircraft may
transit into state X ( j ) under the action of several controls U ′ ( j − 1) . Under the action of these controls, an
aircraft transits into states X ′ ( j ) , which are combined
to obtain state X ( j ) . The set described as Π is different
for each state described as X ( j ) ∈D X ( j ) .
The coordinates and flight route of an aircraft
in the new state X ( j ) are determined as the arithmetic mean of these parameters for the states of
X ′ ( j ) , which are combined in this new state. Expense
value ∆J i X ( j − 1) , U ′ ( j − 1) when transiting into the
new states X ( j ) from the states of set Π is determined
using the nearest-neighbor interpolation of expenses
∆J i′ X ( j − 1) , U ( j − 1) for states X ′ ( j ) , which are
combined. At the last stage, an aircraft performs its flight
by transiting into state Xk from all states at the previous stage with no change in the flight speed. The value of
bank angle γ is determined by a special control law.

(

)

(

)

3.2. Discretization of states and controls

3.3. The optimal trajectory selection from the Pareto set

Generally, the use of discrete dynamic programming requires the ability of aircraft to transit into
state X ( j ) ∈D X ( j ) at j stage from several states
X ( j − 1) ∈D X ( j − 1) at the previous stage ( j −1) . The
integration of fixed states and controls, which allow to
transit from several states X ( j −1) at the previous stage
to one state X ( j ) , is a difficult problem. Conflict-free
states are the outcome of the flight trajectory synthesis.
In this case, the integration of fixed states is impossible.
Therefore, it is proposed to combine the sequential determination of conflict-free states and the relative Pareto-effective controls using interpolation when solving
the problem of dynamic programming.
It is considered that maneuvering aircraft may
change direction and flight speed at all stages except the last one. Thus, being in the defined state
X ( j − 1) ∈D X ( j − 1) , j = 1, k − 1 , an aircraft may maintain the flight direction and perform a left or right turn
with bank γ , maintaining the flight speed and increasing
or decreasing it by value ∆V . Consequently, the basic set
of controls DU 0 X ( j − 1) includes 9 possible combinations of control. The set of possible controls DU X ( j −1)
is a subset of the set described as DU 0 X ( j − 1) . This
leads us to conclude that the set of conflict-free conS X j −1
trols DU
( ) is a subset of the set described as

The selection of the optimal conflict-free aircraft flight
trajectory T* is performed by means of narrowing the
set of Pareto-effective trajectories P using the method
of convolution of vector optimality criterion C. It is proposed to select the optimal trajectory T* according to the
following equation:

(

)

(

(

)

(

)

)

T* = arg min max

3

∑ wi ci ( T) ,

T∈P W ∈Dw
i =1

(10)

where ci is the optimality criteria with the range of
allowable values Dc = c | c ∈0,1 ; wi – coefficients
which display the relative significance of the criteria
and form vector W = {wi } , i = 1,3 with the range of al-

{

}

lowable values Dw, max

∑ wi ci ( T)

3

W ∈Dw =
i 1

– the problem of

linear programming.
Equation (10) corresponds to a discreet strategy of
decision-making, when the choice of the optimal trajectory comes to the selection of the best trajectory from the
worst ones. The values of the optimality criteria of trajectory T of set P are applied to the range of allowable values
Dc ,with the help of a positive linear transformation:
J i ( T ) − min J i ( T )
T∈P
ci ( T ) =
,
(11)
max J i ( T ) − min J i ( T )
T∈P

T∈P

where J i ( T ) indicates the value of the index which determines a particular optimality criterion.
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c1  c2  c3 ⇔ w1 ≥ w2 ≥ w3 ,

(12)

3


Dw = W ∑ wi = 1; wi ≥ wi +1 , i = 1,2; w3 ≥ w0 > 0 .

 i =1
(13)

4. Computer simulation
4.1. Input data
The proposed method of the multi-criteria sequential
synthesis of conflict-free flight trajectories is analyzed
using computer simulation. The researchers simulate
a conflict situation which occurs between two aircraft
with intersecting trajectories performing flights with a
constant speed at the same flight level. The value of the
horizontal separation is specified as ds = 20 km. The geometric method is applied to predict the violation of the
separation standards.
The initial parameters of aircraft flight and the characteristics of the predicted conflict situation are shown
in Table 1. It is presumed that Aircraft 1 performs maneuvering to avoid the conflict. Aircraft 2 uses the planned
trajectory.
Table 1. Parameters of aircraft flight and the characteristics of
the predicted conflict situation
Parameters
Heading φ, degrees

Aircraft 1 Aircraft 2
0

80

220

210

(65; 0)

(0; 40)

Distance to the check point L0, km

120

–

Planned time of flying over the
check point tk, s

545

–

Cruising speed V, м/s
Initial coordinates (x0; y0), km

Estimated time of flying to the
closest point of approach tmin0, s
Estimated minimum distance
between aircraft dmin0, m

272
13227

It is considered that Aircraft 1 changes the flight direction and speed to avoid the conflict. The bank equals
γ = 20 on the turns. The time of the turn is limited to
fifteen seconds. The value of the flight speed change is
equal to ∆V = 5 m/s. The lateral deviation from the
planned flight trajectory is limited to 15 km. The simulation of flight trajectories is carried out taking into account the dynamics of controllable aircraft movement,
aircraft performance filed in the EUROCONTROL
Base of Aircraft Data (BADA), and fuel consumption.
A Boeing 737–800 aircraft is selected. The synthesis of

conflict-free trajectories is discretized for 7 stages. The
discretization step for the stages from 1 to 6 is equal to
∆t = 60 s.
4.2. Results of the simulation
As a result of the simulation, the following is determined:
–– a set of Pareto-effective conflict-free trajectories
P, which contains 21 trajectories;
–– the values of the optimality criteria for the trajectories from set P;
–– an optimal conflict-free flight trajectory for Aircraft 1 (Table 2).
Figure 1 shows the Pareto-effective conflict-free trajectories and the planned trajectory of Aircraft 1 in the
space-time coordinate system x × y × t.

600
5

500
400
t, s

The range of allowable values of coefficients Dw is
determined taking into account that the values of the selected optimality criteria are ranked in a decreasing order, and the coefficients cannot be less than the specified
parameter w0 > 0 :

300
4

200
100
3

0

2

10
4

x 10

1
7.5

5
y, m

7
0

6.5

4

x 10

x, m

Fig. 1. The set of Pareto-effective flight trajectories of Aircraft
1 in the space-time coordinate system: 1 – planned trajectory;
2 – planned trajectory in the airspace coordinate system; 3 –
check point on the route; 4 – Pareto-effective conflict free
trajectories; 5 – states at different stages

The set of Pareto-effective trajectories P is characterized by the following indices: the minimum and
maximum absolute deviations from the planned flight
time that equal ∆tkmin = 0.3 and ∆tkmax = 27.8 seconds
respectively; the minimum and maximum fuel consumption increase, as compared with the planned flight
trajectory, ∆qmin = 0.3% and ∆qmax = 3%; the maximum and minimum number of flight profile changes,
nmin = 3 , nmax = 11 . The optimality criteria values for
the Pareto-effective trajectories are shown in Figure 2.
The value of the objective function: max

3

∑ wi ci ( T)

W ∈Dw i =1

with w0 = 0.1, is shown in Figure 3.
The parameters of the conflict-free optimal flight
trajectory of Aircraft 1 are shown in Table 2. Figure 4
shows the conflict-free flight trajectory. The specified
flight speeds are given in Table 3.
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0
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0
1

2

3

4

Pareto-efficient trajectory number

5

6

7

8

9 10 11 12 13 14 15 16 17 18 19 20 21

Pareto-efficient trajectory number

Fig. 2. Optimality criteria values: 1– regularity criterion c1; 2 –
efficiency criterion c2; 3 – criterion of maneuvering complexity c3

Fig. 3. The value of the objective function, max 3 w c T : 1 –
∑ i i( )
W ∈Dw
function minimum
i =1

Table 2. Parameters of the conflict-free optimal flight trajectory

Table 3. Specified flight speeds

Parameters

Values

Pareto-effective trajectory №

5

Minimum distance between two aircraft dmin, m

20364

Deviation from the planned flight time ∆tk, s

1,1

Additional fuel consumption ∆q, %

1

Number of profile changes n

7

4

12

x 10

3
10
7
8

y, m

6
6

5
2

4

4
1
2

0

5

5.5

6

6.5
x, m

7

7.5

8
4

x 10

Fig. 4. Aircraft flight trajectories when resolving the conflict
situation: 1 – planned flight trajectory of Aircraft 1; 2 – planned
flight trajectory of Aircraft 2; 3 – check point; 4 – optimal
conflict-free flight trajectory of aircraft 1; 5 – the minimum
distance between two aircraft when detecting the conflict; 6 –
the minimum distance between two aircraft when resolving
the conflict; 7 – states at different stages

Stage
number
Flight
speed

1

2

3

4

5

6

7

220
m/s

220
m/s

225
m/s

230
m/s

225
m/s

220
m/s

220
m/s

5. Conclusions
The method of multi-criteria synthesis of conflict-free
flight trajectories has been described. This method includes the formation of a set of Pareto-effective conflict-free flight trajectories and is based on multi-criteria
dynamic programming. The selection of optimal trajectories from the Pareto-efficient trajectories is carried out
using the convolution of the vector optimality criterion.
The developed method, in contrast to the known
methods, is based on the principle of multi-criteria optimization, when such separate criteria of optimality as
the time of conflict resolution, fuel consumption, and
the complexity of maneuvering, are used in combination.
The synthesis of a conflict-free optimal trajectory can be
performed by taking into account the real laws of the
on-board flight management system using aircraft flight
performances. This makes it possible to realize the calculated conflict-free trajectory by forming corresponding
control signals to change the flight speed and heading
separately or simultaneously. The use of dynamic programming for the sequential synthesis of conflict-free
flight trajectories, enhances the computational efficiency.
The results of computer modeling prove the possibility of implementing the proposed conflict resolution
method.
The synthesized conflict-free trajectory can be converted into a real ATC procedure for conflict resolution
using area navigation (RNAV). The proposed method
can be implemented when developing new ATC technologies and assessing the effectiveness of existing optimization methods of aircraft conflict resolution.
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